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FORMULAS FOR 



I. ARITHMETIC AND ALGEBRA 


Proportions 

1. In the proportion y —-j a and d are the extremes, b and c are the 

means. The principal property of the proportion: 

a-d= b-c 

2. Interchanging tho terms: 

a c d c . a b ... d b 

(a) 7 = T ;(b) 7r = -:(c) 7 = T : (<» 7 = 7 

3. Derived proportions: if — — — , then the following proportions hold 


true: 


a ±b c ±d a ± c 

(a) — =---; (l>) 


a 


a 


c 

~d 


I m ol ut ion 


1 . {<i-h'C) n = a u -b"-c n , that is a n = (a-b-c)' 1 

3. fl m -a' l = fl m+ 'i 
5. 1 : <T‘ = flO ; n >l -- (,-H 


’• (t)*- 


«" . fl' 1 

-— . that is -— 
b» b<‘ 


- (t) - * 


4. «"• : a" 

0. («»•)»• — rt m " 


Eroln lion * 


. rn -:- rn ,— i/i r m — , . . . rn *■ m r rn 

I. ) a-b-c- y <!• * b- j c. that l< | rz- j b> y c- 


m 


— i a-b- 


c 


m 


(2 


m — 


2. } - = 

f I) 


rn 


1 (t 

’ - . that is 


rn - 
1 11 
in j 

\ b 


7/1 

I /; 


The roots are supposed to he arithmetic, cf. p till. 





Formulas for Reference 


7 


n n 

3. a m = T y r a n t that is™ /?»* = a m 

4. ^ 



Quadratic Equations 

1. The equation of the form x 2 -f-4- 9 = 0 is solved by using tlie for¬ 
mula 



2. The equation of the form ax 2 -f-c = 0 is solved by using the for¬ 
mula 

— b dr b- — 4 ac 
x i’- = - 7~ a - 

3. The equation of the form ax- -f 2Ax + c = 0 is solved by using the for 
inula 

-k±yl* — ar 

a 

4. If x, and x 2 are the roots of the equation x- -\- px -\- q = 0, then x, -f- 

x 2 = —p and X|X 2 — q 

5. x" -(- px -f- q — (x — X|) (x — x 2 ), where x t and x 2 are the roots of the 
equation x 2 -f- px + q — (» 

6. ax i -f bx -f c = a (x — x t ) (x — x 2 ), where x, and x : are the roots of 
the equation ax- + bx -f- c = 0 

Progressions (see page 32) 

Logarithms* 

1. Symbolically, log„ A' = x is equivalent to a x = N t hence we have the 
identity a l ° 8a ^ = A r 

2. log a a = 1; 3. log a l = 0; 4. log a (N-M) = log a A r -f log a A/ 

N 

5. loga -Jjj- = logo^ — logo .v; 0; logo (A fm ) = m log a N 

7. lo Ba |0g o A’ 

8. For the modulus which makes possible conversion from a system of loga¬ 
rithms to the base b to that of logarithms to the base a see page 142. 


* The numbers a (the logarithmic base) and N are assumed to be positive 
a being not equal to unity. 
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Formulas for Reference 


Combinatorics 
1. m (m 

A n 

q rn _ J2HL- 

u m — p 

* n 


-1) (m 
m (m- 


-2) ... (m —n+1); 2. 

l)(m — 2 )...(m — n + 1) 
1-2-3 ... n ’ 


P m = l *2-3 ... m = ml 


4. = 


m 


Newton’s Binomial 

1. (*4- a)™— X ™ -f C) n axm- 1_}_ C'2 ia 2 x m-2_j_... -f C^- 2 a^- 2 x 2 -f 

2. General term of expansion: 

Th+ i = Cm* k * m - k 

3. l+C , m + ^ + ...;-fC"|- 2 + C^-i + l = 2rn 

4. 1 -C} n + C* Tn -C 3 m + ...±1=0 

II. GEOMETRY AND TRIGONOMETRY 

77te Circumference of a Circle and the Length of Its Arc 

C =2 nR; l = = Ra (a is the degree measure of the arc and a, its 


radianjmeasure) 

Areas 


180 


Triangle: S = < ^f 


( fl 


is 


the base and h, the altitude); S = 


= ~VP (P — a ) {P— *>) (p— c) ( p is the semiperimeter and a, b and c, the sides); 
c absinC' 

-2“ 

2 “l/o 

For an equilateral triangle S = —(a is the side) 

Parallelogram : S — bh ( b is the base and h, the altitude) 

Rhombus: S = ^~ (d, and d 2 are the diagonals) 

Trapezoid: S = h (a and b are the bases and h, the altitude); S = mh 
(m is the median). 

Pa 

Regular polygon: S — — (P is the perimeter and a , the apothem) 

Circle: S = nR 2 

Circular sector: S = ( a is the degree measure of the sec¬ 

tor arc; a, its radian measure and l , the length of the arc) 

Su rfaces 

Prism: S fnt = PI ( P is the perimeter of a right section and l , the lateral edge) 

Pa 

Regular pyramid: Si al = — ( P is the perimeter of the base and a , the slant 
height) 


Formulas for Reference 


p i p 

Frustum of a regular pyramid: S lat = ——- a (P t and P 2 are the perime¬ 


ters of the bases and a, the slant height) 
Cylinder: S/ nt = 2nRR 
Cone: S lal — n Rl (l is the generator) 
Frustum of a cone: Si at = n (R t R 2 ) l 
Sphere: S = 4n/? 2 


Volu 


mes 


Prism: V = SR (S is the area of the base and //. the altitude) 

d ,* SR 

Pyramid: l = - ^ 

Frustum of a pyramid: V = -~ (Sj-f + 

Cylinder: V = JlR*R 
Cone: \ =—^— 

Frustum of a cone: V =z ~^~ (^i + ^2 + ^ 1 ^ 2 ) 

Sphere: V =— nR 3 

Conversion of the Degree Measure of an Angle to its Radian Measure and Vice 
Versa 

n-a° - 180 rj .... ,• r ,, , , 

a— -; a = a - (a is the radian measure of the angle and a , its 

180 ° n 

degree measure) 


.Addition Formulas 

1 . sin (a ± p)=sin a cos p ± cos a sin P 

2. cos (a ± P) = cos a cos p + sin a sin p 

n . . . tan a ± tan p 


3. tan (cc ± p) — 


1 tan a tan p 


Double-Angle and IIalf-Angle Formulas 

1 . sin 2a = 2 sin a cos a; 2. cos 2a = cos 2 a — sin 2 a 


3. tan 2a = 


2 tan a 
1 —tan 2 a ’ 


. . a , ,/l-cosa 

4. sin 2=±V -2 


5. cos 


a , t /" 1 + cos a ... a , ,/ l-cosa 

s 7 = ± r 2 ’ b - tan y= ± l / T+^ 


- . a Sin a 

/. tan— — j—;-, 

2 14 -cos a 


o , a 1 — cos a 

8 . tan— = —:- 

2 sin a 


-10 


Formulas for He fere rice 


Reducing Trigonometric Expressions to Forms Convenient for Taking Logarithms 

, • , • o o • a + p a—B 

1. sin a 4-sin P = 2 sin—cos —^- L 

2 . sin cc — sin P = 2 cos—sin— 

3. cos a -f- cos P = 2 cos g T '- — cos g — Q 

. DO- cc -f- P . a —P 

4. cos a — cos p= — 2 sin—^sm—^- L 


5. tan cc ± tan p = 


6 . 1 -f cos cc — 2 cos 2 — ; 


sin (cc ± p) 
cos cc cos p 
a 


7. 1 — cos cc = 2 sin 2 


Some Important Relations 

cos (a — P) — cos (a -f P) 


1 . sin cc sin P = 

2 . cos cc cos p = 

3. sin a cos p = 


2 

cos (cc — P) -f- cos (a -f p) 
2 

sin (a-f P)-f sin (a —p) 


Basic Relations Between the Elements of a Right-Angled Triangle 

(a and b are the legs; c, the hypotenuse; A and B, the acute angles; C , the 
right angle) 

1. a — c sin A — c cos B ; 2. = c sin B = c cos >1 

3. « = // tan A = b cot B\ 4 . h = a tan B — a cot A 


Basic Relations Between the Elements of an Arbitrary Triangle 
(a, b and c are the sides; .!, B and C\ the angles) 

. a b c , , . 

l- ——: — ——— —r- (law of sines) 
sin A sin It sin C ’ 


2 . a 2 = b --f c 2 — 26c cos A (law of cosines) 

, 'i + 7 * 

tan —-— 
a -L- /> 2 


3. 


a — b . A — B 

tan t—-— 


(law of tangents) 


Relations Between the l allies of Inverse Trigonometric Functions 

(nrcsin .r. arccos .r and arctan s are the principal values of the corresponding 
inverse trigonometric functions) 

1. A resin x — nk -j- (— 1)& arcsin x 

2. Arccos x 2 nk -t arccos .r 

3. Arctan j- — nA- -j- arctan x; k is any integer (positive or negative). 


PROBLEMS 


PART ONE 


ARITHMETIC AND ALGEBRA 


1 . 


3. 


o. 


7. 


CHAPTER I 

ARITHMETIC CALCULATIONS 


( i 52 t- 148 !)- 0 - 3 . , , 72 4-' 7 4+4 

-, i. 


0.2 


0.80.25 


215 16 2 " 8 4 + 2 . , 1 0.012 0.04104 \ /r%l . n /0 1 

0.0001:0 — ; (—+ -5T-)' 4 * ,0 °- |2 T 

( 85 ^- 83 A) :2 i. a 

, 0 . 


0.04 
- 7 ... 5 


0.002 


( 95 ^~ 93 ^)' 2 T + U - 37:) , g (4-4- 4 |i ro )-2 T + U. |i 


0.2 


0.2 


9. 


11 . 


( i 4 - # h- 5 t)- 13 - 5+o - ,m . ( 4 + 44 ) 4+ 213 

02 ’ 1U * 0.4 

( 4 - 4 ) 4 . 

(21-1.25) : 2.5 ’ * /..I 


> 5 


9 __H . 9 _ 

“8 3 “ 14 


13. 


0.134 + 0.05 


r-; 14. 


(31+4.375) :) «4 

( 5 4 _5 4) :U - 8+ 4 0 - 225 


15. 


16 . 


* 4-«4 

( 08 Si — 00 : 4 ; (sri )' 4 - 5 


4 o 


0.04 

(2.1-1.905): (1.2-0.045 


0.00325 : 0.013 


1 : 0.25 
1.0-0.025 
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Problems 


17. 


[( 40 ro- 38 ^) :10 - 9 +(-§-sj)' 1 n]- 4 - 2 


0.008 


18 . 


(2.4 + ly )-4.375 (2.75-l-| j-21 


2 

3 


1 

0 


3 


20 


0.45 


1 200 


19. 


( 6 - 4 t) : ° 03 ( n ' 3 -2-o)'4 


9 J_ 
“20 


20. 


21 . 


22 . 


L(4o- 2 - g5 )- 4 +4 ( l - 88 + 2 s)-aiJ’ 

0 . r 3 : (0.2 — 0.1) , (34.06 — 33.81).4 9 , 2 .4 
“ U • [,2.5-(0.8 + 1.2) ‘ 0.84: (28.57 —25.15) J 1 3 1 21 

3 :-g— 0.09 : ( 0 .15:24-) 


0.32-0 + 0.03 — (5.3-3.88) + 0.07 

1 1 : 2.7 + 2.7 : 1.35 + (0.4 : 2 4*) • (4.2- 1 1) 


23. (I0:2f + 7.5:10).(!-£.0.25 ; 

24. (44^ + 2 : ±) + 

V 0.15 3 lo/ 1 


157 \ 


190 
225 


-4 


300/ 

I 0.695:1.39 


25. 


(4.5.12+3.75). -L 

1.7: ^ -U- Li*_( 0.5 + 1-*) 


0 

TT 


26. 


27. 


28. 


7 : f- 0.228: [(1.5201-^^.0.305): 0.12] 

{ _ 8.8077 _ , 0 \ 5 

\ 20-128.2 : (13.333-0.3 + 0.0001) 1-2.004 ' ,J /*32 

[(0.2:0.31--jj-0.9)-0.2 + 0.15 j : 0.02 

(2 + + - 0 . 22 : 0.,)4 


99 


*' ; 7 — 0-8 : — 


-•0.4- 


50 


: 1 : 

' 4 


1+4-. 1 


2 0.25 


1:1 


6 — 


40 


1+2.2-10 


Chapter I. Arithmetic Calculations 


13 


30 


f1.75: 


1.75-1 


-)■- 

8/12 


: (0.79: 0.70.3) 


31 


32 


(1-0.0325) : 400 

4.5: [47.375-(2618-0.75).2.4 : 0.88] 

17.81: 1.37-234:1 4 

o o 

Find the number, 3.6 per cent of which amount to 

3 4-4.2: 0.1 


( 1 :0.3 — 2 4 ) -0.3125 


33 


Compute 

o 93 

ft • • “ ' 


{ /r 2 /« 23 0/ . n 5 , Q<Mt . to 28\ 0.8 • 7.2 ■ 4.5 • 1. 3 

( 4{) 25 : 12 _t ' 41 35* “ ° 14 “ 8,U - ‘“31 ) ' 6.5-2.7-1.92 

Compute 


34 


[ 


Jr (0.C + 0.425-0.005): 0.01 

lol -E 7 

3 4 + 3 9 



0.645:0 3-1-^) 


35. 


x 


22 . 1 - 1.2 


36. 


37. 


38. 


39 . 


x (4:6.25-1 + 1.1.96) 

Compute 

/ 5 n7 -\ 20.4-4.8-6.5 

(H °' 7;> ) 

Compute 

2.045-0.033 + 10.518395-0.464774 :0 0562 
0.003092:0.0001-5.188 

Compute 

(f-£) 

Compute 

(4lg-40g) {[4- 3 +(24—t^-)] ,0.16} 

Compute 


..tO ..25 
45 S3“ 44 84 


(4-4) :4 -t 


-7T-: 31 



14 


Problems 


40. Compute 

4 


°- 8: (t 1 - 25 ) , ( 1 08 -25) : T 


0.G4 — 


25 


,5 3 M 9 2 +( 1 - 2 - 05 ) : T 

( I "9~ 3 t)' 2 T7 


41. Compute 

[«l-( 18 T- 5 T)( 10 T- 7 l)J :22 n 

42. Compute 

(0-4i):O.OO3 (o.3-l).l| 


LL( 3 a- 2 -“) 4 ] : T ('• 88+2 r5)4J 

43. Compute x , if 


; 621+17.81: 


r 4 r , o . u/ 6 fp (2.3 + 5:6.25).7-1 \ - 1 

5 7 : . l.o + 8 . i« 7 • |^() 8-0.0125 + 6.9 J / 1 14 


44. Compute x, if 


4 ■ li25 - IS • 2 Ti) =^ + (2-5 = 1.25); «.75]:lg _ „ 


0.375 ) : 0.125+ (-4 -pj) : (0.35S-1.4796 : 13.7) 
4o. Find x , if 


27 


< 2 ' 7 -°- 8) - 2 T , , o9 

-- i-* + 8 TT 


(5.2 —1.4): + 


(1.6+ 154.90 : 70.3) : 1.9 _ 9 ^ 

( 2 t - , - 3 ) :4 - 3 


C II A P T E R II 

ALGEBRAIC TRANSFORMATIONS 

Simplify the following expressions: 

40. (a- — 6- — c* + 2 be): - - f - - - c - 

' ’ a + b + c 

Evaluate the result at a = 8.0; b — c 

1 . \ a — an 3 — » 4 -t- n 


3 — 

4 3 


4/. - 


i an 


i-l 

n 


-1 


1 — fl 2 


0.0137 


Chapter II. Algebraic Transjoriiialions 


15 


/o _£_£_ / i ■ £f + \ 

ax— 2a 2 x 2 4 . x _2ax — 2a ' \ 1 3 + x / 

.q 2a 1 / 3x —G\ 

iy * a 2 _ 4 j ;2 ' 2j 2 4 - Gx — ax — 3a ’ \ T x —2 J 

. n / 2a+ 10 , 130-a ,30 0 \ 3a 3 + 8a 2 -3a 

50 * r + ~ 3r , 1 


{ a 2 — t 2 a 3 — 6 3 ~ 0 x y{x — y, 

U a-b a 2 -/, 2 ’ x 2 4 - y 2 xi-y‘ 


'-i“ 2 

y (*—.v) 2 


53 .} 


' 3 | 4 , / 2x + 1 \ 2 ' / -x— 1 \ 2 ) 

L 1 + (itf) l+ \ vr) J 

f a — 1 , 2 (a—I) 4 (a 4-1) a 1 . 

* |_ a 2 _ 2 « 4 -l r a 2 -4 a 2 -j-a — 2 « 2 -3 a + '> J 

3Ga 3 — 144a —3(ia 2 + 144 


a3 4 - 27 


3 (x 4- 2) 


3(x- 

* l_2 (x 3 4 x 2 


4 •*+1) 


2x2-x-10 -| _ 

2 (x 3 — x 2 -f x — 1) J ‘ 


. _L_i 

• L X 2 + 1 1 2 (x 4 1) 2 (x— 1) J 


. / x — y x-+y 2 + y — -\ . 4x 4 + 4x 2 y-f-i / 2 — 4 

M 2 </-x x 2 — xy — 2 y 2 / x 2 + y + xy + x 


fl 2 4 , fl _ 2 r (a 4 2) 2 —a 2 _3_ 

fln +1 — 3fl M I 4« 2 —4 n 2 — 


58. 


2.2(,, + c) 2n__ 2fl( , + c) „_, 

an 2 —a 3 —2a 2 — d ’ a~c — a (nc — c) 

1 1 


•rq ■ j _*_ 1_2_ 

n(a — b)(a — c) b(b—a)(b — c) c(c—a)(c — b) 

l+(fl + x)-> f. I —(a 2 4 *x 2 ) "I 


60. 144441—^ 

1 — a + x) 1 2 


1 — (a -f- x)“* L 

Evaluate the result at x = 


a — 1 * 


61. [ 2 g 4°4 -»b(W-aT'] : [2a"b + 3a n " - ’ 

«. Ht)> 

(V« —V^) 2 + 2 Vab 

* Prior to solving subsequent problems read the notes on pp. 90 to 92. 
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Problems 


03- 

64. 

65. 


-X— / (« 2 - 2 ab + b*) (a- - b-) (a + b)--X 

a — o r • 


a*- W 


; (a 4- 6)2 


V^8z(7 + 4V3)X: 2l/lix-4/2.T 

f^(a-;-l)(a^-l)(1^2a^a^-( a2 v ^^ -)~ l 


66 . 1 / 


r 


d + fl)J i + « 


j/_vi 

r oxiRn-i. 


67. 

68 . 

69. 


3a r 9 + 18a~i-l-9a-2 

ab y a x - n b- n -(i- n b 1 - n y {a — b) 1 

(yfe7 + vfc-^w) (V ' S -" ) 

1 1 


70 


( 

( 


Ya-Ya — b ’ L Y~ a -tY a -\-b 


)V+/^) 


71 



1 



a-26-i 

1 

1 

l. ^ 9 

' — \ a 

fr+V 

fl J 

’ ’ —a 

—1/)"2 

f 1 -j- r? 


a 



1 — a 

; 1 1 + 

a 

1 



n 


- a 


/ 


r—a 


12 


a t x - 

75. 


at x — 


V l5j~l . + . 

Evaluate the expression 

■ r, j - 

xy + Y*'— 1 Vi/ 2 - 1 

{(«-{)■ » = y('' I) 

Evaluate the expression 
V fl r^rV 11 — bx 

\/ a-~bx — V a — bx 

< 1 . 


2am 


hi 1 4- m2) 


m 


Simplify the following expressions: 

i l 




(m -f- x)“ -i- (m — x)“ 
2 1 
(m 4- x) 2 — (m — x)“ 


Chapter II. Algebraic Transformations 
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if Z = 


2 mn 
n2^M 


and 0, 0</i<Cl. 


1 

2 


75 . rii=4i±i] 2 +; 


<1-X*) Z -1 


] 


1 

2 


if i = 2F (1 + i)- 1 and fc>l. 


76 ‘ 


(a + 1) 


V 


77. (2 V^ 4 — aV — —7===-) 


y (a 2_i) (a -l, J 


(x 2 a -2 — 4 -f-4a 2 x -2 ) “ 


2 ax (x 2 — a 2 ) 


•I 


ya+V 6 \-i, ,,/ ys+Vfr \-i 


78. 


( 


2 a T/fc 


a-fVa6 \ _1 _ ( b-j-~\/ab \-l 


r+( 


2 a6 


) 


79. ( 


V a + V X Va-j-x \~ 2 _ / Va —Vx Va + J \ 

1/a + x V3 + V5 ) ' V a + X V fl — Vx ' 


80 


1+—7=_ 

l /■,/-——r , * 2 \ , a V x - + a 

■ T(V*"t-“T y^f)+T-T?V3 


+ a 


H- 


81 




82. Compute 

r .2. _i _?1 3 
[a 2 b(ah 2 ) 2 (a -1 ) 3 J 



83. Evaluate the expression 

(a+ir l +(*+ir l 

at a = (2 + l/3)'‘ and 6 = (2-V'3)’ 1 . 

2-01338 



Problems 



Simplify the following expressions: 

g + V x 2 — 4 x x— Vx 2 — 4 a: 
r _y 2 2-4a: i + V 12 -^ 


84. 


K n + 2-f V^ 2 ^ n + 2- Vn 2 -4 

n + 2-“ 1 " n + 2 + Vn2-4 


86 


— / Vx — I/* — a 2 Vx-f Vx —a 2 \ 

* V x — a 2 * \ Vx—Vx—a 2 / 


Vx + V^=a2 Vi—V 

3 


87. _^±i- : -r^—; 88. (25 + 27**): [(y) + 3**] 

_ «c _ * 


X + X 2 + l 

89. Prove the identity 


a 


5 a — a -2 , 1 — a -2 , 2 _ n 

2 -T + 1-i + ^r-U 


1^ 

a 2 — a 


a 2 -j- a 


3 

2 


90. Compute 


a 2 + 6 2 


3 3 


V a — 6 


2 a V a — & V b 


(a 2 —a6) 

3 

at a = 1.2 and b = -^. 


Simplify the following expressions: 

till _i i 1 1 li 

91 . [{a 2 + b 2 } (a 2 + 5b 2 ) - (a 2 + 2b 2 ) (a 2 - 2b 2 )]: (2a + 3a 2 b 2 ) 

Evaluate the result at a = 54 and b = 6. 


i -i-i - ^ 

|(a + 6) 2 + (a — b) 2 ] + !(«+&) 2 — (a— b) 2 J 

-1 i 1 l 


-ii-i 


92. 


- -,-i 


|(a-j-b)~ 2 + <a-&) 2 ] -[(a+6) 2 —(a-6) 2 ] 

1 

i (1 —a 2 ) 2 + a 2 (l —a 2 ) 

-i) 2 ' A" 02 


i 


93. a 2 (1 — a 2 ) 2 - 


1-f [a (1 —a 2 ) 


tol 



Chapter II. Algebraic Transformations 
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94. 


* 2 -* 


1 

2 


(* + l)(*2+l) 


-(-A) 


2 ^2y ( i+x2)-i_y 1+J . 2 


1 1 

95. (/?*-a: 2 )2_a; 2 (/? 2 -a: 2 )“2 + 7? 2 


96. (p 2 + g 2 )~ 2 (P 1 +9" 1 ) 


l + x2 

1 _ 1 
(R*-X*) Z + X*(1V—X*) 2 

V/<2—j2 \ -2 


(/?2-x2)[l+( 


) ] 


— (P 2 + 9 2 ) 


97. [ 


(P 2 + ? 2 ) 3 

(a + Va^rU + V^ 2 )-! J ~' 6 


98. 


100 


(l/ a - + l)2_ 


3 /- 3 /— 

/a-, .r 

a — "l/aj 


> ' x J 


Va-y; 


("^/a-|-l) 3 — a + 2 


-3 


99. 


4a —9(2“* 

l IT 

_ 2a 2 — 3a 2 


a — 4-f-3a _1 


a 2 —a 


2 


• [(«-*) [<*-&) (y^ry-i)] 


101 - 


. {/'afe—V& 


,02. („ + 1 ,W ( l2^ + » | 


V* 


2 

3 


103. 


1 


V 

»/■” -i-2 


y 

l \ x 


1/6 


_i ^ > ■* 

i ‘ *r~ / 3 “ 

*/x-4y* 


-/x 2 -f 8x+ 16 


104. .r 3 [ 


Lx 2 -4x 2 

{VxA-Vyf^Vt-vl? ’ 5 

*+v*» 


J s Vx Vi 


105. ( 


y aT A — Ya' s x 

Ya-Vx 1 


^)V 1 + 2 /t+t 


1(J( . ( fl —62)V3-6y5y^863 V2a-l/2c 


107 


/2 (a-62)2 +(26 1/2a) 2 f/^-- ffl 

.{V^ 1 H-[(a 3 -z 3 ) 2 x 3 ] 2 ) — +rV -f 4a 2 z 2 


2 * 
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Problems 


io8. ic/^-^r+o/i+^rr 2 : 


x — a 


109 


4 y*+4 y« 

4- A/r-4- 1U (V xl/i+l) 2 


110 . 


111 . 



-1 


V 3x— 2 ) 


n o 
“ 


a - Ka 2 - a K* 2 - 6* J 


r (^-{ a) 3 + 2x + a -| 3 

11£m L(j'x-^a) 3 -x-2a J 



(a 3 -f 3a 2 x -f 3ax 2 -f x 3 ) 


113 . [ 


(V„ + Vt)--(2 yt) 2 

rt — 6 


1 1 

9 


1 ^ 

9 v - 


. (46) 


114 . 


o —4b 


_ (( 1 2 _ 6 2 )(a 2 + (,2)-lj:4 

+ 6 

a — % N 6 2 


J. 

9 


9 


115. 


a (ab)~ —06 a + 6 (ab) 2 -f % ) a 2 -3b~ 

( ;-*>_) 3 +2 a 1/S + 6VS 


12_ = 

3a 2 + 36 \/«fc 


ab — a 


110. - 

1 » * 

a ~\/ a - 


1 

117. 

1 1 

1 4U 

-(a 5 + 6 2 )- 2 

r- 

1 1 O • 

U> \ - 

119. 



120. 

r / a 2 — b a 

l.V V5-, 3/ 6 


/ “ 


I 1 « — K l# \ 

l i j 

x a —6“ 


-a 

</ 


• a y a —6 i/a 


a — b 
1 

” o 


(«*) - 


J- 




-3 
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121 . 


122 . 


[ a >V£+*V} _y a > +x+2aV - j 


V*- 


“l 3 


[(^-^(^1-^1 


123. 



t a6 2 + fc 2 


(}^ + 1/6) 2 


->>] l +-A 

/ A 


124. 


125. 


a + x > ax 2 — a-x 

Vat-1 i2 + ;-i2_ 2 ; ^+? ^ 


a *& 2 -l 


1 


A . _8 


Va-Vx 

1 

4 .8 


-V- 


\ 

2 a *-2 


1 l 

2 .4 


126. 


a" -{- «« -j-1 a^-aS + l a ~ — a* + 2 

K1/2-1 t^3 + 2 1/2 +^(z+12) Vx-Gx-8 

- Tl^ V2+1 ^3-21/2 


127. 


Vx-1 _ 

Va 3 6 + 1/a 4 b 3 : > a 

(62_a& —2a2) 1/56 


_ a 3 /_?£:_. fl + 6 _a6 \ 

\ 36 — (id-}-2<z6—6- 3fl— #6 a-\-b / 

: (6 — x) — 2 j x 


a + 6 


128. 


10x 2 + 3ax , bx — x 2 — ax + afc 


' 10x 2 + 
4x 2 — 


a 2 


+ 


2x + a 


X 


i 

9 


129 


1 - 2 

(a + 2x) 2 + (2x — a) 2 

71 

(4x 2 —a 2 ) 2 + l 


f x + 4 , * + 2 I 

( 2x2 —2x —4 t 2 (x2 + 3x + 2) J v x 


1 1 


130 


(l-x2) 2 + 1 yi — 


_i I* x — 2 

(1+x) 2 + (1-x) 2 


+ 


+ ^+ 1 )(TTT + ^7-7ITO) 
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Problems 


fl 2 -\/ab- 1 V & yab— 2 Va 3 fe a 6 * 
( a 2 _ a fc_ 262 ) 


a —3 


[ 




a-\-2b L a 2 -\-ab 


i32. VaV ;^; b t^ ra ■(V t+Yy)+ 

b /2a + 26 a + 36 a? + 2\ab \ 

+ a * V a — 46 2a + 26 2a 2 — 6 a 6 — 86 2 j 

f (jj/^a6 2 y 6 — y^ab ~\/af 


133. 


L 


ab y ab 


+ 


+ 4 

b 2 — 4a 2 
4a 


. a V6 + 6 "j/g 

ya_y& 


( 


62 + 3a6 + 2fl2 2a2_f_a6 


-62 ) 


134. 


4(2a6)*(a + 26)-J . V2b ~[/2ab + { r 2^b 


y a — ~[/2b 


y 2a6 


p / a 26 

0 \ 6a-486 3a —66 a 2 — 


862 


10a6+1662 


) 


CHAPTER III 

ALGEBRAIC EQUATIONS 

Solve the following equations :J 


135. 


137. 


138. 


139. 


66 + 7a 2>ay i ay 

66 262 — 1 — b i_ab ’ 

x —a — 6 


136. 


ax — 6 . 6 x + a a 2 -]- 62 


a -i -6 


c 

** ~ 

' a 

+ ■“ I - = 3 

c -j- 3z 

c — 2 z 

2c+ z 

4c 2 + 6 cd 

9d 2 _ Gcd 

- 4c2 —9c/2 

x —1 2 n 2 (1 — x) 

»»_4 » n4_4 

2x— 1 1 —x 

4 n 4 4 r. 


140 3a6 + l ^ Sab , (2a+l)x 


J- 


a 2 


141. 


142 . 


a 

3abc 
a + 6 

x + m 


+ 


a -f -1 
a 2 b 2 . 


(a+ 6)3 
ax 


a (a + l ) 2 ' (a + 1) 3 

= 3c* + — 

a (a + o ) 2 a 


am 


b 2 x 


a — b 


a 2 — 6 2 


a +6 (a + 6) 2 a 2 — 6 2 a*— a b 2 + a 2 b — b* 
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J ,q m z , m (z— m) 
z + m -r z(z + m) 


144. 


a 2 + x q- — x 
b 2 — x 6 2 + x 


z(z + m) _ 
m (z — m) 

4afrx-|-2a 2 — 2b 2 
6 4 — x 2 


2_-2 


-2 


.,c- art , (a -\- n) (anx -j- ax 2 4- x 3 ) ax , nx 2 
a — x x 3 -4-ax 2 — a 2 x — a 2 n a + x x2 — a 


- a — x ' x 3 + nx2 — a 2 x — a 2 n a + x • x^ — a^ 

/ fl + l , *-H . f a + 1 _ g (x + l) . 

V ax +1 x + a" 1 1 / * I. (x + a" 1 ) a <* x + l I 2 


147. 


a-|-x 


a — x 


fl 2_j_ax + x 2 ax — x 2 — a 2 x(a* + a*x*- 

148. a (Ki-a)-b(Ki— b) + a + b = Vx 


a -1 ) a ax-f- 

_3a_ 

x (a 4 + a2x2 + x4 ) 


149. - 

a 


-L- + _L- = 0; 150. 

a-f-^‘ a + 2x 


jc-i vi 2a fc 2 — a 2 . 4 e;<> 

151 * i —^Z7= a 2 + J 2_2ax ’ 152 ‘ ab-26 2 


6 —x 4 (x 2 — b 2 ) 


a — l> ■ x 

ac 2 — 26c 2 ^ 6c 


153. 


X , 2x 5a 2 

x-\-a ‘ x — a 4 (x 2 — a 2 ) 


, c , * 2 + l 


2 — nx 


1r . a-x 2 I o-l . . ib _ " 2 ~ h ~ 

,55 - 77=1,2—t = *-<■ - . 2 +^- 2 .x 

1 1 2(0 + 3) , o + o-2o 0-2- __ t 

157 * 2a 4-nx 2x-x 2 x3-4x ’ * 2a —a x 


157. 


2a -fax 


159. 


161. 


a — 1 


nx-x x 2 - 2a x 2 + a 2 x 2 

x + x 2 . l-« 2 


= 1; 160. 

ab 

r= (6 — a) 2 " 


(- 


— r \ 2 


(+i) 


x 2 -(-a2 — 2ax 


5 

9x 2 


1W1 * l — x 2 ’ (l + ax) 2 -(a + x) 2 (6-a) 2 

162. Factor the following expression into linear factors: 

1 lx — 3x 2 + 70 


b . 


163. Factor the expression — — into two factors, whose sum is 

- + - 
b ' a 

164. Factor the following expression: 

15x 3 + x 2 — 2x 

165. Factor the following expression: 

x 3 + 2x 4 + 4x 2 + 2 + x 
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Problems 


165a. Solve the equation 

(1 + x 2 ) 2 = Ax (1 — x 2 ) 

166. Write a quadratic equation, whose roots are 



167. Set up a quadratic equation, whose roots are 

1 , 1 

- -==- and - -pr 

10—V72 10+61/2 

168. Write a quadratic equation, whose roots are 


_ a _ 

l/a ± ~V a — b 

169. The roots x x and x 2 of the quadratic equation 

x 2 + px + 12 = 0 

possess the following property: x x — x 2 = 1. Find the coefficient p. 

170. In the equation 

5x 2 - kx + 1 = 0 


determine k such that the difference of the roots be equal to unity. 

171. The roots x x and x 2 of the equation 

x 2 — 3 ax + a 2 = 0 

are such that x J+ x\ = 1.75. Determine a. 

172. In the quadratic equation 

x 2 + px + q = 0 

determine the coefficients such that the roots be equal to p and q. 

173. The roots of the quadratic equation 

ax 2 + bx + c = 0 

are x, and x 2 . Set up a new quadratic equation, whose roots are — 

x 2 

and — . 

x i 

174. Given a quadratic equation 

ax 2 + bx + c = 0 

Set up a new quadratic equation, whose roots are: 

(1) twice as largo as the roots of the given equation; 

(2) reciprocal to the roots of the given equation. 


Chapter III. Algebraic Equations 


25 


175. Set up a quadratic equation, whose roots are equal to the 
cubes of the roots of the equation 

ax 2 + bx + c = 0 

176. Set up a biquadratic equation, the sum of the squared roots 
of which is 50, the product of the roots being equal to 144. 

177. Find all the roots of the equation 

4x 4 - 24x 3 + 57x 2 + 18x - 45 = 0 
if one of them is 3 + 

178. Determine the constant term of the equation 

6x 3 — lx 2 — 16x + m = 0 

if it is known that one of its roots is equal to 2. Find the remaining 
two roots. 

179. Knowing that 2 and 3 are the roots of the equation 

2x 3 + mx 2 — 13x + n = 0 

determine m and n and find the third root of the equation. 

180. At what numerical values of a does the equation 

x 2 -j- 2ax [/ a 2 — 3 + 4 = 0 

have equal roots? 

180a. In what interval must the number m vary so that both 
roots of the equation 

x 2 — 2 mx + m 2 — 1 =0 

lie between —2 and 4? 


Solve the following equations : 


181. VT^-Vy ZI ^=^ 182. V 22 — x — j/TcT^x = 2 

183. ySx + i — Vz-i = 184 - V x + 3 + J/3x — 2=7 

185. |/F+1 + /2J+3 = 1; 186. ^3^2 = 2 V^+2- 2 

187. K2x+T + /x —3 = 2 Vx; 188. V 1 +x [/^ + 24 = x+ 1 



190 


' / 


x-5 

x + 2 


+ 


l/—= •—l/ 
V x + 3 z + 2 V 

7 


191 . 

yx—3 


x + 2 
x-V 


~Z x — 3 
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Problems 


192. 

193. 

194. 

195. 

196. 
198. 
200 . 

201 . 

202 . 

203. 

204. 

205. 

207. 

209. 

210 . 
211 . 
212 . 

214. 


x 4 l/* 2 + x x — ~[/x 2 -r 
2 1 


_ = J5 

x * 

X 


2 + 1/4 — x 2 2-l/4-*2 

V2V7 + Vr-V 2/7 -V~x = y^28 

y x + Yx — V x — Vx=y]/ 


+Y 


y27 + x + 1/27 -x = 27 197. = _yT a _ y a + ; 

1/27 + *—1/27 —x 1 K 

l/l + a -2 J 2 — ia _l 1 ^ l/l + a 2 x 2 — ax 1 

y 1+ 0-2*2+ XQ -1~ T’ * yi+fl2*2 + ^““c 2 " 

* + c+y*2 — c 2 _ 9 (j: + c) 

* + c >_yj2Z^ _ 8c 

]/" a: + 3 — 4 J' .r^T + + 8 — 6 ]/ .r^T = 1 

2 l^a + x + Y^ — x = y a — x 4 /* {o 4-*) 

)/<z 2 — :r + }/" 6“ — x = a + b 
Xa — x -\-Y b + x = y a + 6 

Y7+l=a-Vx-: 206. I^±£ + Vi±f = Yx 


a 

1 


Yx J r\/ r x= 12; 208. (.r- 1)2 + 6 {x-\) 7 ‘ = 16 

/ 2 + ]/10+i;= -i/" ]/ 1532^_9 

+ ^2^3 = X12 (x -1) 

yf a — x + y b — x = y a + b — 2x 

y~x + 2^T 2 = 3; 213. 2 > y!2_ 3| 3/-- == 20 


X a ; x — ya \x — 0; 215. ~ —1/~ 


*42 


2x + 2 12 


216. a -2 +11+ y+- —11 = 42; 217. 


x y^x — 1 f/x 2 — 1 


3/-I A 

y X + 1 


218. 


T — 4 
1*4 2 


= *-8; 219. 


v * 2 -l 
(a — x) 1 /a — x -1- (x — ft) l/* — ft 


= 4 


1 a — x 4 1 x — ft 


/ 


— a — b 
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220 . 


2-x 


r-V 


2-x 
2 


2-Vx V 2 ' 1 + V 

222. /x 2 -3x4-54-or 2 = 3x4-7 


221. J 4=^=4 — 1 


2 


223. j/3x' 2 + 5x — 8 — V r 3r ! + 5i: + l = 1 


224. j/y 2 + 4y + 8 4- VV 1 + 4y + 4 = K2 (y 2 4- 4y + 0) 

Solve the following systems of equations: 


225 


227 


229 


■ r. 

•i 


** + y* = 2(xy + 2) 


+ I/-G 

x+r= 7 

xy 2 = 12 
f (x 2 — y 2 ) ary = 180 
I x 2 — xu — if = —11 


228 


5 


231. 


233. 


235. 


or 2 + y 2 = f*y 

x — y = \xy 

x 2 — xy + y 2 = 7 
x —y = 1 

(vr-(f)"=< 


234. 


x4-ary4~y = 11 

+ xy 2 = 30 

x 2 —y = 23 
50 

3x 2 — 2xy 4- 5y 2 — 35 
5x 2 — 10y 2 —5 

x 2 4-xy 4-y 2 = 13 
or + y = 4 


i_, JL- — 

y^'x 12 


f x 4-r 

*•1 o 

l x-y 

(x 2 — y = 
* 1 x 2 y = 

30. | 

232. | 


0 

0 


x 2 — y 2 = 7 


Give positive solutions only, assuming that a>0, 6>0, c>0, 
d > 0 and rn n. 


236 


■i 


x 2 — xy -f- y 2 = 7 ___ f x 3 4-y 3 = 7 


x 3 4-y 3 

Give real solutions only. 

f xy (x 4- y) = 30 
l x 3 4- y 3 = 35 


= 35 237 - { 


ary (X 4- y) = -2 


238 


x + y 

239. < x ~y 


+ 


x—y 


= 5-4 


x + y 5 

xy = 6 
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Problems 


240. 


x+y+z =1 
ax + by -\-cz = d 241. 
a 2 x -f 6 a t/ -j- c 2 z = d? 


242. 


244. 


x + 2t/ + 3z + 4a = 30 

2a; — 3z/ -f 5z — 2u = 3 
3x -f 4i/ — 2z — u = 1 
4x — y -f 6z — 3u = 8 

x + y + z = i ( V^x + j/-3z + 7 = 2 

x4-2i/4-3z = 5 243. jS2y + 5x + z -f 25.5 = 3 

/// + z — j/ r 6x = 0 

x 2 4-r=z 2 

xy 4- j/z 4- zx = 47 

(z — x){z-y) = 2 

12 5 


246. 


248, 


249. 


x z + y 2 -\-z 2 = 14 

x4-y4-z = 13 
x 2 4 -i / 2 + z 2 =61 245. 

xy 4- xz = 2 i/z 

{ a 3 4- a-x 4- ay 4 - z = 0 
6 3 4-^4-^ + z = 0 247. 
c 3 4- c 2 x 4 - q/ 4 - z = 0 


x4-*/ — 2]/‘xf/ = 4 
.r 4 - j/ = 10 

/=f=-2 + /-^ 


Vx-1 

8 

V*—i 


4- 


/ * + T 


= 5 


4- 


10 


/ *+T 


= 6 


= 0 


250. 


3-r 

xy — 54 = x 4 -y 

i^FT?-4-/'l7=0 


251. 


V* + y + Vx — y = 6 
V 4-J/4- K* — </ = 4 /a 
K* a 4* y 2 — V x l — y 2 = ( V 41 — 3) a 
V x 2 4- r — V x 2 —y 2 = y 


x 4 — y i = 144 a* 


253 


■i 


x 2 + xy + y 2 = 84 
x 4~ ]/" xy 4~ y == 14 


253a. Hud all the values of m for which the system of equa¬ 
tions 

x — y = m{\+xy) 

2 4- x 4- y 4- xy = 0 
has real solutions. 
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CHAPTER IV 


LOGARITHMIC AND EXPONENTIAL EQUATIONS 

Determine x without using logarithmic tables : 


,4 log 9 - log 2 ,— _inni” log > 4 


254*. x +10 • 100 2 255. x = 100 

/ 2+4 log 10 

10 2 ; 257. x = 


491 -log 7 2 _|_ 5 -log s 4 


Solve the following equations: 

258. log 4 log 3 log 2 x = 0 

259. log a {l + log b [l + log c (l + log p :r)]} = 0 

260. log 4 {2 log 3 [ 1 + log 2 (1 + 3 log 2 x)]} = y 

261. log 2 {x +14) + log 2 (a: + 2) = 6 

262. log a y + log a (y + 5) + log a 0.02 = 0 


263. 1 ? g( ? r 5 ~* 3) =3 

log (5 — X) 

264. 1 +l()g x = y log — 


(3a — b) (a2 + a6)-i “I 


h -2 


— T 1 °& b + 4 lo S ( fl3 — ab ‘) 


265. log [x — a (1 —a) 2 ] “ y log ( 1 + y) — 


-lo g /“+f-- = 0 

266. log* y 5 + log x (5x) — 2.25 = (log x ^5)* 

267. logitj x + log 4 x + log 2 x = 7 

268. log a x— log*, 2 a: + log a 4x = 269. (y) 3X " 7 = (y) 7X_3 


270. 7• 3 X+1 — 5* +2 = 3 X+4 — 5* +3 ; 271. 0.125.4 2JC “ 3 = 


* Throughout this book, the symbol log stands for the logarithm to the 
base 10. 
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Problems 


x+5 


x+17 


272. 0.5* 2 -2 2l + 2 = 64" 1 ; 273. 32*- 7 =0.25-128*- 3 

1 


274. (4) x (|r* = g|; 275. [2(2^*)*^]^ 1 -4 


l 

270. 2(2^+ 3 ) 2 ~ 1X -^P=0 

277. x '~ya? lx 'Y~a ya ri =\\ 278. 31og xa: a;-j--^log * x = 2 

YZ 

279. log 4 {x +12) • log, 2 = 1; 280. log, (5+) • log 7 * = 1 

281. 1 + a + a 2 + a 3 + ... + a*- 1 + a*=(l + a)(l+a 2 )(l + a 4 )(l+a 8 ) 

282. 5 a -5 4 -5 6 -... .5 S * = 0.04" 28 ; 283. 4 x -»-17.2 x -* + l = 0 
284 . 2 • 4 s * — 17 • 4* + 8 = 0; 285.3^81-10^9 + 3 = 0 


log x+T 

280. x * =10ioex+i 


287. log(4 -1 *2 * * — 1) — 1 =log(] / 2 l '*- 3 + 2)-21og2 

288. 2 (log 2 -1) -f log (5 ^ -f1) = l°g ( r > 1- ^ + 5) 

280. 5** - _ 3 loe *“ 1 = 3 loeX+1 - 5 ,og1 

290. x 1 i°e 3 x-i.5 log x = 4^10; 291. log (64 2 X '~ * U;e ) = 0 


292. logo (9 — 2 X ) = 3 — x 

293. log 2 -j- log (4' t-2 -f- 9) = l-flog(2 x - 2 +l) 





) log3-log (yf 3 + 27) = 0 




>^+T) _ 2 = I log 10 - Vx 4- 0.25 log 4 


290. 



_ 2 log 2 + log (j — 3) __J_ 

log (7.r + 1) + log (z —15) -j- log 3 ~ 2 

logs 120 J (x - 3) - 2 logs (1 - 5 <_3 ) = - log 5 (0. 




Solve lhe following systems of equations: 


298. 


gsx+i = 32.2 4 *' -1 


r,.5 x - y = K25- w+1 


299. | 


log 3 x + log 3 y =- 0 


X~IJ=< 


t . 
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300. 


4 


302 


304 


•{ 

•{ 

■I 


f \0g a X + \0g a IJ = 2 

1 logb X - logb y = ' * 

lo gxv(x — y) = 

log x1J {x + y) = 0 


| log (x 2 4- y 2 ) — 1 = log 13 

1 log {x + y) — log (x — y) = 3 log 2 

J 303. {>"0-(‘ + 7)- 2 -'«-» 


log 6 x + logt, y = 4 


loga X + loga IJ 4- loga 4 = 2 + log a 9 

x + y — 5a = 0 


xy = a 2 


306 


r 3 x -2 y = 
* 1 lo g V2 (y— x ) = 


3 x -2 y = 576 
4 


307. 


( 


309. 


log 2 X + log 2 y = 2.5 log 2 (a 2 ) 

log x 4- log y = log a 30g f lo ° a x ~ lo ^ a2 ^ = * 2 * 

12 (log i log y) = log b ' |i ogti2l + log() j, = |. 

3 

loga X + log a 2 y = y 3 J 0> | logo w + log u V = 2. 


u 2 + v= 12 


log 6 2 x — log b 2 y = 1 

z 2 + xy + z/ 2 = a 2 

311. ■! _ , a 

Va + Iog^j V b = ■y= 

f log,, x - log 2 , - 0 1 l0g2 * + l0Bl » + l0g ‘ 2 = 2 

• { ;L 5 j, 44 = 0 313 ‘ ’ logsH-logo 2 +logo x = 2 


lo S^ 


312 


log 4 z + log 16 x + log 16 z/=2 


314. 


1 


X- 


315. 


V 7 +y = 2 V 3 
l(*+y)2»--3 

’X 2 1 V+F = ^28 

log(x + z/) = log 40 — log (x — y) 


316. <_ 


1/ 4 X = 32 


317 


9 - 1 / 9 *-27/27" = 0 


318 . 


ys x =s y&~ v Liog (x—i)—log (i — y) =o 

-J-logX + y log//— log (4 — Kx)=0 

319 { Iog * fl y = P 
(25 Vx )^- 125-5^ = 0 ’ y { °Sy^ = Q 
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Problems 


CHAPTER V 

PROGRESSIONS 

Notation and formulas 

flj = first term of arithmetic progression 
a n = nth term of arithmetic progression 
d = common difference of arithmetic progression 
Hi = first term of geometric progression 
u n = nth term of geometric progression 
q = common ratio of geometric progression 
S n = sum of the first n terms of a progression 
S = sum of infinitely decreasing geometric progression 


Formulas for arithmetic progression 


An = a l "T d (n — 1) 

(1) 

c ( 0 \-r o n ) n 

*->n — 2 

(-) 

o |2a,-fc/(« — 1)1 n 

^ n 9 

(3) 

Formulas for geometric progression 


u „ = a fl"" 1 

(4) 

S„ - *’]-* (?> 1) or s n -^if- (,< 1) 

(5) 

('/>1) or 5„ (?< 1) 

(6) 

^ i q 

(7) 


ARITHMETIC PROGRESSION 


320. How many terms of the arithmetic progression 


5; 9; 13; 17; 


is it necessary to take for their sum to equal 10,877? 

321. Find an arithmetic progression, if the sum of its first four 
terms is equal to 26, and the product of the same terms equals 880. 
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322. In an arithmetic progression a p = q\ a q = p. Express a n 
in terms of n , p , and q. 

323. Find the sum of all two-digit natural numbers. 

324. Find four successive odd numbers, if the sum of their squares 
exceeds by 48 the sum of the squares of the even numbers contained 
between them. 

325. An arithmetic progression consists of 20 terms. The sum of 
the terms occupying even places is equal to 250, and that of the 
terms occupying odd places equals 220. Find the two medium terms 
of the progression. 

326. Given a sequence of expressions: (a + x) 2 ; (a 2 + x 2 ); 
(a — x)*\ . . .. Prove that they form an arithmetic progression, and 
find the sum of its first n terms. 

327. Denoting the sums of the first n u first n 2 , and first n 3 terms 
of an arithmetic progression by S u S 2 , and S 3 , respectively, show 
that 

•^-(^2-W3) + ^'(«3-«i)H~(»i-w 2 ) = 0 

328. Write an arithmetic progression whose first term is 1, the 
sum of the first five terms being equal to ~ of that of the next five 
terms. 

329. Find an arithmetic progression in which the sum of any 
number of terms is always three times the squared number of these 
terms. 

330. Find the sum of all two-digit numbers which, when divided 
by 4, yield unity as a remainder. 

GEOMETRIC PROGRESSION 

331. Insert three geometric means between the numbers 1 and 256. 

332. Find the three numbers forming a geometric progression, 
if it is known that the sum of the first and third terms is equal 
to 52, and the square of the second term is 100. 

333. Write first several terms of a geometric progression in which 
the difference between the third and first terms is equal to 9, and 
that between the fifth and third terms equals 36. 

334. Find the four numbers forming a geometric progression in 
which the sum of the extremes is equal to 27, and the product of the 
means, to 72. 

335. Find the four numbers forming a geometric progression, 
knowing that the sum of the extremes is equal to 35, and the sum 
of the means, to 30. 
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336. Determine a geometric progression in which 

«1 -f W 2 + W 3 -f It 4 + = 31 

and 

m- 2 + u 3 -r + W 5 + u 6 = 62 

337. A geometric progression consists of five terms; their sum less 
the first term is equal to 19 ~» and that less the last one equals 13. 

Compute the extremes of the progression. 

338. Find the first term and common ratio of a geometric progres¬ 
sion consisting of nine terms, such that the product of its extremes 
is equal to 2304, and the sum of the fourth and sixth terms equals 120. 

339. Three numbers form a geometric progression. The sum of 
these numbers is equal to 126, and their product, to 13,824. Find 
these numbers. 

340. A geometric progression consists of an even number of terms. 
The sum of all the terms is three times that of the odd terms. Deter¬ 
mine the common ratio of the progression. 



INFINITELY DECREASING GEOMETRIC PROGRESSION 
Prove that the numbers 



constitute an infinitely decreasing 
the limit of the sum of its terms. 

342. Compute the expression 

(4 v '3 8 )[r' 5 (i 3-2) 


geometric progression and find 




after proving that the bracketed addends are the terms of a decrea¬ 
sing geometric progression. 

343. Find the sum of the terms of an infinitely decreasing geo¬ 
metric progression in which all the terms are positive, the first 
term is 4, and the difference between the third and fifth terms is 

equal to ^ . 

344. Determine the sum of an infinitely decreasing geometric 
progression, if it is known that the sum of its first and fourth terms 
is equal to 54, and the sum of the second and third terms, to 36. 
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345. In an infinitely decreasing geometric progression the sum 
of all the terms occupying odd places is equal to 36, and that of all 
the terms at even places equals 12. Find the progression. 

346. The sum of the terms of an infinitely decreasing geometric 
progression is equal to 56, and the sum of the squared terms of the 
same progression is 448. Find the first term and the common ratio. 

347. The sum of the terms of an infinitely decreasing geometric 
progression is equal to 3, and the sum of the cubes of all its terms 

108 

equals. Write tlie progression. 

348. Determine an infinitely decreasing geometric progression, 
the second term of which is 6, the sum of the terms being equal to -i- 
of that of the squares of the terms. 

ARITHMETIC AND GEOMETRIC PROGRESSIONS 

349. The second term of an arithmetic progression is 14, and tlie 
third one 16. It is required to set up a geometric progression such 
that its common ratio would be equal to the common difference of 
the arithmetic progression, and the sum of the first three terms 
would be the same in both progressions. 

350. The first and third terms of an arithmetic and a geometric 
progressions are equal to each other, respectively, the first terms 
being equal to 3. Write these progressions, if the second term of the 
arithmetic progression exceeds by 6 the second term of the geometric 
progression. 

351. In a geometric progression the first, third and fifth terms 
may be considered as the first, fourth and sixteenth terms of an 
arithmetic progression. Determine the fourth term of this arithmetic 
progression, knowing that its first term is 5. 

352. Three numbers, whose sum is equal to 93, constitute a geo¬ 
metric progression. They may also be considered as the first, second 
and seventh terms of an arithmetic progression. Find these numbers. 

353. In an arithmetic progression the first term is 1, and the sum 
of the first seven terms is equal to 2555. Find the medium term 
of a geometric progression consisting of seven terms, if the first 
and the last terms coincide with the respective terms of the indicated 
arithmetic progression. 

354. The sum of the three numbers constituting an arithmetic 
progression is equal to 15. If 1,4 and 19 are added to them, respecti¬ 
vely, we will then obtain three numbers forming a geometric progres¬ 
sion. Find these numbers. 
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355. Find the three numbers constituting a geometric progression, 
if it is known that the sum of these numbers is equal to 26, and 
that when 1, 6 and 3 are added to them, respectively, three new 
numbers are obtained which form an arithmetic progression. 

356. Three numbers form a geometric progression. If the third 
term is decreased by 64, then the three numbers thus obtained will 
constitute an arithmetic progression. If then the second term of this 
arithmetic progression is decreased by 8, a geometric progression 
will be formed again. Determine these numbers. 

357. Can three numbers constitute an arithmetic and a geometric 
progression at the same time? 


CHAPTER VI 

COMBINATORICS AND NEWTON S BINOMIAL THEOREM 


358. The number of permutations of n letters is to the number 
of permutations of n + 2 letters as 0.1 to 3. Find n. 

359. The number of combinations of n elements taken three at 
a time is five times less than the number of combinations of n -f 2 
elements taken four at a time. Find n. 

360. Find the medium term of the expansion of the binomial 

(*-**)"• 

361. Determine the serial number of the term of the expansion 

of the binomial + T which coutains a? * 

362. Find the serial number of the term of the expansion of 


the binom 




which contains a 


and the same power. 

363. Simplify the expression 



and b to one 


and deter 


mine the term of the expansion that contains no a. 

364. The exponent of one binomial exceeds that of the other by 3. 
Determine theso exponents, if the sum of the binomial coefficients 
in the expansions of both binomials taken together is equal to 144. 

365. Find the thirteenth term of the expansion of (9x — y=) > 
if the binomial coefficient of the third term of the expansion is 105. 
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366. In the expansion of (^ + -71™ the coefficients at the fourth 

and thirteenth terms are equal to each other. Find the term con¬ 
taining no x. _ 

/ — *>\ 

367. Find the medium term of the expansion of ^ a / a— y —= J , 


if it is known that the coefficient of the fifth term is to the 

coefficient of the third term as 14 to 3. 

368. The sum of the coefficients of the first, second and third 

terms of the expansion of (z 2 + -j) m is equal to 46. Find the term 

containing no x. _ 3 

369. Find the term of the expansion of the binomial (x\/ x + / x)"‘ 
which contains x b , if the sum of all the binomial coefficients is 
equal to 128. 

370. Find the sixth term of a geometric progression, whose first 
term is X- and the common ratio is the complex number (1 +'/). 

371. Find the seventh term of a geometric progression, whose 
common ratio is (l + 4 -)» and the first term, i. 

372. At what value of n do the coefficients of the second, third 
and fourth terms of the expansion of the binomial (1 -f x) n form 
an arithmetic progression? 

373. The coefficients of the fifth, sixth and seventh terms of the 

expansion of the binomial (1 + *)” constitute an arithmetic pro¬ 
gression. Find n. g _ 

374. In the expression ( x \ + a x ~ l ) determine x such 

\ 1 fl * • 


that the fourth term of the expansion of the binomial be equal to 

56a 55 . 

4 

iTi 

the third term of the expansion of the binomial be equal to 240. 

376. Determine x in the expression (^2 + -^=-)*, if in the 

expansion of the binomial the ratio of the seventh term from the 
beginning to the seventh term from the end is equal to . 

377. Find the value of x in the expression (x + x l °e x )*, the third 
term of the expansion of which is 1,000,000. 


375. In the expression (2 ^2 ^ 
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r - 1 -l 6 

378. Find the value of x in the expression (j/ r x) l0 s x + 1 -f- xj , 

the fourth term of the expansion of which is 200. 

379. In the expression (-r-L-fa: los >x ) 9 determine x such that 

' y x 2 / 

the third term of the expansion of the binomial is equal to 36,000. 

380. The sixth term of the expansion of the binomial 

(— i— + a; 21o 6*) 8 is 5600. Find x. 

' X 2 y X 2 • 

381. The ninth term of the expansion of the binomial 

r. v r ° + ^i og x X -i 10 

L(Vx) 51 °e* + v x \ 

is 450. Find x. 

382. Determine x, if the fourth term of the expansion of the 
binomial (lO 1 * »«+ loa i,_ is 3,500,000. 

' y 10 • 

383. Determine at what value of x in the expansion of the bino¬ 
mial the term containing x to a power twice as 

large as that of the succeedent term will be less than the latter by 30. 

384. Determine at what value of x the fourth term in the 

expansion of the binomial [y2 *" r + -^=-) m is 20 times greater 

than the exponent of the binomial, if the binomial coefficient of the 
fourth term is five times greater than that of the second term. 

385. Find out at what values of x the difference between the 

fourth and_sixtli terms in the expansion of the binomial 

( - 1B - ■ + ■ /— ) is equal to 56, if it is known that the exponent 

' V b y 2 X r 

of the binomial m is less than the binomial coefficient of the third 
term in the expansion by 20. 

386. Find out at what values of x the sum of the third 

and fifth terms in the expansion of ( Y 2* -f- is equal to 135, 

if the sum of the binomial coefficients of the last three terms is 
equal to 22. 

387. Determine at what x the sixth term in the expansion of 
I ho binomial []■ r 2 ,0B 110 " 3X) + ^2“ ‘ 2) ' loE 3 ] m is equal to 21, if it 
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is known that the binomial coefficients of the second, third and 
fourth terms in the expansion represent, respectively, the first, 
third and fifth terms of an arithmetic progression. 

388. Determine at what value of x the fourth term in the expansion 

of the binomial _ 

r -4lo?(6-/8x) 6 / rlog (X-l)"] m 

(/ 5 ) " + * 

is equal to 16.8, if it is known that ^ of the binomial coefficient 

of the third term and the binomial coefficients of the fourth and 
fifth terms in the expansion constitute a geometric progression. 

389. Determine at what x the difference between the nine-fold 
third term and the fifth term in the expansion of the binomial 




m 


is equal to 240, if it is known that the difference between the loga¬ 
rithm of the three-fold binomial coefficient of the fourth term and 
the logarithm of the binomial coefficient of the second term in the 

expansion is equal to 1. 


CHAPTER VII 

ALGEBRAIC AND ARITHMETIC PROBLEMS * 

390. Find the weight of an artillery round, knowing that the charge 
weighs 0.8 kg, the weight of the projectile is equal to y of the total 

weight of the round, and the weight of the shell is±- of the weight 


0 f QQ4 e ^^a certain factory women make 35% of all the workers, 
the rest of the workers being men. The number of men exceeds that 
of women by 252 persons. Determine the total amount of workers. 


* We do not divide the problems into algebraic and arithmetic ones since 
arithmetically solvable problems can always be solved algebraically and vice 
versa™the problems which are solved with the aid of equations may often have 
a simpler arithmetic solution. Under “Answers and Solutions we sometimes give 
arithmetic, and sometimes, algebraic solutions, but this should not at all lay 
any restraint on the student’s initiative as to the choice of the method of solution. 
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Problems 


392. A batch of goods was sold for 1386 roubles at a 10% profit. 
Determine the prime cost of the goods. 

393. A factory sold 3348 roubles worth of goods at a loss of 4%. 
What was the prime cost of the goods? 

394. If 34.2 kg of copper is extracted from 225 kg of ore, what 
percentage of copper does the ore contain? 

395. Prior to a price reduction, a package of cigarettes cost 
29 kopecks. After the reduction, it cost 26 kopecks. What was the 
price reduction in percent? 

396. One kilogram of a commodity cost 6 roubles and 40 kopecks. 
The price was then cut to 5 roubles and 70 kop. What was the price 
reduction in percent? 

397. The raisins obtained in drying some grapes amount to 32% 
of the total weight of the grapes. What quantity of grapes must we 
take to obtain 2 kg of raisins? 

398. A group of tourists have to collect money for an excursion. 
If each pays in 75 kopecks, there will be a deficit of 4.4 roubles; 
if each pays in 80 kopecks, there will be an excess of 4.4 roubles. 
How many persons take part in the excursion? 

399. A number of persons were to pay equal amounts to a total 
of 72 roubles. If there were 3 persons less, then each would 
have to contribute 4 roubles more. IIow many people were 
there? 

400. Sixty copies of the first volume of a book and 75 copies of the 
second volume cost a total of 405 roubles. However, a 15% discount 
on the first volume and a 1096 discount on the second volume reduce 
the overall price to 355 roubles and 50 kopecks. Determine the price 
of each volume. 

401. An antique shop bought two items for 225 roubles and then 
sold them and made a profit of 40%. What did the shop pay for 
each item, if the first of them yielded a profit of 2596 and the second, 
a profit of 50%? 

402. Sea water contains 5 96 (by weight) of salt. How many kilo¬ 
grams of fresh water should be added to 40 kg of sea water for the 
latter to contain 296 of salt? 

403. The hypotenuse of a right-angled triangle measures 3J/1> 
metres. Determine the legs, if it is known that when one of them 

1 O 

is increased by 13396 and the other, by 16-=-%, the sum of their 
lengths is equal to 14 metres. 

404. Two sacks contain 140 kg of flour. Each will contain one and 
the same amount, if we take 12.596 of the flour of the first sack 
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and put it into tho second. How many kilograms of flour does each 
sack contain? 

405. Two factories, A and B , undertook to fulfil an order in 12 days. 
After two days factory A was closed down for repairs, while factory B 
continued fulfilment of the order. Knowing that B has an efficiency 

of 66 \ % of that of A , determine in how many days the order will 

O 

be completed. 

406. In a mathematics test, 12% of the students of a class did 
not solve the problems at all, 32% solved them with certain mista¬ 
kes, and the remaining 14 students obtained correct solutions. How 
many students are there in the class? 

407. A piece of a rail making 72% of the rail length is cut off. 
The remaining part weighs 45.2 kg. Determine the weight of the 
cut-off piece. 

408. A piece of a silver-copper alloy weighs 2 kg. The weight 
of silver comes to 14-=-% of that of copper. How much silver is there 


in this piece? 

409. Three workers received a total of 4080 roubles for a job. The 
sums received by the first and the second workers stand in a ratio 


of 7 A. toll. The money received by the third worker is 43 -j % of 

that of the first. What was each worker paid? 

410. Three boxes contain 04.2 kg of sugar. The second box con¬ 


tains — of the contents of the first, and the third contains 42 1 % of 

what there is in the second box. How much sugar is there in eacli box? 

411. There is sera]) of two grades of steel containing 5% and 40% 
of nickel. How much of each grade is required to obtain 140 tons 

of steel containing 30% of nickel? 

412. A piece of a copper-tin alloy weighing 12 kg contains 45% 
of copper. How much pure tin must be added to this piece to obtain 
a new alloy with 40% of copper? 

413. How much pure alcohol must be added to 735 grams of a 16% 
alcohol solution of iodine to obtain a 10% solution? 

414. A piece of a copper-zinc alloy weighing 24 kg was immersed 

o 

in water and lost 2-^ kg in weight. Determine the amount of copper 

J 


and zinc in the alloy, if it is known that in water, copper loses 11 




and zinc, 14 y % 


of its weight. 
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415. Rails are to be laid in a 20 km long section of a single-track 
railroad line. Rails are available in lengths of 25 and 12.5 metres. 
If all 25-metre lengths are used, then 50% of the 12.5-metre lengths 

2 

-will have to be added. If all 12.5-metre lengths are laid, then 66y% 

of the 25-metre lengths will have to be added. Determine the number 
of rail lengths of each kind available. 

416. After the graduation exercises at a school the students exchan¬ 
ged photographs. How many students were there, if a total of 870 pho¬ 
tographs were exchanged? 

417. The geometric mean of two numbers is greater by 12 than 
the smaller number and the arithmetic mean of the same numbers 
is smaller by 24 than the larger number. Find the two numbers. 

418. Find three numbers, the second of which is greater than the 
first by the amount the third number is greater than the second, if 
we know that the product of the two smaller numbers is equal to 
85 and the product of the two larger numbers equals 115. 

419. The number a is the arithmetic mean of three numbers, and b 
is the arithmetic mean of their squares. Express the arithmetic mean 
of their pairwise products in terms of a and b. 

420. A rectangular sheet of tin with a perimeter of 96 cm is used 
to make an open-top box so that a 4-cm square is cut out of each 
corner of the sheet and t lie edges are soldered together. What is the 
size of the sheet used, if the box has a volume of 768 cm 3 ? 

421. Find a two-digit number, if the quotient obtained by dividing 

Ibis number by the product of its digits is equal to 2-^- and, besides, 

the difference between the desired number and the number obtained 
by reversing the order of the same digits is 18. 

422. Find a two-digit number, if we know that the number of 
units therein exceeds by two the number of tens and that the product 
of llie desired number by the sum of its digits is equal to 144. 

423. Determine a certain positive integer on the basis of the fol¬ 
lowing data: if we adjoin the figure 5 on the right of it, the resulting 
number is exactly divisible by a number exceeding the desired one 
by 3, the quotient being equal to the divisor minus 16. 

424. Find two two-digit numbers having the following property: 
if we adjoin 0 followed by the smaller number on the right of the 
larger one, and adjoin the larger number followed by 0 on the 
right of the smaller one, then of the two five-digit, numbers thus 
obtained the first number divided by the second yields a quotient 
of 2 and a remainder of 590. It is also known, that the sum of the 
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two-fold larger desired number and the three-fold smaller desired 
number is equal to 72. 

425. A student was asked to multiply 78 by a two-digit number 


in which the tens digit was three times as large as the units digit; 
by mistake, lie interchanged the digits in the second factor and 
thus obtained a product smaller than the true product by 28U8. 
What was the true product? 

426. Two railway stations are at a distance of % km from each 
other. One train covers this distance 40 minutes faster than does 
the other. The speed of the first train is 12 km/h higher than that 
of the second. Determine the speed of both trains. 

427. Two persons simultaneously leave cities A and B and travel 
towards each other. The first person travels 2 kni/li faster than 
does the second and arrives in B one hour before the second arrives 
in A. A and B are 24 km apart. How many kilometres does each 


person make in one hour? 

428. The distance between A and B by railway is bb km and by 
water,* 80.5 km. A train leaves A four hours after the departure of 
a boat and arrives in B 15 minutes before the boat. Determine the 
mean speeds of the train and the boat, il the foimer inns ,10 km/h 

faster than does the latter. 

429. A tailor shop has an order for 810 suits, another shop has to 
make 900 suits in the same period of time. The first shop has com¬ 
pleted its task 3 days before the target date, and the second, 6 days 
ahead of time. IIow many suits does each shop produce per day, if 
the second shop makes 4 suits per day more than the first? 

430. Two ships meet, one going off to the south and the other, 
to the west. Two hours after their encounter, they are GO km apart. 
Find the speed of each ship, if it is known that the speed of one 
of them is G km/h higher than that of the other. 

431. A dog at point A goes in pursuit of a fox 30 metres away. The 
dog makes 2 m and the fox, 1 m long leaps. If the dog makes two 
leaps to the fox’s three, at what distance from A will the dog catch 

up with the fox? . 

432. Assuming that the hands of a clock move without jerks, how 

long will it take for the minute hand to catch up with the hour hand 
if it was 4 o’clock at the starting time. 

433. A train left station A for C via B. The speed of the train in 
the section from A to B was as required, but it fell off by 25% in the 
section between B and C. On the return trip, the required speed was 
maintained between C and B , but decreased 25% between B and A. 


How long did it take for the train to cover the distance from A to C, 
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if we know that the same time was spent on the A-B section as on the 

B-C section and that on the AAo-C section the train spent ^ an 

hour less than on the return trip (from C to .4)? 

434. A cyclist has to make a trip of 30 km. He leaves 3 minutes 
late, but travels 1 km/h faster and arrives in time. Determine the 
speed of the cyclist. 

435. A fast train was held up by a red-light signal for 16 minutes 
and made up for the lost time on a 80-km stretch travelling 10 km/h 
faster than called for by schedule. What is the scheduled speed of the 
train? 

436. A train has to cover 840 km in a specified time. At the half¬ 
distance point it was held up for half an hour and so, in the remaining 
section of the route, it increased its speed by 2 km/h. How much 
time did the train spend en route? 

437. Two trains start out towards each other from points 650 km 
apart. If they start out at the same time, they will meet in 10 hours, 
but if one of them starts out 4 hours and 20 minutes before the other, 
they will pass each other 8 hours following the departure of the 
latter. Determine the mean speed of each train. 

438. Two trains start out at the same time from stations A and B 
600 km apart and run towards each other. The first train arrives 
at B three hours before the second arrives at A. The first train travels 
250 km in the time required for the second to cover 200 km. Find 
the speed of each train. 

439. A commuter walking to his train had covered 3.5 km in one 
hour and then figured out that at such a rate ho would be one hour 
late. Therefore, over the remainder of the distance he made 5 km/h 
and arrived 30 minutes before the train’s leaving time. Determine 
the distance the commuter had to walk. 

440. The distance between A and B is 19 km by highway. A cyclist 
starts out from A at a constant speed in the direction of B. A motor 
car leaves A 15 minutes later in the same direction. In 10 minutes 
it catches up with the cyclist and continues on to B , then turns 
around and in 50 minutes after leaving A encounters the cyclist 
a second time. Determine the speeds of the car and cyclist. 

441. A mail train leaves station A at 5 a.m. for station B, 1080 km 
away. At 8 a.m. a fast train leaves B for A and runs 15 km/h faster 
than the mail train. When do the trains pass each other if this occurs 
midway between A and B? 

442. A is 78 km distant from B. A cyclist leaves A in the direc¬ 
tion of B. One hour later, another cyclist leaves B in the direction 
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of A and cycles 4 km/h faster than the first one. They meet 36 km 
from B. How long is each one en route prior to the encounter and 
what are their speeds? 

443. Two hikers start out at the same time and, walking towards 
each other, meet in 3 hours and 20 minutes. How long will it take 
for each hiker to cover the whole distance, if the first of them arrives 
at the starting point of the second 5 hours after the second arrives 

at the starting point of the first? 

444. Two hikers start out towards each other, one from A and the 
other, from B. The first hiker starts from A six hours after the second 
leaves B and when they meet it turns out .that he has covered 
12 km less than the second hiker. After the encounter the hikers 
continue walking at the same rate as before and the first of them 
arrives at B eight hours later, the second arriving at A in 9 hours. 
Determine the distance between A and B and the speed of the two 
hikers. 

445. A dirigible and an airplane are flying towards each other, 
having left their terminals at the same time. When they meet, the 
dirigible has made 100 km less than the airplane, and it arrives at the 
departure point of the airplane three hours after they pass each 
other. The airplane arrives at the airport of the dirigible 1 hour 
and 20 minutes after they pass each other. Find the speeds of the 
airplane and the dirigible and the distance between the airports. 

446. Two hikers leave A and B at the same time in the direction 
towards each other. When they meet, it turns out that the first 
hiker has covered a km more than the second. If they continue on 
their ways at the same rate as before, the first hiker will arrive 
at B in m hours and the second will arrive at A in n hours after they 
meet. Find the speed of each hiker. 

447. Two bodies arc moving along the circumference of a circle. 
The first body makes the whole circle 5 seconds faster than the 
second. If they both move in one direction, they will come together 
every 100 seconds. What portion of the circumference (in degrees) 
does each body make in one second? 

448. Two bodies moving along the circumference of a circle in the 
same direction come together every 56 minutes. If they were moving 
with the same speeds as before, but in opposite directions, they 
would meet every 8 minutes. Also, when moving in opposite direc¬ 
tions, the distance (along the circumference) between the approaching 
bodies decreases from 40 metres to 26 metres in 24 seconds. What 
is the speed of each body in metres per minute and how long is the 
circumference? 


46 


Problems 


449. Two points are uniformly moving in the same direction 
along the circumference of a circle of length c and come together 
every t seconds. Find the speed of each point, knowing that one of 
them makes the whole circle n seconds faster than the other. 

450. The distance between two towns along a river is 80 km. 
A ship makes a round trip between the towns in 8 hours and 20 minu¬ 
tes. Find the speed of the ship in still water, if the rate of the current 
of water is taken to be 4 km/h. 

451. A motor boat goes 28 km downstream and then returns imme¬ 
diately. The round trip takes 7 hours. Find the speed of the boat in 
still water, if the rate of the current of water is 3 km/h. 

452. A person boats from town A to town B and back in 10 hours. 
The towns are 20 km apart. Find the rate of the current of water, 
if we know that he boats 2 km upstream during the same time as he 
does 3 km downstream. 

453. A ship covers the distance between A and B in two days. The 
return trip takes 3 days. Determine the time a raft will take to float 
down the river from A to B. 

454. Two bodies, M t and jl/ 2 , are uniformly moving towards each 
other from A and B GO metres apart. M { starts out from A 15 seconds 
before M 2 starts out from B. At their respective terminals the two 
bodies turn around and immediately go back at the same speeds as 
before. Their first encounter takes place in 21 seconds and the second, 
in 45 seconds after the start of M t . Find the speed of each body. 

455. A road leading from city A to city B first runs uphill for 
3 km, then it is level for 5 km and then runs downhill for 6 km. 
A messenger sets out from A in the direction of B and having covered 
half the distance, finds out that he must return to pick up some 
packages he lias forgotten. In 3 hours and 3G minutes after leaving 
lie returns to A. Leaving A a second time, he reaches B in 3 hours 
and 27 minutes and makes the return trip to A in 3 hours and 51 minu¬ 
tes. What is the speed of the messenger when going uphill, over 
the level ground and downhill, assuming that within the bounds 
of each road section the speed remains constant? 

456. A typist figures out that if she types 2 pages above her work 
quota daily, she will complete her work 3 days ahead of schedule, 
and if she makes 4 pages extra per day, she will finish 5 days ahead 
of time. How many pages does she have to type and in what time? 

457. A worker made a certain number of identical parts in a spe¬ 
cified time. If he had produced 10 parts more every day, he would 

have completed the job 4 4* days ahead of schedule, and if he had 
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produced 5 parts less every day, he would have been 3 days behind 
time. How many parts did be make and in what time? 

458. A typist had to do a job in a specified time by typing a cer¬ 
tain number of pages every day. She calculated that if she had typed 
2 pages more than required per day, she would have completed 
the task 2 days ahead of time, hut if she had turned out G0°o of her 
work quota, then she would have finished the job 4 days ahead of time 
and made 8 pages more than required. What was the daily work 
quota and in what time had the job to be completed? 

459. Two workers together complete a certain task in 8 hours. 
Working individually, the first worker can do the job 12 hours 
faster than can do the second. How many hours would it take each 
worker to do the job individually? 

460. A swimming pool is filled by two pipes in G hours. One pipe 
alone fills it 5 hours faster than does the other pipe alone. How long 
will it take for each pipe operating individually to fill the pool? 

461. Two workers are given a task to make a batch of identical 
parts After the first had worked for 7 and the second, for 4 hours, 
they found out that 5 / 0 of the task had been completed. Having 
worked together for another 4 hours, they figured out that V, 8 of the 
job had yet to be done. How long would it take each worker to do 
the whole job individually? 

462. Four identical hoisting cranes were being used to load a ship. 
After they had worked for 2 hours, another two cranes of a lower 
capacity were put into operation, with the result that the loading 
operation was completed in three hours. If all the cranes had begun 
working at the same time, the loading would have been completed 
in 4.5 hours. Determine the time (in hours) required for one high- 
power and one low-power crane to do the job. 

463. A task was set to deliver a building material from a railway 
station to a construction site in 8 hours. The material had to be 
delivered with 30 three-ton trucks. These trucks worked for two 
hours and then 9 five-ton trucks were added to help out. The task 
was completed in time. If the five-ton trucks had begun the opera¬ 
tion, and the three-ton trucks had been brought two hours later, 
then only 13 / 15 of the material would have been delivered in the allot¬ 
ted time. Determine how many hours it would take one three-ton 
truck alone, one five-ton truck alone, and 30 five-ton trucks to deli¬ 
ver all the material. 

464. Two typists undertake to do a job. The second typist begins 
working one hour after the first. Three hours after the first typist 
has begun working there is still 9 / 20 of the work to be done. When 
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the assignment is completed, it turns out that each typist has done 
half the work. How many hours would it take each one to do the 
whole job individually? 

465. Two trains start out from stations A and B towards each 
other, the second train leaving half an hour later than does the first. 
Two hours after the first train had started, the distance between the 
trains came to 19 / 30 of the entire distance between A and B. The 
trains met midway between A and B. How much time would it 
take each train to cover the distance between A and B ? 

466. A rectangular bath 20 cm x 90 cm x 25 cm (a rectangular 
parallelepiped) is used to wash photographic negatives. Water flows 
in through one pipe and, at the same time, out through another 
pipe to ensure its constant agitation in the bath. It requires 5 minu¬ 
tes less time to empty the bath through the second pipe than it does 
to|fill it through the first pipe, the second being closed. If both pipes 
are open, a full bath will be emptied in one hour. Find the amount 
of water each pipe lets pass through in one minute. 

467. A construction job required the digging out of 8000 m 3 of 
earth in a specified time. The operation was completed 8 days ahead 
of time because the team of navvies overfulfilled their plan by 50 
cubic metres daily. Determine the original time limit for the 
assignment and daily overfulfillment of the plan in percent. 

was being repaired by two teams of workers. 
Each repaired 10 km of the track despite the fact that the second 
team worked one day less than did the first. How many kilometres 
of the track did each team repair per day if both teams together 
repaired 4.5 km daily? 

469. 1 wo workers together did a job in 12 hours. If at the begin¬ 
ning the first worker had done half the assignment, and then the 
second had completed the other half, the whole job would have been 
done in 25 hours. How long would it take each worker to do the 
whole job individually? 

470. 1 wo tractors of different performance characteristics, working 
together, ploughed a fielding days. If at first one tractor had ploughed 
half the field, and then the other one had completed the other 
half, the ploughing operation would have been completed in k days. 

How many days would it take each tractor to plough the field indi¬ 
vidually? 

471. Three different dredgers were at work, deepening the entrance 
channel to a port. The first dredger, working alone, would have taken 
10 days longer to do the job; the second, working alone, would have 
required an extra 20 days, and the third dredger, working alone, 




Chapter VII. Algebraic and Arithmetic Problems 


would have required six times more time tian needed for all the three 
machines operating simultaneously. How long would it have taken 
each dredger to do the job individually? 

472. Two workers, the second one beginning working 1 4" days 

after the first, can complete an assignment in 7 days. If each of 
them had done the job individually, the first worker would have 
required 3 days more than would have the second. How many days 
would it take eacli worker to do the job individually? 

473. Two different tractors, working together, ploughed a field 
in 8 days. If at first one tractor had ploughed half the field and then 
both tractors together had ploughed the other half, the whole job 
would have been done in 10 days. How many days would it take 
each tractor to plough the field individually? 

474. A number of men undertook to dig a ditch and could have 
finished the job in 6 hours, if they had begun working simultaneously, 
but they began one after another, the intervals between their star¬ 
ting times being equal. After the last worker had begun working, 
a time interval of the same length elapsed and the job was finished, 
each one of the participants working till the completion of the job. 
How long did they work, if the first worker to begin worked 5 times 
as long as the last one to begin? 

475. Three workers together can complete a task in t hours. The 
first of them, working alone, can do the job twice as fast as the third 
and one hour faster than the second. How long would it take each 
worker to do the job individually? 

476. A tank is filled with water from two taps. At the beginning 
the first lap was open for one third of the time which would have 
been needed to fill the tank, if the second tap alone had been open. 
Then the second tap was open for one third of the time required to 
fill the tank, if the first tap alone were open. This done, the tank 
was 13 / 18 full. Compute the time required to fill the tank by each 
tap separately, if both taps together fill it in 3 hours and 36 minutes. 

477. In the construction of an electric power station, a team of 
bricklayers was assigned the task of laying 120,000 bricks in a spe¬ 
cified time. The team completed the task 4 days ahead of time. 
Determine the daily quota of bricklaying and the actual number of 
bricks laid, if it is known that in three days the team laid 5000 bricks 
more than required by the work quota for 4 days. 

478. Three vessels contain water. If V 3 of the water of the first 
vessel is poured into the second, and then V, of the water now in the 
second vessel is poured into the third, and, finally, V l0 of the water 
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now in the third vessel is poured into the first, then each vessel 
will contain 9 litres. How much water was there originally in each 
vessel? 

479. A tank is filled with pure alcohol. Some of the alcohol is 
poured out and replaced by an equal amount of water; the same 
amount of the alcohol-water mixture thus obtained is then poured 
out, leaving 49 litres of pure alcohol in the tank. The tank has a capa¬ 
city of 64 litres. How much alcohol was poured out for the first 
time and how much for the second time? (It is assumed that the 
volume of the mixture is equal to the sum of the volumes of the 
alcohol and water; actually it is somewhat lesser.) 

480. A 20-litre vessel is filled with alcohol. Some of the alcohol 
is poured out into another vessel of an equal capacity, which is 
then made full by adding water. The mixture thus obtained is then 
poured into the first vessel to capacity. Then 6 2 / 3 litres is poured 
from the first, vessel into the second. Both vessels now contain equal 
amounts of alcohol. How much alcohol was originally poured from 
the first vessel into the second? 

481. An 8-litre vessel is filled with air containing 1696 of oxygen. 
Some of the air is let out and replaced by an equal amount of nitro¬ 
gen: then the same amount of the gas mixture as before is let out 
and again replaced by an equal amount of nitrogen. There is now 9% 
of oxygen in the mixture. Determine the amount of the gas mixture 
released from the vessel each time. 

482. Two collective farmers together brought 100 eggs to market. 
Having sold their eggs at different prices, both farmers made equal 
sums of money. If the first farmer had sold as many eggs as the second, 
slu* would have received 72 roubles; if the second farmer had sold as 
many eggs as the first, she would have received 32 roubles. How 
many eggs did each one of them have originally? 

483. Two collective farmers with a total of a litres of milk, though 
selling the milk at different prices, made equal sums of money. If 
the first farmer had sold as much milk as the second, she would 
have received m roubles, and if the second farmer had sold as much 
milk as the first, she would have received n roubles (m > n ). How 
many litres of milk did each one of them have originally? 

484. Two internal combustion engines of the same power output 
were subjected to an efficiency test and it was found that ono of 
them consumed 600 grams of petrol, while the other, which was in 
operation 2 hours less, consumed 384 grams. If the first engine had 
consumed as much petrol per hour as the second, and the second, 
as much as the first, then both engines would have consumed equal 
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amounts of petrol during the same period of operation as before. 
How much petrol does each engine consume per hour? 

485. There are two grades of gold-silver alloy. In one of them the 
metals are in a ratio of 2 : 3 and in the other, in a ratio of 3 : 7. 
How much of each alloy need we take to get 8 kg of a new alloy in 
which the gold-to-silver ratio will be 5 to 11? 

486. One barrel contains a mixture of alcohol and water in a ratio 
of 2 to 3, another barrel, in a ratio of 3 to 7. How many pails need we 
take from each barrel to obtain 12 pails of a mixture in which the 
alcohol-to-water ratio is 3 to 5? 

487. A certain alloy consists of two metals in a ratio of 1 to 2, 
another alloy contains the same metals in a ratio of 2 to 3. How many 
parts of both alloys are needed to produce a third alloy containing 
the metals in a ratio of 17 to 27? 

488. Two wheels are set in rotation by an endless belt: the smaller 
wheel makes 400 revolutions per minute more than does the larger 
wheel. The larger wheel makes 5 revolutions in a time interval that 
is 1 second longer than that required for the smaller wheel to make 
5 revolutions. How many revolutions per minute does each wheel 
make? 

489. Over a distance of 18 metres the front wheel of a vehicle 
makes 10 revolutions more than does the rear wheel. If the circum¬ 
ference of the front wheel were increased by 6 decimetres, and the 
circumference of the rear wheel, reduced by 6 decimetres, then over 
the same distance the front wheel would complete 4 revolutions 
more than would the rear one. Find the circumferences of both wheels. 

490. A barge with 600 tons of goods was unloaded in three days, 
2 / 3 of the goods being unloaded during the first and third days. The 
amount of goods unloaded during the second day was less than that 
unloaded on the first day, and the amount unloaded on the third 
day was less than that unloaded on the second day. The difference 
between the percent reduction of the amount of goods unloaded 
on the third day with respect to that unloaded on the second day 
and the percent reduction of the amount unloaded on the second 
day with respect to that unloaded on the first day is equal to 5. 
Determine how much was unloaded each day. 

491. Two solutions, the first containing 800 grams and the second, 
600 grams of anhydrous sulphuric acid, are mixed to produce 10 kg 
of a new solution of sulphuric acid. Determine the weights of the 
first and second solutions in the mixture, if it is known that the 
content of anhydrous sulphuric aciil in the first solution is 10 percent 
greater than that in the secomb^ution. 
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492 k There were two different copper alloys, the first containing 
40 per cent less copper than the second. When these were melted 
together, the resulting alloy contained 36 per cent of copper. Deter¬ 
mine the percentage of copper in the first and second alloys, if it is 
known that there were 6 kg of copper in the first alloy and 12 kg 

in the second. 

493. Two trains—a freight train 490 metres long and a passenger 
train 210 metres long—were travelling along parallel tracks towards 
each other. The driver of the passenger train noticed the freight 
train when it was 700 metres away; 28 seconds later they passed 
each other. Determine the speed of each train, if we know that the 
freight train takes 35 seconds longer to pass the signal lights than 

does the passenger train. , . , . , , x , 

494. A freight train consists of four- and eight-wheel tank cars 

with oil. The train weighs 940 tons. It is required to determine the 
number of the eight- and four-wheel tank-cars and also their weight, 
if it is given that the number of the four-wheel cars is 5 more than 
that of the eight-wheel cars; the eight-wheel car weighs three times 
as much as the four-wheel car and the net weight of oil (that 
minus the weight of the cars) in all the eight-wheel cars is 100 tons 
more than the weight of all the loaded four-wheel cars. The eight- 
wheel tank-car carries 40 tons of oil and the weight of the oil in the 
four-wheel tank-car is 0.3 of that in the eight-wheel car. 

495. The tunnel boring machines, working at the two ends of 
a tunnel have to complete the driving in 60 days. If the first machine 

does 30/6 of llie work assigned to it, and the second, 26-g- ?o, then 

both will drive 60 metres of the tunnel. If the first machine had done 
2 / 0 f tJie work assigned to the second one, and the second, 0.3 of 
the work assigned to the first one, then the first machine would 
have needed 6 days more than would have the second. Determine 
how many metres of the tunnel are driven by each machine per day. 

496. Two railwav crews working together completed a repair job 
on a track section in 6 days. To do 40% of the work the first crew 
alone would require two days more than the second crew alone would 

require to complete 13 ~ % of the whole job. Determine how many 
days it would take each crew to repair the whole track section indi¬ 
vidually. , . , , 

497. Six hundred and ninety tons of goods were to be delivered 

from a wharf t o a railway station by five 3-ton trucks and ten l-^-ton 
trucks. In a few hours, the trucks transported 25 / 46 of the goods. 
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To complete the delivery in time, the remaining goods had to be 
transported in a time interval 2 hours less than that already spent. 
The transportation was completed in time because the truck dmeis 
had begun making one trip per hour more than before. Determine 
how many hours it took to transport all the goods, and also the 
number of trips per hour that were made originally, if it is known 

that the 1—ton trucks made one trip per hour more than did the 
three-ton trucks. 

Note. It is assumed that all the trucks were fully loaded on each trip. 

498 A. sports ground has the shape of a rectangle with sides of a 
and b metres. It is bordered by a running-track whose outer rim is 
also a rectangle whose sides are parallel to and equally spaced from 
the sides of the ground. The area of the track is equal to that of the 

ground. Find the width of the track. . .. 

499. An auditorium has a chairs arranged in rows, the number of 
chairs in each row being the same. If b chairs are added to each row 
and the number of rows is reduced by c, then the total number ot 
places in the hall will increase by one-tenth of their original number. 

How many chairs are there in each row? 

500 Two bodies spaced at d metres are moving towards each othei 
and meet in a seconds. If they move at the same speeds as before, 
but in one direction, they will meet in b seconds. Determine the 

speed of each body. . . . . , . 

501 A motorcyclist and a cyclist simultaneously start out towards 

each other from points ,1 and B d kilometres apart In two hours 
they pass each other and continue on their ways. The motorcyclist 
arrives at B t hours before the cyclist arrives ot A. Find the speed of 
the two vehicles. 

502 A hiker starts out from point A in the direction of Ii\ a hour* 

later a cyclist starts out from B to meet the hiker and meets him b 
hours after the start. How long will it take the cyclist and the Inker 
to cover the whole distance between A and [B, if the cyclist re¬ 
quires c hours less than does the hiker? . 

503 Train A, whose speed is v km/h, departs after train B f whose 
speed is v, km/h. The difference between the departure times (the 
lag of train A) is calculated so that both trains simultaneously 
arrivo at the destination. Train B covers 2 / 3 of the distance and then 
has to reduce its speed to half. As a result the trains meet a km 
from the destination. Determine the distance to the terminal 

station. 
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504. A man puts money in a savings bank and one year later 
earns an interest of 15 roubles. Having added another 85 roubles, 
he deposits the money for another year. After the expiry of this 
period the sum-total of the principal and its interest is 420 roubles. 
What sum of money was originally deposited and what interest 
does the savings bank pay? 

505. The output of machine-tool A is rn% of the sum of the outputs 
of machines B and C, and the output of B is n% of the sum of the 
outputs of .4 and C. What is the percentage of the output of C with 
respect to the overall output of A and B ? 

506. An increase in the output of a factory as compared to that 
in the preceding year is p% for the first year and q% for the second 
year. What should the percent increase of the output be for the 
third year for the average annual increase of the output for three 
years to be equal to r%? 

507. a% of some quantity of goods is sold at a profit of p% and b% 
of the rest of the goods is sold at a profit of < 7 %. What profit is made 
on selling the remaining goods, if the total profit is r%? 

508. Equal (by weight) pieces are cut off two chunks of alloys of 
different copper content, the chunks weighing m kg and n kg. Each 
of the cut-off pieces is melted together with the remainder of the 
other chunk and the copper contents of both alloys then become 
equal. Find the weight of each of the cut-off pieces. 

509. A certain sum of money was arranged in n piles. An nth 
part of the money in the first pile was taken from it and put into 
the second pile. Then an nth part of the money in the enlarged second 
pile was taken from it and pul into the third pile. The same opera¬ 
tion was continued from the third to the fourth pile, and so on. 
Finally, an nth part of the money in the nth pile was taken from it 
and put into the first pile. After this, final operation each pile 
had A roubles. How much money was there in each pile prior to the 
shifting operation (you may confine yourself to n = 5 )? 
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CHAPTER VIII 

PLANE GEOMETRY 

510. The perimeter of a right triangle is equal to 132, and the 
sum of the squares of its sides, to 6050. Find the sides. 

511. Given in a parallelogram are: the acute angle a and the 
distances m and p between the point of intersection of the diagonals 
and the unequal sides. Determine the diagonals and the area of the 

^512° The base of an isosceles triangle is equal to 30 cm, and the 
altitude, to 20 cm. Determine the altitude dropped to one of the 

S1< M3 The base of a triangle is equal to 60 cm, altitude, to 12 cm 
and the median drawn to the base, to 13 cm. Determine he sides 
514 On the sides of an isosceles right triangle with the leg b 
three squares are constructed outwards. The centres of these squares 
are joined through straight lines. Find the area of the triangle thus 

obtained. Qf a re are divided in the ratio rn to n, a largo 

and a small segments being adjacent to each vertex The successive 
points of division are joined by straight lines. Find the area of the 
quadrilateral obtained, if the side of the given square is equal to a. 

516. Inscribed in a square is another square, whose vertices he 
on the sides of the former square and the sides form 30-degree angles 
with those of the former square. What portion of the area of the 
given square is the area of the inscribed square equal to? 

517 Inscribed in a square with side a is another square, whose 
verticos lie on the sides of the former. Determine the segments into 
which the sides of the first square are divided by tlm vertices of the 

second square, if the area of the latter is equal to g of that of the 
former. 
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518. Inscribed in a rectangle with sides 3 m and 4 m long is another 
rectangle, whose sides are in the ratio 1 : 3. Find the sides of this 
rectangle. 

519. Inscribed in an equilateral triangle ABC with side a is another 
equilateral triangle LAIN , whose vertices lie on the sides of the 
first triangle and divide each of them in the ratio 1 : 2. Find the 
area of the triangle LAIN. 

520. Find the sides of a right-angled triangle, given its perime¬ 
ter 2 p and altitude h. 

521. Two equal segments CAI and CN are marked on the sides CA 
and CB of an isosceles triangle ABC. Determine the length of the 
segments, knowing the perimeter 2 P of the triangle ABC , its base 
AB = 2 a and the perimeter 2 p of the rectangle AAINB cut off 
by the straight line AIN. 

522. Given a right-angled trapezoid with bases a, b and shorter 
side c. Determine the distance between the point of intersection 
of the diagonals of the trapezoid and the base a, and between the 
point of intersection and the shorter side. 

523. Find the area of an isosceles triangle, if its base is 12 cm, 
and the altitude is equal to the line-segment joining the mid-points 
of the base and of one of the sides. 

524. The perimeter of a rhombus is equal to 2 p cm, and the sum 
of its diagonals, to m cm. Find the area of the rhombus. 

525. The longer base of a trapezoid is equal to a , and the shorter, 
to 6; the angles at the longer base are 30° and 45°. Find the area 
of the trapezoid. 

526. Compute the area of a trapezoid, whose parallel sides are 
equal to 16 cm and 44 cm, and nonparallel ones, to 17 cm and 25 cm. 

527. Find the area of a square inscribed in a regular triangle with 
side a. 

528. The base of a triangle is divided by the altitude into two parts 
equal to 36 cm and 14 cm. A straight line drawn perpendicular 
to the base divides the area of the given triangle into two equal 
parts. Into what parts is the base of the triangle divided by this 
line? 

529. The altitude of a triangle is equal to 4; it divides the base 
into two parts in the ratio 1 : 8. Find the length of the line-segment 
which is parallel to the altitude and divides the triangle into equal 
parts. 

530. A triangle ABC is divided into three equal figures by straight 
lines which are parallel to the side AC. Compute the parts into 
which the side AB, equal to a , is divided by the parallel lines. 
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531 A straight line parallel to the base of a triangle, whose area 
is equal to 5, cuts off it a triangle with an area equal to q. Determine 
the area of a quadrilateral, whose three vertices coincide with those 
of the smaller triangle and the fourth one lies on the base of the 

^532. Parallel sides of a trapezoid are equal to a and b. Find the 
length of the line-segment which is parallel to them and divic os 

the & area of the trapezoid into two equal parts. 

533. Perpendiculars are drawn from the vertex of the obtuse 

angle of a rhombus to its sides. The length of each perpendicular 
is equal to a, the distance between their feet being equal to b. Deter¬ 
mine the area of the rhombus. , 

534. Find the area of a triangle, if two of its sides are equal to 2/ cm 

and 29 cm, respectively, and the median drawn to the third side is 

equal to 20 cm. 2 

535. Given two sides b and c of a triangle and its area S = y be. 

Find the third side « of the triangle. 

536. Given the bases a and b and sides c and a of a trapezoid. 

Determine its diagonals rn and n. 

537. Given a parallelogram, whose acute angle is equal to U . 

Determine the ratio of the lengths of its sides, if the ratio of the 

squared lengths of its diagonals is equal to y . 

538 From an arbitrary point taken inside an isosceles triangle 
perpendiculars are drawn to all the sides. Prove that the sum of the 
three perpendiculars is equal to the altitude of the triangle. 

539 Two secant lines are drawn from a point outside a circle. 
The internal segment (the chord) of the first secant is equal to 4/ ( m 
and the external one, to 9 m; the internal segment of the second 
secant exceeds its external segment by /2 m. Determine the length 

of the second secant line. ... 

540 From a point m cm distant from the centre of a circle two 

lines are drawn tangent to the circle. The distance between the 
points of tangency is equal to a cm. Determine the radius of the 

circle 

541 Given inside a circle, whose radius is equal to 13 cm, is 
a point M 5 cm distant from the centre of the circle. 
A chord AB = 25 cm is drawn through] the point M. Find the length 
of the segments into which the chord AB is divided by the point M. 

542. In an isosceles triangle the vertex angle is equal to a. Deter¬ 
mine the ratio of the radii of the inscribed and circumscribed circles. 
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543. The sides of a triangle are: a = 13, b = 14, c = 15. Two 
of them (a and b) are tangent to a circle, whose centre lies on the 
third side. Determine the radius of the circle. 

544. An isosceles triangle with a vertex angle of 120° is circum¬ 
scribed about a circle of radius R. Find its sides. 

545. On the larger leg of a right triangle, as on the diameter, 
a semicircle is described. Find the semicircumference if the smaller 
log is equal to 30 cm, and the chord joining the vertex of the right 
angle with the point of intersection of the hypotenuse and the semi¬ 
circle is equal to 24 cm. 

546. In a right-angled triangle a semicircle is inscribed so that 
its diameter lies on the hypotenuse and its centre divides the latter 
into two segments equal to 15 cm and 20 cm. Determine the length 
of the arc of the semicircle between the points at which the legs 
touch the semicircle. 

547. In an isosceles triangle with the base equal to 4 cm and 
altitude equal to 6 cm a semicircle is constructed on one of the 
sides as on the diameter. The points at which the semicircle inter¬ 
sects lie base and the other side are joined by a straight line. Deter¬ 
mine the area of the quadrilateral thus obtained, which is inscribed 
in the semicircle. 

518. Given an isosceles triangle with the base 2 a and altitude h. 
Inscribed in it is a circle, and a line tangent to the circle and parallel 
to the base of the triangle. Find the radius of the circle and the length 
of the segment of the tangent line contained between the sides of the 
triangle. 

549. From a point lying without a circle two secant lines are drawn, 
whose external portions are 2 m long. Determine the area of the 
quadrilateral, whose vertices are the points of intersection of the 
secants and the circle, if the lengths of its two opposite sides are 
equal to 6 m and 2.4 m. 

550. The sides of a triangle are equal to 6 cm, 7 cm, and 9 cm. 
From its vertices, as from centres, three mutually tangent circles 
are described: the circle, whose centre lies at the vertex of the least 
angle of the triangle, is internally tangent to the remaining two 
circles, the latter being externally tangent to each other. Find 
the radii of the three circles. 

551. An exterior tangent to two circles of radii 5 cm and 2 cm 
is 1.5 times longer than their interior tangent. Determine the distan¬ 
ce between the centres of the circles. 

552. The distance between the centres of two circles, whose radii 
are equal to 17 cm and 10 cm, is 21 cm. Determine the distances 
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between the centres and the point at which the centre line inter¬ 
sects a common tangent to the circles. 

553. To two externally tangent circles of radii R and r common 
tangent lines are drawn: one interior and two exterior ones. Deter¬ 
mine the length of the segment of the interior tangent line conta¬ 
ined between the exterior tangents. 

554. To two externally tangent circles of radii R and r common 
exterior tangent lines are drawn. Find the area of the trapezoid 
bounded by the tangent lines and chords joining the points of tan- 

gency. . 

555. Two circles of radii R and r are externally tangent. A common 

exterior tangent is drawn to these circles, thus forming a curvilinear 
triangle. Find the radius of the circle inscribed in this triangle. 

556. Through one and the same point of a circle two chords (equal 
to a and b) are drawn. The area of the triangle formed by joining 
their ends is equal to S. Determine the radius of the circle. 

557. In a circle of radius R three parallel chords are drawn on one 
side of its centre, whose lengths are respectively equal to those of the 
sides of a regular hexagon, quadrilateral and triangle inscribed 
in the circle. Determine the ratio of the area of the portion of the 
circle contained between the second and third chords to that con¬ 
tained between the first and second ones. 

558 Determine the area of a circle inscribed in a right-angled 
triangle, if the altitude drawn to the hypotenuse divides the latter 
into two segments equal to 25.6 cm and 14.4 cm. 

559 A circle is inscribed in a rhombus with side a and acute angle 
equal to 60° Determine the area of the rectangle, whose vertices lie 
at the points of tangencv of the circle and the sides of the rhombus. 

560 Drawn to a circle of radius R are four tangent lines which 
form a rhombus, whose larger diagonal is equal to 4 R. Determine 
the area of each of the figures bounded by two tangents drawn from 
a common point and the smaller arc of the circtecontained between 

the points of tangency. 

561 The area of an isosceles trapezoid circumscribed about a circle 
is equal to S. Determine the side of the trapezoid, if the acute 

angle at its base is equal to Jt/6. . 

562 An isosceles trapezoid with an area of 20 cm' is circumscribed 
about’a circle of a radius of 2 cm. Find the sides of the trapezoid. 

563. About a circle a trapezoid is circumscribed, whose nonparallel 
sides form acute angles a and fi with the larger of the parallel sides. 
Determine the radius of the circle, if the area of the trapezoid is 
equal to Q. 




564. About a circle of radius r a right-angled trapezoid is circum¬ 
scribed, whose least side is equal to 3r/2. Find the area of the tra- 

P 565. The centre of a circle inscribed in a right-angled trapezoid 
is 2 cm and 4 cm distant from the end points of the larger of the 
nonparallel sides. Find the area of the trapezoid. 

566. A circle is inscribed in an equilateral triangle with side a. 
Then three more circles are inscribed in the same triangle so that 
they are tangent to the first one and to the sides of the triangle, and 
then another three circles tangent to the above three circles and to 
the sides of the triangle, and so forth. Find the total area of all the 
inscribed circles (that is the limit of the sum of the areas of the 
inscribed circles). 

567. A triangle ABC is inscribed in a circle; through the vertex A 
a tangent line is drawn to intersect the extension of the side BC 
at the point D. From the vertices B and C perpendiculars are dropped 
to the tangent line, the shorter of these perpendiculars being equal 
to 6 cm. Determine the area of the trapezoid formed by the perpen¬ 
diculars, side BC and the segment of the tangent line, if BC =5 cm, 

AD = 5/6 cm. . ., , . 

568. Three equal circles tangent to one another are inscribed m 

a regular triangle, whose side is equal to a. Each of them is in con¬ 
tact with two sides of the given triangle. Determine the radii of the 


circles. 

569. Inside an equilateral triangle with side a there are three equal 
circles tangent to the sides of the triangle and mutually tangent 
to one another. Find the area of the curvilinear triangle formed by 
the arcs of the mutually tangent circles (its vertices being the points 
of tangency). 

570. Inside a square with side a four equal circles are situated, 
each of them touching two adjacent sides of the square and two 
circles (out of the remaining three). Find the area of the curvilinear 
quadrangle formed by the arcs of the tangent circles (its vertices 

being the points of tangency of the circles). 

571. Find the area of a segment, if its perimeter is equal to p, 

and the arc, to 120°. 

572. A circle of a radius of 4 cm is inscribed in a triangle. One 
of its sides is divided by the point of tangency into two portions 
equal to 6 cm and 8 cm. Find the lengths of the other two sides. 

573. In an isosceles triangle a perpendicular dropped from the 
vertex of an angle at the base to the opposite side divides the latter 
in the ratio m : ti. Find the angles of the triangle. 



574. A chord perpendicular to the diameter divides it in the rat o 
m • n Determine each of the arcs (arc measure) into which the circle 

is divided bv the chord and diameter. 

575. Determine the angle of a parallelogram, given its altitudes 

fe, 576 d In /rfghTtrialigle find the ratio of the legs, if the altitude 
and median emanating “from the vertex of the right angle are m the 

ra 577 Hn a right triangle the hypotenuse is equal to c, and one of 
the acute angles. to a. Determine the radius of the inscnbed circle. 
,78 ThS sIdes of a triangle are equal to 25 cm, 24 cm and i cm. 
' np t»ip radii of the inscribed and circumscribed circles. 
'^^^Determine^theradif of two externally tangent circles, if the 
distance "n their centres is equal to d, and the angle between 

Siven its area Q and the 

ar 581° f A h reguUr r 2 ti d goTu e infcribed in a circle and a regular «-gon 
581. A reguia ® circle. The difference between the 

is circumscribed about the radius () f the circle. 

ar 582 The mid points of the sides of a regular n-gon are joined by 
straight line?to P form a new regular n-gon inscribed in the given one. 

F ' 5 8 3 lh A cirde°is*circumsc/ibed about a regular n-gon with side a. 
ano^r circle is inscribed in it. Determine the area of the annulus 

A cfrclelsI^cllbe'S in a" slctor of radius « with a central 

an l 85 a From C ri n p e olnt twolinls *.» drawn tangent to a circle of 

t/rr 3 s. “:r.- "* 

ar 586 A rhombus with the. acute angle a and side a is divided into 
6 * rrn-il mrts bv straight lines emanating from the vertex of 
hree e ^ 1 ; 1 .^ellnine the lengths of the line-segments. 

587 an A pohit is situated inside an angle of 60° at distances a and b 
from its s?dls Find the distance of this point from the vertex of the 

8i 588 He ter mine the area of a triangle, given the lengths of its 
sides ; and 6, and the length t of the bisector of the angle between 

th 589 S I d n e an isosceles triangle the length of the side is equal to a, 
and the length of the line-segment, drawn from the vortex of the 
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triangle to its base and dividing the vertex angle in the ratio 1 : 2, 
is t. Find the area of the triangle. 

590. Given the angles of a triangle, determine the angle between 
the median and altitude drawn from the vertex of any angle. 

591. The side of a regular triangle is equal to a. A circle of radius 

is drawn from its centre. Determine the area of the portion of the 
triangle outside this circle. 

592. In a right-angled trapezoid, whose altitude is h, on the side, 
which is not perpendicular to the base, as on the diameter, a circle 
is drawn touching the opposite side of the trapezoid. Find the area 
of the right-angled triangle, whose legs are the bases of the trapezoid. 

593. Prove that in a right-angled triangle the bisector of the right 
angle bisects the angle between the median and altitude dropped 
to the hypotenuse. 

594. Prove that in a right-angled triangle the sum of the legs 
is equal to the sum of the diameters of the inscribed and circumscribed 
circles. 

595. Determine the angles of a right-angled triangle if the ratio 
of the radii of the circumscribed and inscribed circles is 5 : 2. 

59(5. Prove that the straight lines successively joining the centres 
of the squares constructed on the sides of a parallelogram and adjdi- 
ning it from outside also form a square. 


CHAPTER IX 

POLYHEDRONS 

597. The sides of the base of a rectangular parallelepiped are a and 
b. The diagonal of the parallelepiped is inclined to the plane of the 
base at an angle a. Determine the lateral area of the parallelepiped. 

598. In a regular hexagonal prism the longest diagonal having 
length d forms an angle a with the lateral edge of the prism. Deter¬ 
mine the volume of the prism. 

599. In a regular quadrangular pyramid the lateral edge of length m 
is inclined to the plane of the base at an angle a. Find the volume 
of the pyramid. 

GOO. The volume of a regular quadrangular pyramid is equal to V. 
The angle of inclination of its lateral edge to the plane of the base 
is equal to a. Find the lateral edge of the pyramid. 

601. The lateral area of a regular quadrangular pyramid is equal 
to S cm 2 , its altitude, to H cm. Find the side of its base. 
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602. Find the volume and lateral area of a regular hexagonal 
pyramid, given the lateral edge l and diameter d of the circle inscri¬ 
bed in the base of the pyramid. 

603. Find the altitude of a regular tetrahedron, whose volume is 


equal to V. 

604. In a right parallelepiped the sides of the base are equal to a 
and b, and the acute angle, to a. The larger diagonal of the base 
is equal to the smaller diagonal of the parallelepiped. Find the 
volume of the parallelepiped. 

605. The diagonals of a right parallelepiped are equal to 9 cm 

and \ 33 cm. The perimeter of its base is equal to 18 cm. The lateral 
edge is equal to 4 cm. Determine the total surface area and volume 
of the parallelepiped. 

606. The lateral edge of a regular triangular pyramid is equal to /, 
its altitude, to h. Determine the dihedral angle at the base. 

607. Determine the volume of a regular quadrangular pyramid, 
given the angle a between its lateral edge and the plane of the base, 
and the area S of its diagonal section. Find also the angle formed by 


the lateral face and the plane containing the base. 

608. The base of a regular pyramid is a polygon, the sum of inte¬ 
rior angles of which is equal to 540°. Determine the volume of the 
pyramid if its lateral edge, equal to /. is inclined to the plane of the 
base at an angle a. 

609. Determine the angles between the base and lateral edge, and 
between the base and lateral face in a regular pentagonal pyramid, 
whose lateral laces are equilateral triangles. 


610. Given the volume V of a regular n-gonal pyramid in which 
the side of the base is equal to a, determine the angle of inclination 
of the lateral edge of the pyramid to the plane containing the 


base. 

611. The base of a quadrangular pyramid is a rectangle with the 
diagonal equal to It and the angle a between the diagonals. Each 
of the lateral edges forms an angle fi with the base. Find the volume 
of the pyramid. 

612. The base of a pyramid is an isosceles triangle with the equal 
sides of a and the angle between them equal to a. All lateral edges 
are inclined to the base at an angle p. Determine the volume of the 


pyramid. 

613. The base of a rectangular parallelepiped is a rectangle inscri¬ 
bed in a circle of radius /?, the smaller side of this rectangle'subten- 
ding a circular arc equal to (2a)°. Find the volume of the'parallele- 
piped, given its lateral area S. 
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614. The base of a right prism is an isosceles triangle, whose base 
is equal to a and the angle at the base, to a. Determine the volume 
of the prism if its lateral area is equal to the sum of the areas of its 

bases. 

615. The slant height of a regular hexagonal pyramid is equal 
to m. The dihedral angle at the base is equal to a. Find the total 
surface area of the pyramid. 

616. Through the hypotenuse of a right-angled isosceles triangle 
a plane P is drawn at an angle a to the plane of the triangle. Deter¬ 
mine the perimeter and area of the figure obtained by projecting 
the triangle on the plane P. The hypotenuse of the triangle is 

equal to c. . , 

617. In a regular rc-gonal pyramid the area of the base is equal 

to Q , and the altitude forms an angle cp with each of the lateral 
faces. Determine the lateral and total surface areas of the pyramid. 

618. The side of the base of a regular triangular pyramid is equal 
to a, the lateral face is inclined to the plane of the base at an angle 
of (p. Find the volume and total surface area of the pyramid. 

619. The total surface area of a regular triangular pyramid is 
equal to 5. Find the side of its base, if the angle between the lateral 
face and the base of the pyramid is equal to a. 

620. The base of a pyramid is a rhombus with the acute angle a. 
The lateral faces are inclined to the plane of the base at an angle p. 
Determine the volume and total surface area of the pyramid, if the 
radius of the circle inscribed in the rhombus is equal to r. 

621. Determine the angle of inclination of the lateral face of 
a regular pentagonal pyramid to the plane of the base, if the area 
of the base of the pyramid is equal to S , and its lateral area, to a. 

622. The base of* a right parallelepiped is a rhombus. A plane 
,1,-awn through one of the sides of the lower base and the opposite 
side of the upper base forms an angle P with the plane containing 
lhe base. The area of the section thus obtained is equal to Q. Deter¬ 
mine the lateral area of the parallelepiped. 

623. The base of a pyramid is an isosceles triangle with the base 
angle a. Each of the dihedral angles at the base is equal to <p. The 
distance between the centre of the circle inscribed in the base of the 
pyramid and the midpoint of the height of the lateral face is equal 
to d. Determine the total surface area of the pyramid. 

624. The base of a pyramid is a polygon circumscribed about 
a circle of radius r; the perimeter of the polygon is equal to 2 p, 
the lateral faces of the pyramid are inclined to the base at an angle rp. 
Find the volume of the pyramid. 
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625. The lateral edges of a frustum of a regular triangular pyra¬ 
mid are inclined to the base at an angle a.The side of tin* lower base 
is equal to a , and t hat of the upper one, top {a >» b). Find the volume 
of the frustum. 

626. The bases of a frustum of a regular pyramid are squares with 
sides a and b (a > b). The lateral edges arc inclined to the base at an 
angle a. Determine the volume of the frustum and the dihedral angles 
at the sides of the bases. 


627. The base of a pyramid is a right-angled triangle, whose 
hypotenuse is equal to c and acute angle, to c:. All the lateral edges 
are inclined to the base at an angle (J. Find the volume of the pyra¬ 
mid and the face angles at it" vertex. 

628. The base of an oblique prism is a right-angled triangle ABC 
the sum of the legs of which is equal to m , and the angle at the 
vertex A , to o'.. The lateral face of the prism passing through the 
leg AC is inclined to the base at an angle fi. A plane is drawn through 
l lie hypotenuse AB and the vertex C\ of the opposite trihedral angle. 
Determine the volume of the cut-off triangular pyramid, if it is 
known that it has equal edges. 

629. The base of a pyramid is an isosceles triangle with the base 


angle a. All the lateral edges are inclined to the plane containing 
the base at equal angles <p — 90° — «. The area of the section pas¬ 
sing through the altitude of the pyramid and the vertex of the base 
(isosceles triangle) is equal to Q. Determine the volume of the pyra¬ 


mid. 

630. The base of a pyramid is a rectangle. Two of the lateral faces 
are perpendicular to the base, the other two forming angles a and (5 
with it. The altitude of the pyramid is equal to li. Determine the 
volume of the pyramid. 

631. The base of a pyramid is a square. Out of two opposite 
edges one is perpendicular to the base, the other is inclined to it at 
an angle fi and has a length l. Determine the lengths of the remaining 
lateral edges and the angles of their inclination to the base of 
the pyramid. 

632. The base of a pyramid is a regular triangle with side a. One 
of the lateral edges is perpendicular to the base, the other two being 
inclined to tin? base at equal angles (i. Find the surface area of the 
largest lateral face of the pyramid and the angle of its inclination 
to the base. 

633. The base of a pyramid is an isosceles triangle; the equal 
sides of the base are of length a and form an angle of 120°. The 
lateral edge of the pyramid, passing through the vertex of the oh- 
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tuse angle, is perpendicular to the plane of the base, the other two 
being inclined to it at an angle a. Determine the area of the section 
of the pyramid by a cutting plane which passes through the largest 
side of the base of the pyramid and bisects the edge perpendicular 

t0 f)34. A regular triangular pyramid is cut by a plane perpendicular 
to the base and bisecting two sides of the base. Determine the volume 
of the cut-off pyramid, given the side a of the base of the original 

pyramid and dihedral angle a at the base. ., . 

f>35. Through the vertex of a regular quadrangular pyramid a cu - 
ting plane is drawn parallel to a side of the base and at an angle <p 
to the base of the pyramid. The side of the base of the pyramid is 
equal to o, and the face angle at the vertex of the pyramid, to a. 

Find the area of the section. . . . , 

636. A plane is drawn through the vertex of a regular triangular 

pyramid and the midpoints of two sides of the base. Determine the 

area of the section figure and volumes of the portions of the given 

pyramid into which it is divided by the cutting p anc, given the side 

a of the base and angle a formed by the cutting plane with the base 

(i37. A regular tetrahedron, whose edge is equal to a, is cut by a 

plane containing one of its edges and dividing the opposite edge in 

the ratio 2: 1. Determine the area of the section figure and its 

a "638.'Determine the volume of a frustum of a regular quadrangular 
pyramid, if the side of the larger base is equal to a the side of the 
smaller base, to b, and the acute angle of the lateral face, to a. 

' 139. Determine the volume of a regular quadrangular prism 

if its diagonal forms an angle a with the lateral face, and the side of 

"'(iioAhe bwSVfa right prism is a right-angled triangle with hypo¬ 
tenuse c and acute angle a. Through the hypotenuse of the lower 
base and the vertex of the right angle of the upper base a plane ,s 
drawn to form an angle p with the base. Determine the volume of the 

triangular pvramid cut off the prism by the plane. 

641 The base of a right prism is a right-angled triangle in which 

the sum of a leg and the hypotenuse is equal to m, and the angle be¬ 
tween them, to a. Through the other leg and the vertex of the opposite 
trihedral angle of the prism a plane is drawn at an angle p to the 
base. Determine the volume of the portions into which the prism is 

divided by the cutting plane. Q 

642. The base of a pyramid is an isosceles triangle with the has 
angle a. Each dihedral angle at the base is equal to - JO a. 
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The lateral area of the pyramid is S. Determine tlie volume of the py¬ 
ramid and its total surface area. 

643. The base of a pyramid is an isosceles triangle with the side a 
and the base angle a (a > 45°). The lateral edges are inclined to the 
base at an angle p. A cutting plane is drawn through the altitude of 
the pyramid and the vertex of one of the angles a. Find the area of 
the section figure. 

644. The base of a right prism is a quadrilateral in which two 
opposite angles are right ones. Its diagonal joining the vertices of 
oblique angles has a length l and divides one of them into portions 
a and p. The area of the section figure contained in a cutting plane 
passing through the other diagonal of the base and perpendicular 
to it is equal to S. Find the volume of the prism. 

645. The base of a pyramid is a square. Two opposite faces are 
isosceles triangles; one of them forms an interior angle p with the 
base, the other, an exterior acute angle a. The altitude of the pyra¬ 
mid is equal to II. Find the volume of the pyramid and the angles 
formed by the other two lateral faces with the plane containing the 

base. 

646. The base of a pyramid is a rectangle. One of the lateral faces 
is inclined to the base at an angle P = 90 — a and the face opposite 
it is perpendicular to the base and represents a right-angled triangle 
with the right angle at the vertex of the pyramid and an acute angle 
equal to a. The sum of the heights of these two faces is equal to m. 
Determine the volume of the pyramid and the sum of the areas of the 
other two lateral faces. 

647. The base of a pyramid is a rectangle. One of the lateral faces 
is an isosceles triangle perpendicular to the base; in the other face, 
which is opposite the first one, the lateral edges, equal to b. form an 
angle 2a and are inclined to the first face at an angle a. Determine 
the volume of the pyramid and the angle between the above two faces. 

648. In a regular triangular pyramid, with the side of the base 
equal to a , the angles between the edges at its vertex are equal to one 
another, each being equal to a (a < 90°). Determine the angles bet¬ 
ween the lateral faces of the pyramid and the area of a section drawn 
through one of the sides of the base and perpendicular to the opposite 
lateral edge. 

649. Determine the volume of a regular octahedron with edge 
a and also the dihedral angles at its edges. 

650. The dihedral angle at a lateral edge of a regular hexagonal 
pyramid is equal to <p. Determine the face angle at the vertex of the 
pyramid. 
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651. The base of a pyramid is a regular hexagon ABCDEF. The 
lateral edge MA is perpendicular to the base, and the opposite edge 
MI) is inclined to the base at an angle a. Determine the angle of 

inclination of the lateral faces to the base. 

652. The base of a pyramid is an isosceles triangle ABC in which 
AB = AC. The altitude of the pyramid SO passes through the mid¬ 
point of the altitude AD of the base. Through the side BC a plane is 
drawn perpendicular to the lateral edge AS and at an angle a to the 
base. Determine the volume of the pyramid cut off the given one and 
having vertex S in common with it, if the volume of the other cut-off 

portion is equal to V. , 

653. The side of the base of a regular triangular pyramid is equal 

to a. A section bisecting an angle between the lateral faces repre¬ 
sents a right-angled triangle. Determine the volume of the pyramid 
and the angle between its lateral face and the plane containing the 

base. , . , • i 

654. Through a side of the base of a regular triangular pyramid 

a plane is drawn perpendicular to the opposite lateral edge. Deter¬ 
mine the total surface area of the pyramid, if the plane divides the 
lateral edge in the ratio m:n. and the side of the base is equal 


655. The diagonal of a rectangular parallelepiped is equal to d 
and forms equal angles a with two adjacent lateral faces. Determine 
the volume of the parallelepiped and the angle between the base 
and a plane passing through the end points of three edges emanating 

from one vertex. , . , , . t c . 4 f + l 

656. In a rectangular parallelepiped the point of intersection of the 

diagonals of the lower base is joined with the midpoint of one of the 
lateral edges bv a straight line, whose length is equal to m. This line 
forms an angle a with the base and angle (3 - 2a with one of the la¬ 
teral faces. Taking the other adjacent lateral face for the base of the 
parallelepiped, find its lateral area and volume. (Prove that a <30 c .) 

657 The base of a right prism is a trapezoid inscribed in a semicir¬ 
cle of radius B so that its larger base coincides with the diameter, 
and the smaller one subtends an arcequal to2a. Determine the volume 
of the prism, if the diagonal of a face passing through one of the 
ii<»iiparallel sides of the base is inclined to the latter at an angle a. 

658. The diagonal of a rectangular parallelepiped, equal to d. 
forms an aimle P - DO 0 — a with the lateral face. The plane drawn 
through this”diagmial and the lateral edge intersecting with it forms 
an angle a with the same lateral face (prove that a > 45°). Determine 
the volume of the parallelepiped. 
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659. In a regular triangular prism two vertices of llie upper base 
are joined with the midpoints of the opposite sides of the lower base 
by straight lines. The angle between these lines which faces the base 
is equal to a. The side of the base is equal to b. Determine the volume 
of the prism. 

660. In a regular triangular prism the angle between a diagonal 
of a lateral face and another lateral face is equal to a. Determine the 
lateral area of the prism, if the edge of the base is equal to a. 

661. The base of a right prism is a right-angled triangle ABC 
in which /_ C = 90°, /_ A = a and the leg AC = b. The diagonal of 
the lateral face of the prism which passes through the hypotenuse 

AB , forms an angle p with the lateral face passing through the leg 

AC. Find the volume of the prism. 

662. The total surface area of a regular quadrangular pyramid is 
equal to S, and the face angle at the vertex, to a. Find the altitude of 

the pyramid. 

663! In a regular n-gonal pyramid the face angle at the vertex is 
equal to a, and the side of the base, to a. Determine the volume of the 

pyramid. 

664. In a regular quadrangular prism a plane is drawn through 
a diagonal of the lower base and one of the vertices of the upper base, 
which cuts off a pyramid with a total surface area S. Find the total 
surface area of the prism, if the angle at the vertex of the triangle 

obtained in the section is equal to a. 

665. The lateral edges of a triangular pyramid are of equal length 
l Out of the three face angles formed by these edges at the vertex of 
the pyramid two arc equal toa, and the third, to 0. Find the volume 


of the pyramid. 

666 . The base of a pyramid is a right-angled triangle, which is 
a projection of the lateral face passing through a leg. The angle oppo¬ 
site this leg in the base of the pyramid is equal to a, and the one lying 
in the lateral face is equal to p. The area of this lateral face exceeds 
that of the base by S. Determine the difference between the areas 
of the other two faces and the angles formed by the lateral faces with 


the base. 

667. In a triangular pyramid two lateral faces are isosceles right- 
angled triangles, whose hypotenuses are equal to l> and form an 
angle «. Determine the volume of the pyramid. 

668 . In a pyramid with a rectangular base each of the lateral edges 
is equal to /; one of the face angles at the vertex is equal to a, the 
other, to p. Determine the area of the section passing through the 
bisectors of the angles equal to p. 
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669. In a parallelepiped the lengths of three edges emanating from 
a common vertex are respectively equal to a, b and c. The edges 
a and b are mutually perpendicular, and the edge c forms an angle 
a with each of them. Determine the volume of the parallelepiped, its 
lateral area and the angle between the edge c and the plane containing 
the base. (For what values of the angle a is the problem solvable?) 

670. All the faces of a parallelepiped are equal rhombuses with si¬ 
des a and acute angles a. Determine the volume of the paralle- 

^67 P l'. The base of an oblique parallelepiped is a rhombus ABCD 
with the side a and acute angle a. The edge/IAt is equal to b and 
forms an angle <p with the edges AB and AD. Determine the volume of 
the parallelepiped. 

672. In a rectangular parallelepiped a plane is drawn through 
a diagonal of the base and a diagonal of the larger lateral face, both 
emanating from one vertex. The angle between these diagonals is 
equal to p. Determine the lateral area of the parallelepiped, the area 
of the section figure and the angle of inclination of the cutting plane 
to the base, if it is known that the radius of the circle circumscribed 
about the base of the parallelepiped is equal to R and the smaller 
angle between the diagonals of the base, to 2a. 

673. The base of a right prism is a right-angled triangle ABC. 
The radius of the circle circumscribed about it is equal to R. the 
leg AC subtends an arc equal to 2p. Through a diagonal of the late¬ 
ral face passing through the other leg BC a plane is drawn peipeudi- 
cular to this face and inclined to the base at an angle f3. Determine 
the lateral area of tlie prism and the volume of the cut-off quadrangu¬ 


lar pyramid. , 

074. The base of a pyramid is a trapezoid, whose nonparallel sides 

and smaller base are of equal length. The larger base of the trapezoid 

is equal to a , and the obtuse angle, to a. All the lateral edges of the 

pyramid are inclined to the base at an angle {3. Determine the volume 

of the pyramid. ., , .. 

075. The base of a pyramid is a trapezoid, whose diagonal is per¬ 
pendicular to one of the nonparallel sides and forms an angle a with 
the base. All the lateral edges are of equal length. The lateral face 
passing through the larger base of the trapezoid has an angle <p = la 
at the vertex of the pyramid and its area is equal to S. Determine 
the volume of the pyramid and the angles at which the lateral faces 


are inclined to the base. . , 

070. The base of a pyramid is a regular triangle, whose side is equal 

to a. The altitude, dropped from the vertex of the pyramid, passes 
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through one of the vertices of the base. The lateral face passing 
through the side of the base opposite this vertex is at an angle tp to 
the base. Determine the lateral area of the pyramid, tf one of the 

equal lateral faces is taken as the base. . , . 

677. The base of a right prism is an isosceles triangle with the equal 

sides of length a and the base angle a. Through the base of the trian¬ 
gle which is the upper base of the prism, and the opposite vertex of 
the' lower base a cutting plane is drawn at an angle P to the base 
Determine the lateral area of the prism and the volume of the cut-off 

auadrangular pyramid. . . 

678. The base of a pyramid is a square. Its two lateral faces are 

perpendicular to the base, and the remaining two are inclined to 
it at an aimle a. The radius of the circle circumscribed about t he late¬ 
ral face perpendicular to the base is equal to R. Determine the total 

surface area of the pyramid. . . 

679. The base of a right prism is a right-angled triangle with a leg 

a and angle a opposite it. Through the vertex of the right angle of 
the lower base a plane is drawn which is parallel to the hypotenuse 
and intersects the opposite lateral face at an angle p = 90 - a. 
Determine the volume of the portion of the prism contained between 
its base and the cutting plane and the lateral area of the prism, if 
the area of I be lateral face passing through the leg a is equal to 
the area of the section figure. Determine the value of the angle a at 
which the cutting plane intersects the lateral face passing through 

the hypotenuse of the base. , » , 

680 The base of a pyramid is a rectangle. One lateral edge is per¬ 
pendicular to the base, and two lateral faces are inclined to it at 
angles a and p, respectively. Determine the lateral area of the pyra- 

mid if its altitude is equal to II. . , 

681 The base of a pyramid is a right-angled triangle with an acute 

ancle a- the radius of the inscribed circle is equal to r. Each latera 
face is inclined to the base at an angle a. Determine the volume and 

the lateral and total surface areas of the pyramid. 

682 The base of a prism ABCA X B X C X is an isosceles triangle ABC 
(AB = AC and ABC = a). The vertex B { of the^upper base of the 
prism is projected into the centre of the circle of radius /• inscribed 
in the lower base. Through the side AC of the base and the vertex B x 
a cuttin" plane is drawn at an angle a to the base. Find the total 
surface area of the cut-off triangular pyramid ABCB, and the volume 

683 The base of a pyramid is a right-angled triangle. 1 he altitude 
of the pyramid passes through the point of intersection of the hypote. 
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nuse and the bisector of the right angle of the base. The lateral edge 
passing through the vertex of the right angle is inclined to the base at 
an angle a. Determine the volume of the pyramid and the angles of 
inclination of the lateral faces to the base, if the bisector of the right 
angle of the base is equal to m and forms an angle of 45° -f- a with 
the hypotenuse. 

684. The base of a pyramid is a rhombus with the side a. Two adja¬ 
cent faces are inclined to the plane of the base at an angle a, the third 
one, at an angle f3 (prove that the fourth lateral face is inclined to the 
base at the same angle). The altitude of the pyramid is H. Find its 
volume and total surface area. 

685. The base of a quadrangular pyramid is a rhombus, whose side 
is equal to a and acute angle, to a. The planes passing through the 
vertex of the pyramid and diagonals of the base are inclined to the 
base at angles <p and \p. Determine the volume of the pyramid, if its 
altitude intersects a side of the base. 

686 . The base of an oblique prism is a right-angled triangle ABC 
with the legZ?C = a. The vertex of the upper base is projected into 
the midpoint of the leg BC. The dihedral angle formed by the lateral 
faces passing through the leg BC and hypotenuse AB is equal to a. 
The lateral edges are inclined to the base at an angle (3. Determine 
the lateral area of the prism. 

687. The base of a prism ABCA X B X C { is an isosceles triangle ABC 
(AB = AC and BAC = 2a). The vertex .4, of the upper base is 
projected into the centre of the circle of radius R circumscribed about 
the lower base. The lateral edge AA { forms with the side AB of the 
base an angle equal to 2a. Determine the volume and the lateral 
area of the prism. 

688 . Determine the volume of a regular quadrangular pyramid, 
whose lateral edge is equal to l and the dihedral angle between two 
adjacent lateral faces is equal to (3. 

689. ("liven in a frustum of a regular quadrangular pyramid: diago¬ 
nal d , dihedral.angle a at the lower base and altitude II. Find the 
volume of the frustum. 

690. The lateral edge of a frustum of a regular quadrangular pyra¬ 
mid is equal to / and inclined to the base at an angle {3. The diagonal 
of the pyramid is perpendicular to its lateral edge. Determine the 
volume of the pyramid. 

691. The altitude of a frustum of a regular quadrangular pyramid 
is equal to II , the lateral edge and diagonal of the pyramid are 
inclined to the base at angles a and {3, respectively. Find the lateral 
area of the frustum. 
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692. The sides of the bases of_a frustum of a regular quadrangular 

pyramid are equal to a and a | 3, respectively; the lateial face is in¬ 
clined to the base at an angle y. Determine the volume and total sur¬ 
face area of the frustum. 

693. A cube is inscribed in a regular quadrangular pyramid so 
that its four vert ices are found on the lateral edges, and the remaining 
four in the plane of its base. Determine the edge of the cube, if the 
altitude of the pyramid is equal to //, and the lateral edge, to /. 

694. A cube is inscribed in a regular quadrangular pyramid so that 
its vertices lie on the slant heights of the pyramid. Find the ratio of 
the volume of the pyramid to the volume of the cube, if the angle bet¬ 
ween the altitude of the pyramid and its lateral face is equal to a. 

695. The base of a pyramid is a right-angled triangle with legs equ¬ 
al to 6 and 8. respectively. The vertex of the pyramid is at a distance 
of 24 from the base and is projected onto its plane at a point lying 
inside the base. Find the edge of the cube, whose four vertices lie in 
the plane of the base of the given pyramid, and the edges joining these 
vertices are parallel to the corresponding legs of the base triangle 
of the pyramid. The other four vertices of the cube lie on the lateral 

faces of the given pyramid. 

696 In a regular quadrangular pyramid the dihedral angle at the 
base is equal to a. Through its edge a cutting plane is drawn at an 
angle p to the base. The side of the base is equal to a. Determine the 

area of the section ligure. . , . . . 

697 In a regular quadrangular pyramid the side of the base is equal 

to a, and the dihedral angle at the base, to a. Through two opposite 
sides of the base of the pyramid two planes are drawn at right angles 
to each other. Determine the length of the line of intersection of the 
planes contained inside the pyramid, if it is known that it intersects 
the axis of the pyramid. 

698. In a regular quadrangular pyramid a plane is drawn through 
a vertex of the base perpendicular to the opposite lateral edge. 
Determine the area of the section figure thus obtained, if the side of 
the base of the pyramid is equal to a, and the lateral edge is inclined 
to the plane containing the base at an angle tp (<p>45°; prove this). 

699. It is required to cut a regular quadrangular prism with a plane 
to obtain a section yielding a rhombus with the acute angle a. 
Find the angle of inclination of the cutting plane to the base. 

700. The base of a right parallelepiped is a rhombus with the acute 
angle a. At what angle to the base must a cutting plane be drawn to 
obtain a section yielding a square with its vertices lying on the late¬ 
ral edges of the parallelepiped? 
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701. A right parallelepiped, whose base is a rhombus with the side 
a and acute angle a is cut with a plane passing through the vertex 

of the angle a, the section yielding a rhombus with the acute angle — . 

Determine the area of this section. . 

702. The edge of a tetrahedron is equal to b. Through the midpoint 
of one of the edges a plane is drawn parallel to two non-intersecting 
edges. Determine the area of the section thus obtained. 

703. The base of a pyramid is a right-angled triangle with a leg a. 
One of the lateral edges of the pyramid is perpendicular to the base, 
the other two being inclined to it at one and the same angle a. 
A plane perpendicular to the base cuts the pyramid, yielding a square. 

Determine the area of this square. 

704. In a frustum of a regular quadrangular pyramid the sides of 
the upper and lower bases are respectively equal to a and 3a and the 
lateral faces are inclined to the plane containing the lower base at 
an angle cc. Through a side of the upper base a plane is drawn paral¬ 
lel to the opposite lateral face. Determine the volume of the quadran¬ 
gular prism cut off the given frustum and the total surface area of 

the remaining portion of the frustum. 

705. Two planes are drawn through a point taken on a lateral edge 
of a regular triangular prism with the side of the base a. One of l he in 
passes through a side of the lower base of the prism at an angle a 
to the base, the other, through the parallel side of the upper base and 
at an angle fl to it. Determine the volume of the prism and the sum ot 

the areas of the sections thus obtained. 

706. In a regular quadrangular prism a plane is drawn through 
the midpoints of two adjacent sides of the base at an angle a to the 
latter to intersect three lateral edges. Determine the area of the sec¬ 
tion figure obtained and its acute angle, if the side of the prism s 

base is equal to b. ........ 

707. The base of a right prism is an isosceles trapezoid (with the 

acute angle a) circumscribed about a circle of radius r. Through one 
of the nonparallel sides of the base and the opposite vertex of the 
acute angle of the upper base a plane is drawn at an angle a to the 
base. Determine the lateral area of the prism and the area of the sec¬ 
tion figure thus obtained. 

708 AT he base of a right prism ABCA X B is an isosceles triangle 
ABC withlangloct at the base BC. The lateral area of the prism is equ¬ 
al to S Find the area of the section by a plane passing through a dia¬ 
gonal of the face BCC { B i parallel to the altitude AD of the base of 
the prism and at an angle p to the base. 
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709. The base of a right prism ABCA i B i C l is a right-angled trian¬ 
gle ABC with an angle p at the vertex B (p < 45°). The difference 
between the areas of its lateral faces passing through the legs BC 
and AC is equal to S. Find the area of the section by a plane forming 
an angle cp with the base and passing through three points: the vertex 
B. of the angle p of the upper base, midpoint of the lateral edge .4.4, 
and point D situated on the base and symmetrical to the vertex B 

with respect to the leg AC. 

710. Non-intersecting diagonals of two adjacent lateral face.s of 
a rectangular parallelepiped are inclined to its base at angles a and p. 

Find the angle between these diagonals. 

711 Given three plane angles of the trihedral angle SABC. 
/_ BSC = a: ^ CSA = P; ^ASB = y. Find the dihedral angles of 

this trihedral angle. . . , . , 

712 One of the dihedral angles of a trihedral angle is equal to .4; 

the plane angles adjacent to the given dihedral angle are equal to a 

and 8. Find the third plane angle. 

713 Given in a trihedral angle are three plane angles:-io , bO and 

45°. Determine the dihedral angle contained between the two faces 

with plane angles of 45°. , , 

714 A line-segment AB is given on the edge ol a dihedral angle. 

In one of the faces a point M is given, at which a straight line drawn 
from A at an angle a to AB intersects a line drawn from B perpendicu- 
lar to AB Determine the dihedral angle, if the straight line AM is 
inclined to the second face of the dihedral angle at an angle p. 

715 Given two skew lines inclined at an angle (p to each other and 
having a common perpendicular PQ = h which intersects both of 
them. Given on these lines are two points A and B, trom \\hich the 
line-segment PQ is seen at angles a and p, respectively. Determine 

the length of the line-segment AB. 

716 Given on two mutually perpendicular skew lines, the perpen¬ 
dicular distance between which PQ = h, are two points 4 and B % 
from which the line-segment PQ is seen at angles a and P ; respecti¬ 
vely Determine the angle of inclination of the segment AB to / Q. 

717. A cutting plane divides the lateral edges of a triangular pyra- 

mid in the ratios (as measured from the vertex): — , , — • 

In what ratio is the volume of the pyramid divided by this plane? 

718 From the midpoint of the altitude of a regular quadrangular 
pyramid a perpendicular, equal to h, is dropped to a lateral edge, and 
another perpendicular, equal to b, to a lateral face. Find the volume 

of the 'pyramid. 
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CHAPTER X 

SOLIDS OF REVOLUTION 

719. The generator of a cone is equal to / and forms an angle of 00° 
with the plane of the base. Determine the volume of the cone. 

720. The length of the generator of a cone is equal to /, and the 
circumference of the base, to c. Determine the volume. 

721. The lateral surface of a cylinder is developed into a square 
with the side a. Find the volume of the cylinder. 

722. When developed, the curved surface of a cylinder represents 
a rectangle, whose diagonal is equal to d and forms an angle a with 
tlie base. Determine the volume of the cylinder. 

723. The angle at the vertex of an axial section of a cone is equal 
to 2a, and the sum of the lengths of its altitude and the generator, to 
m. Find the volume and surface of the cone. 

724. The volume of a cone is V. Its altitude is trisected and through 
the points of division two planes are drawn parallel to the base. Find 
the volume of the medium portion. 

725. Determine the volume of a cone, if a chord, equal to a , drawn 
in its base circle subtends an arc a. and the altitude of the cone 
forms an angle p with the generator. 

72b. Two cones (one inside the other) are constructed on one and 
the same base; the angle between the altitude and the generator of 
the smaller cone is equal to a, and that of the larger cone, to p. The 
difference between the altitudes is equal to h. Find the volume of 
the solid bounded by the curved surfaces of the cones. 

727. The curved surface of a cone is equal to S. and the total one, 
to P. Determine the angle between the altitude and the gene¬ 
rator. 

728. When developed on a plane, the curved surface of a cone 
represents a circular sector with the angle a and chord a. Determine 
the volume of the cone. 

729. A plane, drawn through the vertex of a cone and at an angle 
(f to the base, cuts off the circle of the base an arc a; the distance bet¬ 
ween the plane and the centre of the base is equal to a. Find the volu¬ 
me of the cone. 

730. A square, whose side is equal to a, is inscribed in the base of 
a cone. A plane drawn through the vertex of the cone and a side of 
the square intersects the surface o! the cone along a triangle, the angle 
at the vertex of which is a. Determine the volume and surface of the 


cone. 
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731. The element. I of a frustum of a cone forms an angle a with 
the plane of the lower base and is perpendicular to the straight line 
joining its upper end point with the lower end point of the opposite 
element. Find the curved surface of the frustum. 

732. Given a cone of volume V, whose generator is inclined to the 
base at an angle a. At what height should a cutting plane be drawn 
perpendicular to the axis of the cone to divide the curved surface of 
the cone into t wo equal parts? The same question for the total surface. 

733. Determine the volume and surface of a spherical sector cut 
off a sphere of radius R and having an angle a in the axial section. 

734. The surface of a spherical segment of radius R is S. Find its 


altitude. . 

735. The area of a triangle ABC is equal to 6. the side AC — v 

and a - Find the volume of the solid formed by rotating 

the triangle ARC about the side AB. 

736. Given in a triangle ABC : the side a. angle b and angle C . 
Determine the volume of a solid obtained by rotating the triangle 

about the given side. , . . 

737 A rhombus with the larger diagonal d and acute angle y ro¬ 
tates about an axis passing outside it through its vertex and perpen¬ 
dicular to its larger diagonal. Determine the volume of the solid thus 

obtained. t , . , . , 

738 Given in a triangle: sides b and c and the angle a between them. 

The triangle rotates about an axis which passes outside it through 
the vertex of the angle a and is inclined to the sides b and c at equal 
angles. Determine the volume of the solid thus generated. 

739 In an isosceles trapezoid a diagonal is perpendicular to one of 
thenonparallel sides. The side is equal to b and forms an angle a 
with the larger base. Determine the surface of the solid generated by 

rotating the trapezoid about the largei base. 

740 Two planes are drawn through the vertex of a cone. One of 
them is inclined to the base of the cone at an angle a and intersects 
it along a chord of length a, the other is inclined to the base at an 
angle p and intersects it along a chord of length b. Determine the 

volume of the cone. , , . . . 

741. A sphere is inscribed in a cone. Find the volume of the sphere. 

if the generator of the cone is equal to l and is inclined to the base at 

an angle a. , . . . f 

742. A straight line, tangent to the curved surface of a cone, forms 

an angle 0 with the element passing through the point of tangency. 
What angle (rp) does this line form with the plane of the base P of 
the cone, if its generator is inclined to the plane P at an angle a? 
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743. An obtuse triangle with acute angles a and (3 and the smaller 
altitude h rotates about the side opposite the angle ft. Find the sur¬ 
face of the solid thus generated. 

744. In a cone (whose axial section represents an equilateral tri¬ 
angle) installed with its base up and filled with water a ball of radius 
r is placed flush with the water level. Determine the height of the 
water level in the cone after the ball is removed. 

745. In a cone, the radius of the base circle of which is equal to li 

and whose generator is inclined to the base at an angle, a right 


triangular prism is inscribed so that its lower base lies on the base of 
the cone, and the vertices of the upper base are on the curved surface 
of the cone. Determine the lateral area of the prism, if the base of the 
prism is a right-angled triangle with an acute angle a, and its altitu¬ 
de is equal to the radius of the circle along which the plane passing 
through the upper base of the prism intersects the cone. 

746. In a triangular pyramid, whose base is a regular triangle with 
t he side n, a cylinder is inscribed so that its lower base is found on the 
base of the pyramid, its upper base touching all the lateral faces. 
Find the volumes of the cylinder and the pyramid cut-off by the plane 
passing through the upper base of the cylinder, if the altitude of the 

cylinder is equal to > one of the lateral edges of the pyramid is per¬ 


pendicular to the base, and one of its lateral faces is inclined to the 
base at an angle a (define the values of a for which the problem is sol¬ 
vable). 

747. A right triangular prism is inscribed in a sphere of radius /?. 
The base of the prism is a right-angled triangle with an acute angle cc 
and its largest lateral face is a square. Find the volume of the prism. 

748. The base of a pyramid is a rectangle with an acute angle a bet¬ 
ween the diagonals, and its lateral edges form an angle cp with the 
base. Determine the volume of the pyramid, if the radius of the cir¬ 
cumscribed sphere is equal to R. 

749. The radius of the base circle of a cone is equal to R and the 
angle at the vertex of its axial section is a. Find the volume of a re- 
qular triangular pyramid circumscribed about the cone. 

750. A sphere of radius r is inscribed in a frustum of a cone. The 
venerator of the cone is inclined to the base at an angle a. Find the 
curved surface of the frustum. 

751. Circumscribed about a sphere is a frustum of a cone, whose 
elements are inclined to the base at an angle a. Determine the sur¬ 
face of the frustum, if the radius of the sphere is equal to r. 
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752. A sphere of radius /• is inscribed in a frustum of a cone, whose 
generator is inclined to the plane of the base at an angle a. Find the 
volume of the frustum. 

753. From a point on the surface of a sphere of radius R three equal 
chords are drawn at an angle a to one another. Determine their 
lengths. 

754. A frustum of a cone is inscribed in a sphere of radius R. 1 lie 
bases of the frustum cut off the sphere two segments with arcs in the 
axial section equal to a and {5, respectively. Find the curved surface 

of the frustum. 

755. The lateral faces of a regular quadrangular pyramid are incli¬ 
ned to the base at an angle a. The slant height of the pyramid is equal 
to m. Find the surface of a cone inscribed in the pyramid and the an¬ 
gle of inclination of the lateral edge to the base. 

756. A cone is circumscribed about a regular hexagonal pyramid. 
Find its volume, if the lateral edge of the pyramid is equal to / 
and the face angle between two adjacent lateral edges is equal to a. 

757. A cone is inscribed in a regular triangular pyramid. Find the 
volume of the cone if the lateral edge of the pyramid is equal to / 
and the face angle between two adjacent lateral edges is equal 

to a. . , 

758. A cone is inscribed in a sphere and its volume is equal to one 

fourth of that of the sphere. Find the volume of the sphere, if the al¬ 
titude of the cone is equal to//. , 

759. A sphere is inscribed in a regular triangular prism. It touches 
the three lateral faces and both bases of the prism. Find the ratio of 
the surface of the sphere to the total surface area of the prism. 

760. A sphere of radius R is inscribed in a pyramid, whose base is 
a rhombus with the acute angle a. The lateral faces of the pyramid are 
inclined to the base at an angle <p. Find the volume of the pyramid. 

761. A hemisphere is inscribed in a regular quadrangular pyramid 
so that its base is parallel to the base of the pyramid and the spheri¬ 
cal surface is in contact with it. Determine the total surface area of 
the pyramid, if its lateral faces are inclined to the base at an angle 

a and the radius of the sphere is equal tor. 

762. A hemisphere is inscribed in a regular quadrangular pyramid 
so that its base lies on the base of the pyramid and the spherical sur¬ 
face touches the lateral faces of the pyramid. Find the ratio of the 
surface of the hemisphere to the total surface area of the pyramid and 
the volume of the hemisphere, if the lateral faces are inclined to the 
base at an angle of a and the difference between the lengths of the 
side of the base and the diameter of the sphere is equal to m. 
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763. In a cone, with the radius of the base circle R and an angle a 
between the altitude and generator, a sphere is inscribed which tou¬ 
ches the base and the curved surface of the cone. Determine the volu¬ 
me of the portion of the cone situated above the sphere. 

764. The surface of a right circular cone is n times as large as the 
surface of the sphere inscribed in it. At what angle is the generator 
of the cone inclined to the base? 

765. A sphere is inscribed in a cone. The ratio of their volumes is 
equal to n. Find tlie angle of inclination of the generator to the base 
(calculate for n — 4). 

766. Determine the angle between the axis and generator of a cone, 
whose surface is n times as large as the area of its axial section. 

767. Inscribed in a cone is a hemisphere, whose great circle lies oil 
the base of the cone. Determine the angle at the vertex of the cone, 
if the ratio of the surface area of the cone to the curved surface area 
of the hemisphere is 18: 5. 

768. Determine the angle between the altitude and generator of a 

cone, if the volume of the cone is 1 —times as large as that of the 

hemisphere inscribed in the cone so that the base of the hemisphere 
lies on the base of the cone and the spherical surface touches the cur¬ 
ved surface of the cone. 

769. Determine the angle between the altitude and generator of 
a cone, whose curved surface is divided into two equal parts by the 
line of its intersection with a spherical surface, whose centre is loca¬ 
ted at the vertex of the cone and the radius is equal to the altitude of 
the cone. 

770. A cone with the altitude // and the angle between the genera¬ 
tor and altitude equal to a is cut by a spherical surface with the centre 
at the vertex of the cone to divide the volume of the cone into two 
equal portions. Find the radius of the sphere. 

771. On the altitude of a cone, equal to //, as on the diameter, a 

sphere of radius — is constructed. Determine t he volume of the portion 

—* 

of the sphere situated outside the cone, if the angle between the 
generator and altitude is equal to a.. 

772. Given two externally tangent spheres O and O lt and a cone 
circumscribed about them. Compute the area of the curved surface of 
the frustum, whose bases are the circles along which the spheres con¬ 
tact the surface of the cone, if the radii of the spheres are equal to R 
and Ri. 

773. Four balls of one and the same radius r lie on a table so that 
they touch one another. A fifth ball of the same radius is placed on 
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them at the centre. Find the distance between the top point of the 
fifth ball and the plane of the table. 

774. Determine the angle at the vertex of the axial section of a cone 
circumscribed about four equal balls arranged so that each of them 
is in contact with the three remaining ones. 

775. The faces of a frustum of a regular triangular pyramid touch 
a sphere. Determine the ratio of the surface of the sphere to the total 
surface area of the pyramid, if the lateral faces of the pyramid are 
inclined to the base at an angle a. 

776. Inscribed in a cone is a cylinder, whose altitude is equal to 
the radius of the base circle of the cone. Find the angle between the 
axis of the cone and its generator, if the ratio of the surface of the 
cylinder to the area of the base of the cone is 3:2. 

777. The radius of a sphere inscribed in a regular quadrangular 
pyramid is equal to r. The dihedral angle formed by two adjacent 
lateral faces of the pyramid is equal lo a. Determine the volume of 
the pyramid, whose vertex is at the centre of the sphere and the ver¬ 
tices of the base lie at the four points of tangency of the sphere and 
the lateral faces of the pyramid. 

778. A sphere of radius r is inscribed in a cone. Find the volume 
of the cone, if it is known that a plane tangent to the sphere and per¬ 
pendicular to the generator of the cone is drawn at a distance d 
from the vertex of the cone. 

779. The edge of a cube is a, All being its diagonal. Find the radius 
of a sphere tangent to the three faces converging at the vertex A and 
to the three edges emanating from tho vertex B. Also find the area 
of the portion of the spherical surface outside the cube. 

780. In a regular tetrahedron, whose edge is equal lo a, a sphere is 
inscribed so that it is in contact with all the edges. Determine the 
radius of the sphere and the volume of its portion outside the tetra¬ 
hedron. 


CHAPTER XI 

TRIGONOMETRIC TRANSFORMATIONS 
Prove the following identities : 

781. sec (-f- a j sec (—a) = 2 sec 2a 

782. - in(2a + P) —2 cos (a + P) = 4^- 

sina sin a 

783. 2 (esc 2a -f cot 2a) = cot —tan ~ 


6-11338 
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784. 

786. 

787. 

788. 

789. 

790. 

791. 

792. 

793. 

794. 

795. 

79G. 

797. 

798. 

799. 

800 . 

801 . 

802 . 


cos 

cos 


g+sina ( 45 °+a); 785. cos g + sin g = tan 2a + sec 2a 

a —sin a v 1 7 cos a — sma 


. 9 / n , \ . o / n \ sin 2 a 

sin2 (T + a )- sin (T- a ) = -7I 


2 cos 2 a — 1 


2 tan ^ — a j • sin 2 ( + a ) 


= 1 


tan 1 


(t-H 


1 —sin 2 a 
-|-sin 2 a 


cos 2 a 1 . o r, 

— 5 — = -j- sin 2 2 a 
cot 2 a —tan 2 a 4 

sin a-f cos ( 2 fl —a) 


cos a —sin ( 2 p —a) 
i+sin 2 a 


=3= c o1 (t-P) 


14- tan a . / Jt , \ 

= —— -= tan ( -j- -f a 

1 — tan a V 4 1 / 


cos 2 a 

sin x-fcos (2y — x) l + sin 2 t/ 


cos x — sin( 2 y — x) cos 2 y 

tan 2 a — tan 2 p = sin (a + P) sin (a — p) sec 2 a sec 2 p 
tan - (1 -i-sin a) 


sin a 


tan 


(t+t) 


1 —sin a 
cos a 


= cot a 


= 1 


'2 (sin 2a+ 2 cos 2 a — 1) 

_;_:___ rr CSC CC 

cos a — sin a — cos 3a -f-sin 3a 

sin a — sin3a-j-sin5a . n 

- r .—-r- = tan 3a 

cos a — cos da + cos 5a 

./ *. . ■ . . - . .. * # fl b . a c b ~ c 

sm (a — b) 4-sin (a — c)-f-sm (b — c) = 4 cos —sin —cos—g— 

2 (sin 6 z -f cos® x) — 3 (sin 4 x -f cos 4 a:) 4-1 = 0 
sin a-J-sin (a-j--^~) -|-sin + = 0 

sin 2 (45°-pa) — sin 2 (30° — a) — sin 15° cos (15°-f 2a) = sin 2a 
Show that 

1—2 cos 2 cp 


sin qp cos q> 


= tan cp— cot cp 
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803. Show that 

t an 2 _ 2 sin a — sin 2« 

2 — 2 sin a + sin 2a 

804. Prove the identity 

cos 2 cp 4 - cos 2 (a 4 <p) — 2 cos a cos cp cos (a -f (p) = sin 2 a 

805. Simplify the expression 

sin 2 a 4 - sin 2 p -f 2 sin a sin p cos (a 4 P) 

806. Prove that 

sin 2 a 4 sin 2 p 4 sin 2 y — 2 cos a cos (5 cos y = 2, 

if a p4y = Ji. 

807. Prove that 

cot A cot B -f cot A cot C -f cot B cot C = 1, 
if A -j- B -f- C = 7i. 

808. Prove that 

n 2 n 1 

cos — cos —=— = ~r 
5 5 4 


809. Prove that 


n , 

cos -T--f- cos 


3ji 

T 



Reduce to a form convenient for taking logarithms: 

810. 1 4 cos a 4 cos ~; 811. 1 — / 2 cos a 4 cos 2a 

812. 1 — sin 2 (a-}-P) —sin 2 (a—p) 

q i n At • i . . 04/ 1+sin a — cos a 

813. 1-f sin a + cos a + tana; 814. - 


sin 


815. 1 —tan a 4 sec a; 816. cos a 4 sin 2a — cos 3a 
817. tan (a 4 — j 4 tan (a— 


818. 

820. 


2 sin ft — sin 2ft , Y/2 — cos a —sin a 

2 sin p-f-sin 2p ’ * sin a —cos a 

cot a-j-cot 2a-(-esc 2a; 821. cos 2a 4 sin 2a tan a 


822. 2 sin 2 a 4/3 sin 2a-1; 823. 


1 4 tan 2a tan a 
cot a 4 tan a 


6 * 
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824. 

825. 

826. 

828. 

829. 

CHAPTER XII 

TRIGONOMETRIC EQUATIONS 

Solve the following equations: 

_ / 3x . 3x \ 2 

830. 1 — sin 5x = ^cos —sin-rrj 

831. sin x + sin lx -4- sin 3* 4- sin 4x = 0 

832. sin (x 4- 30°) 4* cos (x 4- 60°) = 1 + cos 2x 

833. sin x 4- sin 2x 4- sin 3x = cos x 4- cos 2x 4- cos 3x 

834. cos 2x — cos8x 4- cos 6x = 1; 835. cosx cos2x = sin3x 
836. sin (x — 60°) = cos (x 4- 30°); 837. sin 5x4- sin x 4- 2 sin 2 x= 1 

838. sin- x (tan x 4-1 ) = 3 sin x (cos x — sin x) 4- 3 

839. cos 4x = — 2 cos 2 x; 840. sin x 4- cos x = -^ 

841. sin 3x = cos 2x; 842. sin 4 ^ 4" cos 4 -| = |- 

843. 3 tan 2 x — sec 2 x = 1; 844. (1 4-cos 4x) sin 4x = cos 2 2x 
845. sin 4 x 4- cos 4 x = cos 4x; 846. 3cos 2 x —sin 2 x —sin2x = 0 

847. cos'- x 4- 3 sin 2 x 4- 2 /3 sin x cos x = 1 

848. 6 sin 2 x 4- 3 sin x cos x — 5 cos 2 x = 2 

849. sin 2 x 4- y c °s 2 s * n x cos x 

850. sinx + V r 3cosx= 1; 851. sinx-f cosx = 1 

852. sinx4-cosx = l 4-sin 2x; 853. sin 3x + cos3x = V"2 


2 4 -tan 2a-h cot 2a 

tanx — 14-sinx(l — tan *)4- 1 + t ^ n2 - 

14 -cosa 4 -cos 2 a 4 -cos 3 cx . g?? !_4-sin 2 2a —sin 2 6 —cos 4 a 
cos a -j- 2 cos 2 a — 1 ’ 4 

. . sin (z4 -y4-z) 

tan x 4~ tan y 4* l an 2 cos x cos y cos z 

sin a 4-sin p-h sin v if a4-p4-Y = 180° 
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854. sin x sin 7x = sin 3x sin 5x; 855. cos x sin 7x = cos 3x sin 5x 
856. sin x sin 2x sin 3x = sin 4x; 857. 2 cos 2 x + 4 cos x = 3 sin- x 

858. 5cos2x = 4sinx; 859. tan *) -f tanx— 2 = 0 

cos 

860. 8 tan 2 y= 1 +sec x; 861. — i ~ sec ~ 7 ~~ 1 

862. 1— cos (n —x)-f sin -^-^- = 0 

M 

863. 2 |^1 — sin (-y-— *) ] = tan — 

864. sin x — cos x — 4 cos' 2 x sin x = 4 sin 3 x 

865 * cot * + TT^7 = 2 

866. 2 cot (x — n) — (cos x -f sin x) (esc x — sec x) = 4 

867. siii (jx x) -}- co t ^~2 x J = — 2^2 — 

1 “ Un T x 

868. -- = 2 sin y 

1 -° ot T 

869. sin(n —x) + cot (-^- + *) = *<*{ — x) —cos(2n — x) 

870. sec 2 x — tan 2 x + cot (+ x) = cos 2x sec 2 x 

871. sin 3 x (1 + cot x) + cos 3 x (1 + tan x) = cos 2x 

872. sin 3 x cos 3x + sin 3x cos 3 x = 0.375 

873. tan x + tan 2x = tan 3x 

874. 1 + sinx-f cosx = 2 cos — 45°) 

875. 1— cos 2 2x = sin 3x — cos(-^-+ x) 

„ ^ . n CSC (n — x) 

876. l-3cosx + cos2x^ cot2j _ c( | tj 

2 sin'*- jt 

877. [cosx —sin (x —n)l 2 H-1 = 


* 
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878. (sin x -f cos x) 2 = 2 sin (-f x j sin ^ — x ) 

879. 2 — sinxcos2x— sin 2x cos x = 

= [ cos (-r—r-)- sin (T 

880. (1 — tan x) (1 -f-sin 2x)= 1 + tana: 

881. cos x 4- sin x = T 003 2x . 

1 1—sin2x 

882. (1 + sin 2x) (cos a: — sin x) = 1 — 2 sin 2 x 

883. i2i!|^^ = sin(;c + 3 0 , )sin(;r _3 0 o ) 


884. 


885. 


4 cos 2 x V**' ■ w t V-** w ) 

sin(60°-f-x)-j-sin (60° — x) tan x cot x 

2 — (1 + tan 2 x) 2 + (1-1-cot 2 x) 2 

„ o f , , x \ sin (x — 30°) cos (60' 


88(5. 


887. 


888 . 


COS X 


„ o / , l x \ sin (x — 3 

sec- x — I cos x 4- sin x tan y 1 = — 1 - 

■ \ :X \ tan T+ COt f 

SIn (i-+4- s, "(T-*) = —Fy! 

2 v 2 sin (45° + x) = l+£21?f 
f vi/ 14-sinx 

. 2 (sin 2x —cos2x tan x) , . . 

1--- t= - - = cos 4 x — sin 4 x 

V3 sec 2 X 


2V2 


889. sin 3 a- = 4 sin a: cos 2x 

890. secx-j-1 =sin (it —x) —cosx tan 


n + x 


891. 


tan 2x tan x 
tan 2x — tan x 


— 2 sin (45° 4 - sin (45° — x) = 0 


892. tan (x — 45°) tan x tan (x 4* 45°) = 


4 cos 2 x 

, x . x 

tan—— cot 


893. 


894. 

895. 


tan (x-j-45°)-f tan (x —45°) 


tan (x -}- a) + tan (x — a) 

/ . x x \2 

( Sin 2-COS T ) = — 


- = tan (x — 45°) tan (x 4- 45°) tan x 
= 2 cot x 


tan y 


— tan 


x + xt 
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896. 


sin x 


- 55 — = l + ta„ (| + 45°)-tan (45’-4) 


sin (30° + x) + sin (30°-x) 

897. sin 4 x-j- sin 4 ^x + -J-) — \ 

897a. sin 4 x + sin 4 (x -}- sin 4 (x — =-| 

Solve the following systems of equations : 


898. cos 


x-\- v x — y 1 1 

’ -^- cos —= Y ; COS X cos y = ^ 


899. x + y = a; sin x sin y = m; 900. x 
901. x+t/ = -^-; tan x j- tan y = 1 
902 2 8in x+cos y = 1 • 16 sin2 x+cos * y = 4 

903. sin x sin y = TT7T « tan x tan i/= 

4 2 

904. sinx = 2siny; cosx=yCosz/ 

CHAPTER XIII 

INVERSE TRIGONOMETRIC FUNCTIONS 


y = a; tan x + tan // — m 


905. Compute 

2 a resin ( — ^) + arccot (- 1) + arccos ^ + y arccos ( 

906. Prove that 


- 1 ) 


tan (arccosx) = 


1 / 1 - 


907. Prove that 


tan (arcsin x) = 


Compute: 


908. sin [ y arccot ( — ) j; 909. sin [y arcsin ( 

910. cot [y arccos ( — y)];911. tan (5 arctan ^ — 


1 

* 7 “ arcsin 
4 


- ¥) 
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912. sin 13 arc tan }/3 -f- 2 arccos y J 


913. cos j^3 a resin -f- 


arccos 


(-T)] 


Prove the following identities : 


914. arctan (3 + 2 J/2) — arctan ^ = iL 

915. arccos l/y — arccos 


21/3 


916. arcsin^-+ arcsin ^ +arcsin^ = 4r 

917. arccos y 4-arccos ( — y) = arccos ( — j|) 

918. 2 arctan 4- +arctan-i = arctan?? 

o 4 43 

919. arctan y-f-arctan-1 +arctan y +arctan y=y- 


Solve the following equations: 

920. 4 arctan (x 2 — 3a: — 3) — n = 0 

921. 6 arcsin (x 2 — 6x + 8.5) = n 

922. arctan (x-f-2)— arctan (x-f 1) = y 

923. 2 arctan y — arctan x =-^- 

924. arcsin - — arcsin ]/" 1 — x = arcsin — 

3 y x 3 

925. arctan — — arctan = arctan x 

o a-\-b 

926. arcsin 3x = arccos 4x; 927. 2 arcsin x = arcsin*-^- 

* 13 

928. Solve the system of equations 

x + y=arctan , tanxtany=a 2 (|a|<l) 


ANSWERS AND SOLUTIONS 


PART ONE 

ARITHMETIC AMD ALGEBRA 


1. 6.5625 

2. 29 1 

3. 365-5- 

«• 3 A 

5. 18 | 

6. 50 

7. 23.865 

8. 36 | 

9. 599.3 

10. 84.075 

11. 2.5 

12 2 — 
z 2l 

13. 0.0115 
14 

** 280 
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ARITHMETIC CALCULATIONS 


15. 

no I 5 

08 64 

31. 

4 


32. 

4000 

16. 

6 

33. 

66 

17. 

700 

34. 

2 

18. 

100 

35. 

9.5 

19. 

10 



_ 1 

'7 

5 

36. 

0.09 

20. 

21. 

37. 

35 

48 

22. 


38. 

2 

3 

1 


.. 3 

39. 

23. 

9 _ 

“80 

16 

24. 

O 

40. 

9 I 

“ 3 

25. 

1 iZ 

84 

41. 

1 

8 

26. 

10 

42. 

1301 

27. 

1 

43. 

-20.384 

28. 

1320 

44. 

9 9 r , 

29. 

11 


‘t 

30. 

250 

45. 
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CHAPTER II 

ALGEBRAIC TRANSFORMATIONS 

Preliminaries 

In solving problems of the present chapter (beginning with Problem 62) 
the following should be taken into consideration. 

1. The radical y^ is called principal, or arithmetical, if the radicand a is 
positive (or equal to zero) and if, furthermore, the root itself is taken positive. 

Examples. The expression j' —27 cannot represent an arithmetical root, 

since the radicand is negative. The expression \ 16 is an arithmetical root, if 

we consider only its positive value (i.e. 2). The expression y 27 represents an 

arithmetical root (i.e. 3), if we consider only its real value ^ it also has two 

. 3 .31/3. , 3 3 1/ 3 . \ . . ,,— 77? 

imaginary values — — - - — t and — -—-— i ) . The expression y —16 

M M M 

cannot represent an arithmetical root, since the radicand is a negative number. 

2. The rules for transformation of radicals set forth in algebra are true only 
for arithmetical roots. 

For instance, the equality y ~x = y V- is not true for negative value s of x. 

Thus, at .r = —8 the left member of the equality has only one real value J —8 = 

= —2, while the right member has two real values 64 = ±2 (if imaginary 

values are also considered, then >' —8 has three values, and > 64—six values). 

In view of this, in the present section dedicated to the identity transformations 
of irrational expressions we assume that all radicands may have only positive 
(and zero) values*, which means that literal quantities entering the expressions 
to be simplified should meet some additional conditions. In a number of cases 
(see, for instance, notes to Problems 65 to 71) we indicate such conditions. 

Sometimes the conditions to be satisfied by literal quantities are given in 
the problem itself. Then in solving such a problem one is to prove that under 
these conditions all radicands are positive. _ 

3. It should he particularly noted that the equality ~\/x 2 ==x (where 

is an arithmetical root) holds true only for x ;> 0. For a negative x it is inva¬ 
lid; instead we have the equality ~[/x 2 = — x. Both ca ses ma y be ^overed by 
the equality '\/x 2 = |x|. Thus, if x = — 3, then V( — 3) 2 ='y / 9=—( — 3) 
(and V ( —3) 2 is an arithmetical root, since the radicand ( —3) 2 is positi ve 

and the root is taken in its positive value). We may also write ~\/( — 'd) 2 = 
= |3|. The importance of this note is see n from the fo llowing examples. 
Example 1. Simplify the expression ~\/rn 2 — 2m«-j-n 2 . The solution 

~\/m 2 — 2 rnn -f- n 2 — ~\/ (m — n )~ — m — n 
is true only for m!> n. For m<n it should be written instead 

\/m 2 — 2mn-{-n 2 =—(rn — n), i. e. rn 2 — 2mn-\-n 2 = n — m 

* With the exception of Problem 64, where the radicand of the cube radical 
can never be positive (see the solution of this problem on pages 96-97). 
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Thus, if to = 2 and n = 3, then to — n= — 1, whereas 

y m 2_2mn + /^ = 1/4-12 + 9 = VI = 1 
A general formula has the form 

y m 2 — 2to/i + « 2 | to — n | or 1 m* — 2mn + « 2 = I « — '» I- 

Example 2. Simplify the expression_ 

l/ 4 + 4p + /> 2 -V4-4 p + p 2 
V4 + 4P + P 2 + V 4 - 4p + P 2 

Denoting (for the sake of brevity) the given expression by ,1. we have 
{for p=f — 2 ): 


I 2 + p | — 12 — p | _ 

2-P 

2 + P 

|2 + p| + | 2 -p| 1 + 

2 -p 

2 + P 


If the fraction hj positive, then 


2 + P 


1 —; 


2-P 


4 = 


2 + p 


1 +; 


2-P 


_P 

2 


2 4- P 


and if it is negative, then 


1 +: 


2 -p 


A — 


2 + p _ 


1 —; 


2-P 


2 

P 


2 + P 


Let us analyse wliat values of p yield the first or/and the second cases. The 

fraction tU! is positive when 2 - p and 2 + p are of the same sign. Let us 

first requfre^that both quantities 2 - p and 2+p be positive. The quantity 
2 — pis positive for p < 2. the quantity 2 + p is positive for p > 

b q tr l a y ',ities2 ,Ua p andT+^b. ^"vZ fi^SSt'halTi, «q«i- 

remen q t ca'nnot 5 l elulfUled Ice 2 - p is negative for p > 2 , and 2 + P is 
negative for p < -2, but these conditions are incompatible. Hence, the fraction 

is positive only for -2 < p < 2. For p > 2 and p < -2 this fraction 

2 + p 

is negative. 

Thus, A = — for | p | < 2 and A = -| for | p | > 2. At | p | = 2 both expres- 
2 * 

sions are valid. , , ^ _ 

Example 3. The equality y a « = a 3 is true only for a > 0. l or negative 

values of a we have instead of it the equality y<i«=-a3. Thus, at a=-i 
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we have ~[/( —1) 6 =—(— l)=-fl. Here ~[/(— l) 6 is an arithmetical root, 
since the radicand ( —1)* = 1 is positive and we take the positive value of 
the root. 

Example 4. Take the factors outside the radical sign in the expression 
V(a — 5)« (a — 3) 3 . 

The given root may be arithmetical only for a > 3, since for a <3 the 
factor (n — 3) 3 , and, hence, the whole radicand are negative. The equality 

V(a-5)«(a-3) 3 = (a - 5)3 (a - 3) V^3 


holds true for a5. For a <5 the following should be written instead 


"\/(a — 5) 8 (a—3) 3 = —(a — 5) 3 (a — 3) ~\/a — 3 

A general formula is 

V( fl — S) 6 ( a — 3) 3 = | a — 5 I 3 (a — 3) ~\/a — 3 (for a > 3). 

4. In general, the equality ” x» — x (where the left member denotes an 
arithmetical root) holds true only for positive values of x (and at x = 0). If n 

is anjwen number, then at a negative x instead of y' x" = x we have the equali¬ 
ty ’I x' 1 — —x. If n is an odd number, then at negative values of x there exists 
no arithmetical root at all. 

40. Grouping the last three terms of the expression in parentheses, factor it 
a 2 — />• — c 2 -f- 2bc = a 2 — ( b — c) 2 — (a b — c) (a — ii -f c) 

The given expression takes the form 

(a -f- c -f- b) (a + c — b) = (a -f- c) 2 — b 2 

01 

Ansteer: (a -f c)~ — b 2 \ 139 


225 


1 


47. The expression in parentheses is equal to- - . It is convenient to rover- 

Tl — 1 

se all the signs both in the numerator and denominator of the last fraction, and 
then to factor the numerator; the fraction takes the form 

(fl + n) (n — 1)(n 2 -Fn + l) 


a2-l 


n2 + /i+l 


Answer: 


n 


'iS. The denominator of the second fraction is equal to (1 -f x) (x — 2a). 
The parenthesized expression is equal to I + j. The given expression is equal to 


a (x —2a) x — 2a 


_1 

a 


Answer: — . 

a 


49. Answer: 
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& \ 30 

50. Represent the second addend in the form 3q _ t ~ • Reduce the paren- 

.. . ,, — 3 (2a 2 + 9a + 10) 

thesized fractions to a common denominator; this yields- fl { ., a _ j--J 

equating the trinomial 2a 2 + 9a + 10 to zero and finding the roots a,= -2; 

a 2 = — 4, factor it 


2a 2 +9a + 10 = 2(a + 2) (o + y) 


Now the expression in parentheses takes the form 

— 3 (a+ 2) (2a+ 5) 


Multiplying it by 


a (3 a— l) 

3a 3 + 8a 2 — 3a 4 a (a+ 3) (3a-11 

“: TT - ” (2 + a) (2 —a) 

!_ a- 


12 (2a + 5) (a + 3) 


Answer: - - -2 

51. Reduce each fraction, factoring both the numerator and denominator. 

ab 

Answer: — - ^ • • 

52. Factor tlie denominator of the second fraction and reduce the latter 

X y(x — y) _ 1 


x 2 +y 2 (x 2 + y 2 ) (x + y) * + y 


Answer: 


1 


53. After simplification the denominators of the fractions take the form 

-'■(* 2 + * + 1 >. and ^ 2 -* - ± lL 
3 3 

The given expression is transformed in the following way 

2 3/ 1 1 \_ x 2 + 1 __ x 2 +1 

T'T\ x 2 + x + l~"*" x 2 — x + 1 / (x 2 + l) 2 —x 2 x* + x 2 + l 

x 2 + l 

Answer: ■ 4 , x2 +T ' 

54. Factor the denominators of the first four fractions, reduce the first 
fraction by a —1. The expression in parentheses takes the form 

4 (a +1) 


2 (a — 1) 


a — 1 -*■ (a + 2) (a — 2) (a —l)(a + 2) + (a —l)(a —2) 


2 (a + 3) 


(a —1) (a + 2) (a-2) 
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This should be multiplied by the fraction . Factor 

CL* 

the numerator of the last fraction by grouping the terms, and the denomi¬ 
nator, as the sum of cubes a 3 -{-3 3 ; then this fraction takes the form 

36 (a— 1) (a-f-2) (a— 2) 

(a + 3) (a 2 -3a + 9) 

, 72 

Answer: —— 5 ——— . 
a 2 — 3a-{-9 

55. Let us denote the dividend (the sum of fractions) by A and the divi¬ 
sor, by B. Factoring the polynomials which enter A, we find 

, 3(x + 2) , (x + 2)(2x-5) 


Answer: 


Taking 


b 2(x 2 + l) 

A — X + 2 

2(x 2 + l) 

Then we find 


A _ _I V-t- T — V) 

2(x + l)(x 2 + l) 1 2(x —1) (x 2 + l) 
outside parentheses, we have 


3 

x + 1 


+-&) = 


(x + 2) (x 2 — 4) 

(x 2 + l) (x + 1) (X —1) 


B = 


2 (x 2 — 4) 

(x 2 +l)(x + l)(x-l) 
x-f 2 
2 ' 


Dividing A by B , we get — Ir— • 
x + 2 

Answer: —-— . 

m 

56. Let A ^denote the dividend and B, the divisor. Equating the trinomial 
x- — xy — 2y 2 entering the expression A to zero, we solve the obtained equation 
for one of the unknowns, say. for the unknown x; on finding x, = — y and 
x 2 = 2y, we get the following factorization of the trinomial: x 2 — xy — 2 y- = 
= (x -f- y) (x — 2 y). Now we have 

a _ x ~y x 2 + y 2 + y —2 


A — 


x ~y 


2y — x (* + !/) (x — 2y) 


Write in the subtrahend 2 y — x instead of x — 2y, simultaneously reversing 
the signs in the numerator of this fraction. Reducing the fractions to a common 
denominator, we get 

2x 2 -fy —2 
(2y — x) (x + y) 

In the expression B factor the numerator by representing it in the form 
(2x 2 -f y) 2 — 2 2 , and the denominator, by grouping x 2 -f xy and y -f x. Then 


B = 


_(2x 2 + y-f2) (2x 2 + y-2) 


(j + y) (x-f-1) 

Dividing A by B, we get —--ti- 

* b (2y-x)(2x 2 + y + 2) * 
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* + l 


AnSW ‘ r - - p,-»)(2^ + > + 2) • 

57. Factoring the polynomials contained in the given expression, we obtain 

(a + 2) (a 1) 


a n (a 


(a- 1) r 4(fl + l) 3 | 

-3) 'L 4(a + l)(a-l) a (a —1) J 


Answer: 


a + 2 


,Ti+l 


58. Let /I denote the dividend and B, the divisor. The numerator of the 
fraction A is 

4- l 4fl2 ( 6 + c ) 2 ”-1 ] = y [2a (b +,c)» •+1] [2a (b +,c)n.- 1 ] 


and the denominator 


a (n 2 — a 2 — 2a —1) = a [n 2 — (a -j- 1) 2 ) = a (n-f-a-j-1) (n —f 2 — 1) 


Leave the numerator of the fraction B unchanged and write its denominator 
in the form — ac(n — a — 1). 


A„ sw er: _JS L(* + Q« + m .. 

59. First method. Reduce all the fractions to a common denominator: 


be (b — c) — ac (a — c) -{- ab (a — b) 
abc (a — b) (a — c) (b — c) 


Having multiplied the binomials in the denominator, we get a-b — ab- 
+ b 2 c — arc + ac 2 — be 2 , i.c. the same expression as in the numerator. After 

reduction we obtain 4- . 

abc 

Second method. Rutting in the numerator of the fraction (a) a = /», we find 
that in this case the numerator vanishes. Consequently, according to Bezout's 
theorem, it is divisible by (a — b). The quotient is 


a (b — c) — c (b — c) = (b — c) (a — c) 

Thus, the numerator is equal to (a — b) (b — c) (a — c). 

Third method. Let us reduce to a common denominator only the first two 
fractions of the given expression. We get 

6 2 — be — a 2 -J- ac 
ab (a — b) (a — c) (6 — c) 

Grouping the terms in the numerator (the first one with the third and the 
second with the fourth), we arrive at the expression 

(b + a) (b — a) — c (b — a) = (a — b) (c — a — b) 

Now reduce the fraction by (a — b) and add the third fraction of the eiven 
expression. b 

1 


Answer: 


abc 
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60. The first factor is equal to . The expression in brackets is 


equal to 


(<z-f-x) 2 — 1 


2 ax 


a+x-1 
(fl + s + l)(g + *-l) 

2ax 


. Multiplying the given expres¬ 


sions, we 


find — . Substitute x =—, the numerator takes 

2ax a —1 


the form 


a' 


(a — l ) 2 


, the denominator becoming equal to 


2a 


Answer: 


2 (a—1) 

61. Let us denote the expression in brackets by A and the expression in 
parentheses, by B. We have A : = AB. Getting rid of the powers with 

negative exponents in the expression A, we have 

2b 2 —'Mb — 2a 2 (6 — 2a) {2b + a) 6 —2a 

•‘ 1_ a (a-r 2b) {2b-a) ~ a (a + 26) (2b-a) ~ a(26-a) 


Transforming B , we get 


B -- a n 


( 




6a 2 
2a —b 



b (a — 26) 
2a —b 


Finally, we find AB — a n ~ l b (reverse the sigus of the terms both in the numera¬ 
tor and denominator in one of the fractions to be multiplied). 

Answer'. an~ l b. 

62. 'I’lie numerator is transformed to the form a 2 — 6 2 , the denominator, 
to a -}- 6. 

Answer: a — 6. 

Note. For the roots to be arithmetical ones, the numbers a and 6 must not 
be negative. 

62. The first radical is equal to 


f (a — 6) 3 (a -j- 6) 2 = (a — b) ] (a-j-6) 2 
Answer: b (a 3 — 6 3 ). 

Note. It is assumed that a > 6 (otherwise the first root will not be arithme¬ 
tical). 

64. This is an exception from the rule considered on page 90 which states 
that radicands may have only positive values. The thing is that the radicand of 
the cube radical is always negative. Indeed, we must consider the expressions 
~[/M and \/2x (which have real values only forx > 0) to be positive (otherwise 
the expression 2 yiTx — 4 ~\/2x loses its uniqueness). But then the difference 

2 V(5x — 4 V 2x = *l/24x — V32x is negative. 

And so, we admit that the radicand of the cube radical is a negative number. 
Then the cube root itself has a negative value. Prior to applying the rule for 
transforming radicals, we have to accomplish such a transformation: 

Y'2 y^-4 vm=- V 4 y^-2 y^ 


Now the radical on the right is an arithmetical root. After reduction to the 
same index as that of the first of the given factors we obtain 

- y 4 y 2^ - 2 y'M =-Yu y 2^- 2 yoy T — y s»(7—4y3) 


Chapter II. Algebraic Transformations 


97 


Multiplying the roots, we get: — 64x 2 [49— (4 "\/3> 2 J = — 2 ]* x. 

Answer: — 2 f x. 

Note. If no attention is paid to the fact that the radicand of the cube 
root is negative, one obtains the wro ng answer 2 ) x . 

65. The first radical is equal to > (a-j -1 ) 4 ( a — 1). Taking the factor (a + 1) 
outside the radical sign, we get | a1 | > a— 1. The given expression is 

equal to _ 

a . . , j - 7 1 / — 1 

T 1 " 1 11 r ' (« + l)(« + 2) 

Bring the radicals to a common index: 

a_ |q + 1 | Vffl — lp 

2 (a+l)(a + 2) 

If the number a-f 1 is positive, then |a-fl| = a + l, and on reducing, we get 
a } (a —1)3 
2 a-f 2 

Note. The number a -f 1 is just positive. Indeed, since the radicand 
(a -f l ) 4 (<; — 1 ) is assumed to be positive (or equal to zero), and the factor 
(« -f- l ) 4 is nonnegative in all cases, then a — 1 ^ 0 , i.e. a ^ 1 , and under 
this condition a - f- 1 ^ 2 . 

, « > (« — l) 3 

Anmer: T o+2 ' 

66 . Assuming all the roots to be arithmetical, bring the factors 

(1 +n)rn~a „ r , */ __ V3 _ {/ V3^_ 

y ita \ 9 -f- 18a -1 -f- 9a \ 9(l + a ) 2 

to a common index 0. The first and second factors take the respective form 


r. 


i/ -iht 


«) 3 (i+«) . •;/ 

27a 3 ’ V 


3a 4 


81 (1 +a) 4 


1 


Multiplying them, we get —y a. 

Note. The first factor is an arithmetical root only if a > 0 (if a < 0, the 
radicand is negative, at a = 0 it loses its sense). The second factor is an arithme¬ 
tical root at any a (except for a = —1). Consequently, the quantity a may have 
any positive value. 

a 1 «/— 

Answer: — j a. 

• J 

67. Place al> under the first radical sign. The given expression takes the form 

1 


i/a-6- 


y --b 




Note. For the given radicals to be arithmetical roots the following condi¬ 
tion must be observed: a ^ b. The case a = b is excluded, since the second 
factor loses its sense. 


7-01338 
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Answer: 1. 

68 . Rationalizing the denominators, we get 


(yb — H)(y(j + ll) = _li5 


Answer : —115. 


69. The dividend is equal to A—l-— ~ ^ a l> ; the divisor, to 
y<i —6 + y a + b ~\/ a — b 

~[/a — b b 

Note. For all the given roots to be arithmetical the following three conditions 
must he simultaneously satisfied: a 0 , a — b ^ 0 . a b ^ 0 (they may be 
replaced by the following two conditions: a ^ 0, | b | < | a | ). 

1/ a — b 


Answer: 


70. The dividend is equal to —^—; the divisor, to — 

b—a b- — a 


; the quo- 


tient, to . The quantity a may have any positive value; b may have any 
value, except for ± ~\/a. 

Answer: — . 

O 

71. The numerator of the first fraction is reduced to the form 

(y 1 -r «0 2 -r(Vl — e)~ [ 1 -f a | A -1 1 — a | 


yi-a 2 


yi- fl 2 


If the expressions 1 -{-a and 1—a arc positive, then (see Preliminaries 


. Under the same 
2a 


on page 90, Item 3) the numerator is equal to - ~= 

yi-«* 

condition the denominator is equal to ^ ° ^ ^ —?-!—=—_ 

y i -y i - 

fraction is equal to —, and the given expression, to 0 . 


the 


Note. For the radicals contained in Ihe given expression to he arithmetical 
roots it is necessary that the quantities 1 -f- a and 1 — a he of the same sign. 
But it is impossible that both of them are negative, since 1 -f a < 0 if a < — 1 
and 1 — a < 0 if a > 1, but these conditions are incompatible. For the quanti¬ 
ties 1 -f a and 1 — a to be simultaneously positive the following condition 
should he fulfilled: — 1 < a < 1 , i.e. | a | < 1 (the values a = ±i are exclud¬ 
ed, since at each of them one of the given expressions — , j—- loses its sense; 

the value a = 0 is also excluded, since the fraction — loses its sense). 

• a 

Answer: 0. 
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72. Substituting x = — j into the expression ~[/x 2 — I, wo get 

v~ l - /fl-yy 7 - /TFT?- t I - 4- 


Since, by hypothesis, a> 1, then a- —>0. Therefore 


Similarly we find 


vp=i-4-(*-t) 


Substitute the values of the radicals found into the given expression. 


Answer: 


a-b- -f- 1 * 


2 am 


73. Substituting x — , —r— into the expressions V'a bx and 

_ 6(l + m z ) 

~\/a — bx , we find 

yM^ = |/«+ T ^ r = |1+m|]/ 


and 




Since 1 -f- nr is always positive, then a rrtust also be positive (at a < 0 
both roots are imaginary; at a = 0 they are equal to zero and the given expres¬ 
sion is indeterminate). Since, according to the additional condition, | m | < 1, 
then both 1 -j- m and 1 — m are positive. 

The given expression takes the form 


(!+"') - r ^+0--’0j/ T j 2 g 

('+"■)/-n^r-d-n) 


Answer: - (for <z>0). 

m 

74. The problem is similar to the previous one. We have 

i -L _L ._ t 

t 2mn \ 2 2 V(n — l) 2 2 I«—1| 

= m -—— = tn -- 


— ( 2m n \ 2 

♦ I 

Since, by hypothesis n<i, then 


V" 2 +l 


V« 2 +l 


y« a +i 


7 * 
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By analogy, 


l 4- 


(m + x) 


m 2 (!-{-») 
1/rTMTi 


Answer: —. 

n 


2 T/ fe 

73. Substituting a = — into the expression i—z 2 , we get 


i+* 


1 — X 2 = 


(l_f-fr) 2 -4fc (1—ft) 2 


<l+*> 2 


(1 + *) 2 


JVovv we find 


(1—**) 2 =1:Vi-^ 2 =-|{4f 


Since, by the additional condition, ft>l, then the quantity 1+A- is positive 
and 1 — fc, negative. Therefore (1 — x 2 ) 2 = -y^j- • Inside the first brackets 


we get 


A—1 


, inside the second. 


1 


k — 1 
1 


. The given expression is equal’to 


(tM 2 + (it=t) 2 = 


V k — 1 


V* 


Va-i 


Answer: 


7G. The expression in the first parentheses is equal to 4-^-jr ( the 


id 


exponent —2 refers only to the numerator of the third addend!). Simplifi- 

... -(«-l) 2 — (1 — a ) 2 

cations yield - 


4a 

The expressions 


or 


4a 


f (a-f-l)-3= and (a 4 1) 2 = V(a -f 1)3 

will bo arithmetical roots only if a> —1. At this condition the radical 

V(a 2 -l)(a-l) = V(a-l) 2 (a-f-1) 

will also be an arithmetical root (since the factor (a —1)2 cannot be nega¬ 
tive). The equality 

y(o-i)M«+i)=(«-‘) V“+i 

is true only for a 1. If a<l, then 

V(a —l) 2 (a + l)= —(a —1) Ya + I 

(see Preliminaries, Item 3, page 90). 
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The given expression is equal to 

(a l) 2 


4 a 


a — 1 a -f- 1 

- <* + l |« —1 I _ 


Aote. At a = ±l the expression loses its sense. 


Answer: 


for a > 1; - (a2+1)(1 - 0) 


2a(a + l) 


«+ 1 

MO. 

77. The given expression may be represented in the form 


for — 1 < a < 1. i.e. for 


2 






2 a .r 


It is assumed that x 2 —a 2 > U, i.e. | x | > | a | (otherwise the root 1 S- — <i- 
will not be arithmetical, the case |x| = |a| is excluded, since the second 
radicand loses its sense). 

The first factor is reduced to the form 


2 i x 


, j2 , fl2 - = 2 | z | ' 2 - 2 ‘ 2 


Vx2_ fl 2 ' • y x 2_ fl 2 

(since x 2 — a 2 >0, then |x 2 — a 2 | = x 2 —a 2 ). 

The expression j/ ^_2 —> s transformed to the form 


/( 


x 2 — 2o 2 \ 2 |x 2 —2a 2 | 

'/ I « I I 


ax 


Here llie numerator can be written in the form x 2 —2 a- only if x 2 —2a 2 >0, 
i.e. if | x | > | a | y 2. 

Now the given expression is written in the form 


2M 


j - — 2a 2 y x 2 — a 2 | a | • | x 


1 /x 2 — a2 2ax | x 2 2a 2 | 

Taking into consideration that | x |-| x | = | x | 2 = x 2 and reducing, we obtain 
x 2 — 2a 2 | a | x 2 — 2a 2 I a 


a 


| x 2 —2« 2 | 


x, or 


a 


x 2 —2 a 2 


x, which is the same. 


/1/meer: If |x|>|a|, the given expression is equal to ± x; the plus sign 


is taken when 


x 2 — 2« 2 


a 


9 ^ *> 

> 0, and the minus one, when--— <o. 


2 

If - ~7 ~ n — u, i.e. if | x | = | a | y2» the given expression loses its sense. 


a 


78. Get rid of negative exponents. The numerator takes the form 

■ 2a6, 


2 ab \ a ^ 2ab ~[/b 


Va-\'\/b Va + yi 
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the denominator becomes 


2ab 


i „ i^ + . 

'a4-"l/a6 64-l/a6' 


4*1 /ab b-{-~\/ab 

Noting that 

a + V^ = Va(Va4-V6) and 6 -f Y^b = Yb {~[/b-{- Ya) 
represent the denominator in the form 

2ab ( ————— -—+ -—)=-^L = 2 

V y a (V a+Vb) yb (Va+ V6) / y ab 

Now the given expression is equal to 


2a 6 


2 yab 


=r=y^ 


.-Insider: ya6. 

79. The expression in the first parentheses is reduced to the form 


2V 


ax 


y a +x(y a +Vx) 

Raising it to the power —2, we get 

(q-f-T) (y a-{- yx) 2 
4 ax 

Similarly, the expression in the second parentheses is reduced to the form 

(a + x) {ya — yx ) 2 


When subtracting, factor out 

the parentheses). 

, a-l-x 

Answer: —— . 


4 ax 

a+x 

4 ax 


(simplifications yield 4 yax inside 


V 


ax 


NO. After simplification the last addend takes the form 


a 


2 y x 2 -}- a 

Reducing all the fractions to a common denominator and summing, we get 

A<£!±£L = V ^ 

2y T 2 +a 


Answer: yx--\-a. 

Hi. Ansiver: 2 (x -f- yx 2 —l). 

3 i 2 _ i 

N2. Inside the brackets we have a “6a 2 60 ' = a 3 6'-. The given expres¬ 
sion is equal to a~*b 6 . Substitute into it 

V2 


a = 


and 6 = 


1 

i'2 
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Answer: 1. 

83. We represent the given expression in the form 



1 + ttti and 


a 4- 1 


make the following substitutions 

1 


6+1 


a = 


— = 2— \ 3 and b — 


1 


2 + V3 

We find a +1 = 3 — ~V/3, a 1 ^ “ ■ and so on. 


2-1/3 
3 + 1/3 


2+1/3 


.-t/zsiccr: 1. 


84. Answer: yx- — 4x. 

85. Answer: n. 

80. For all the roots to be arithmetical it is necessary that z — a 2 > 0. 

4 \/~ x T/x — 

The expression in parentheses is leduced to the form-— 


«2 


The given expression is equal to 

~\/x ( _^ _ a 2 

^2 * v 4 1/ x l J ~ 4(.f —<i2, 


Kz 


^ 4 nsu;er:-;-77 . 

4 (z — «-) 

87. The denominator ol the second fraction is equal to 


1 

X- — 1 - tx-) 3 — 1 ^ (X- — 1) (Z + X i + 1 ) 


1 


Answer: x —1. 

88. The dividend is equal to 




1 1 - I i i z 

(2 2 ) 3 + (3» 5 ) 3 = (2* + 3/) (2—3.2V + V): 


l Jl 

the divisor is equal to 2 2 + 3y 5 . 

Answer: 2 — 3 *j! 32 y 2 + U ^ y 2 . 

Hi). Let us get rid of negative exponents in the second term by multiplying 
both the numerator and denominator by « 2 . 

We obtain in the numerator « 3 —t, and in the denominator 

1 1 3 1 Ji _ l_ 3 

a-(a 2 —a 2 ) = a 2 \a 2 (a~—a 2 )J = a 2 (a — 1). 


On reducing we get 
a —1 


u- 


a + 1 


a 


•»/2 


Similarly, the third term is equal to 
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90. The dividend and divisor are respectively transformed to the form 

3 3 1 

a 2 -\-b 2 (a — b) 3 

2 2 ’ 2 3 T 

a 3 (a —by* a 3 (a 2 — b) 2 

3 3 3 3 

Taking into account that (a 2 -ffe 2 ) ( G 2 _6 2 ) = fl 3_fc3 } we obtain the quotient 

a 2 -\-ab-\-b 2 . At a =1.2 and b = -^~ we get 2.52. 

d 

Answer: a 2 abb 2 \ 2.52. 

91. Removing brackets and collecting like terms, we represent the dividend 

1 i 111 1 i 1 

in the form 6<zV+ 96 = 36 2 (2a 2 -f 36 2 ); and the divisor, a 2 (2a 2 -\-Zb 2 ). The 
quotient is 3 ; at the given values <z = 54 and b = 6 it is equal to 1. 

Answer: 3 ; 1. 

92. Multiplying both the numerator and denominator of the given fraction by 


[(a-fi>) --j-(a-fe) “][(a_)_i) 2 —(a —6) 2 I 


we get for the numerator 


l 

o 


[(a + b) - —(a — b) 
and for the denominator 


_l 

2 


1 


) + !(« + &) 


O 


2 + («-fc) -] = 2 (a-j-6) 


2 


y 

2 


l 

o 


[(a + fe) *-(a-b) *-] — ((« b) 2 ] = — 2(a — b) 

Answer : — l/"-—. 

V 


1_ 

O 


93. The first factor of the subtrahend is reduced to the form 1 
we have 


— a 2 , then 


l ~ _ A 

tf 2 ( i_ a 2 ) - 2__ (1 — Q-> ((1 — a-) 2 -f a-(l— a 2 ) L ’| 

1 — a 2 

Reducing the fraction by (1 — a 2 ), we obtain 

_i A _! J 

a 2 ( i_ fl2) 2 — (1 — a 2 ) 2 — a 2 ( ! — a 2 ) 2 =-(l- a -) 2 


-•1 nswer: — ~[/1 — a 2. 
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94. The given expression is equal to 
_ X 3 — 1 _ V1 -r J 2 _— 1 _ 

Vi(*+i)(*2+i) ‘ (i+x2) v/rp^ 

x 2 _l 


Vx(*+l)(x2 + l) V^(l + x2) -r+f 


Answer: 


x+1 ‘ 


95. The numerator of tlie third term is reduced to the form'/? 2 (/? 2 — x-) 
The denominator is equal to IT 1 . The given expression takes the form 


(7?2 _ X 1 ) 2 — X 2 ( R 2 — x 2) 2 + /?2 (/?2 _ x2) 


= (7<2 — *2)2 + (RZ _ x2) ^ 2 {/?2 _ j2 ) = 2 ( R2 _ r 2)2 

j4nsuvr: 2~\/ R 2 — x 2 . 

90. The first and second addends are reduced, respectively, to the form 


P + <1 . 

\ \ ’ 

pq (p 2 + g 2 ) 2 


2 (p 2 + ? 2 ) 

1 1 i 1 

•> , 0 o 9 9 

/i- \3 


o. •> o 


(P' + ?') 3 PT (/■»“ + 9 “) 2 P“ 9 “ 


Reducing these addends to a common denominator, we get 

£ t 

p-i-<? + 2pV 
![_ _1_ 

/’<7(P 2 + <7 2 ) 2 

£ 1 

The numerator of this expression is equal to (p 2 -f <7 2 ) 2 - 
Answer: —. 


97. Introduce here fractional exponents. Factor out a 3 in the expression 
2 I 2 12 

a -j- a 3 x 3 , and x J in the expression x-f-a 3 x 3 . Then the numerator of the 
first fraction will he 


1 [ 


«•’ 4 « [a x ) (a — x J ) 

*» * o — n 
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1 


1 


and thus the first fraction is reduced to the form 


expression takes the form 


l ] 

* 3 -f* 3 


1 


l 

3 


2 

.3 


1 

.3 


2 


a 3 -f * 3 

2 

_3 


The bracketed 


Answer: 


** * 


98. Represent the binomial a — ~\/ax in the form The 

numerator of the fraction will be 

(l/a-j-l ) 2 —~V a = 

The denominator is equal to 3(a-j-]/a-f-0* 

Answer: 27. 

99. Get rid of j negative exponents; reduced by 2a —3, the first addend 
takes the form ^ ; reduced by a — 1, the second addend yields a ~^ 


a 1 '* 


a 


V 2 


Answer*. 0 a. 

100. Take a — b outside the brackets in the first factor. The quantity 
1 b cannot be negative (otherwise the roots are not arithmetical). 


a — 6 


The given expression then takes the form 


(a —6)2 




Answer: 26 (a — 6). 

101. Represent the dividend and divisor, respectively, in the form 

a ~[/ab a ~\/b y^b (| a — y b) 

a-j-\/a& ~\/a-\- '\/b ’ a — ^ 


The quotient may be reduced by ~\/b) (} r a — {/£), taking into 

account that 

a^b=(\/a + Vb)(Yi- Vb) = (Yk + Yb)(Ya + Vb) 

Answer: a> 6 ({/ a-f*| 6). 

102. Represent the given expression in the form 


(Va) 3 + (Vfc) 3 . a- y/a V6+6 1 3 
y« ’ Va(y/a —V6) 
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Factor the numerator of the dividend as the sum of cubes. On reducing 
we have in the brackets 

(V«+yt)a/s-y i)=a~b 


3 


Answer : \ (a — 6) 2 . 

103. Reduce the fraction 


o 3 — 
z v x 


by y x. The bracketed expression 


an 


/ *»/ 

x f x — 4 y x 


1/' ^ i 2 _ 

is reduced to the form -^— . Reduce this fraction by 1 x + 2- The 

given expression is equal to 

( y - 1 _ 2 V(^+4) 5 = <V^ — 2) a —i J + 4| 

It is assumed that x>0 (at negative x the root » x will not be arith¬ 
metical; at x — 0 the given expression loses its sense). Therefore x-j-4> U. 

Answer’. —4 \/x. 

104. The bracketed fraction is equal to 

2(V* + Vy) 2 

V* (yi+yj) yi 

The given expression is equal to 

Answer: 32x. 

105. Factor out > ax in the numerator of the first fraction. Taking into 

account that { x 2 — > a 2 — l^x — ~[/a, reduce the fraction. The first factor 
takes the form 


4 — , 1 -+■ T ux 

— ) ax 


h^j- 2 =(^U)-V-y^ 

I ax ' | ax ' 


ilinnetical root, 


The second factor is J . Since is an ari 

the expression is always positive. 

100. The quantities a and c must be positive. Therefore, the denominator 
of the first fraction, which is reduced to the form 


V2 (a - fc 2 )® + 8a'* 2 = V3 (a + 62 ) 2 , 

is equal to y2 (a -f 6 2 ). The numerator of this* fraction is equal to \ 3 (*/ j 
The second fraction is — ^- 7 =- • Vac. 

V3 
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Answer: — ~\/ac. 

107. The minuend is equal to 


{]/i+[A i_n} 


-c 


a 2 


The radicand of the subtrahend is equal to (fl 2 -fi 2 ) 2 the quantity a 2 -f x 2 
being positive. 
i4/i5u?er: —1. 

2 t/jf 

108. The bracketed expression is equal to ,1 —— ; raising to the 


y x _y a 


power—2, we get ^ ^ 7 - ° ^ ■ . On reducing by V x + the divisor is 


4 yx 


equal to 


V* - V “ 


Ansirer: 


V* - y« 


V* 

109. Factor out > x in the numerator; reduce the fraction; the given expres¬ 
sion takes the form 

(2j' T) 3 + 4x-|-4 + (V x + 1) 2 = ^ + 10 Vx-f-5 

.lasuvr: 5 ( l/x -}-1)". 

\ 

110. In the first fraction transpose x * from the numerator to the deno¬ 
minator (with a positive exponent); the fraction turns out to be equal to 

3 3 

- . Heducc the second fraction by x . The given expression takes the form 


x — l 


(-1 _ 

\ x — 2 x-1 ) \ 3x— 2 / 


1 — 2x \ -1 (x— 2) (x — 1) 3x — 2 


2x— 1 


1 — 2x 


Answer: 


2x— 1 • 


1 


111. The first factor is equal to —-. Squaring the bracketed expression, wo 


get 2a 2 — 2a b. 

Answer: 2 (a — b). 


t 1 


112. Cube the difference >'x — j! a = x 3 —a 3 ; the numerator of the fraction 
is equal to 

2 1 12 1 2 [_ 1 2 
3x — 3x 3 a 3 -f-3xV ! = 3x :f (x 3 — i'V-fa ;l ), 

the denominator being equal to 
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11)0 


1 

.3 


Reducing the fraction, we get--. The given expression is equal to 

a 75 


1 V 3 


V 


2 

((a+ x) 3 ] 3 : a = 1 


Answer: 1. 

113. The numerator of the first fraction is equal to 

« + 2 VS6-36 = (ya ) 2 4-2 ~[/a V 6- 3 (V6 ) 2 = (V a + 3 V 6) ( V ,7- \//T) 

/l«su)cr: -^r- . 

Zb 

114. The denominator of the first fraction in parentheses is 

Ill 1 till 
(a 1 ) 2 + n-b 1 - G (6 2 ) 2 _= (a 2 - 26 2 ) (a 2 + 36-) 

1 l 

The denominator of the second fraction is equal to (« 2 +36 2 ) 2 . The numerators 
are factored in a similar way. 

Answer: - — . 

a — 96 

115. Reduce the fraction in parentheses by Y a -\~Yb • The first of the 
fractions entering the given expression is equal to 


3 \/a (a — f ab -f- b) 


1 


3Va((Va) 3 + Cl/6) 3 l ' Y* + Vb 

The second fraction is equal to 

V a iYb—Y 1 *) _ 1 

V a (o — 6) Y<* + Y^> 

Answer: 0. 

11G. Answer: 3. 

117. Get rid of negative exponents. Factor the expression 

3 3 \_ l 

ar — b~ = (a 2 ) 3 — (6 2 ) 3 

Answer: 1. 

118. Transforming the first bracketed addend, we get 

_ 1 — a 2 _ 

Y a (( 1'» ~l a + 11 l( > a) 2 — i a + 11 
The numerator of this fraction is equal to 

( l - a )( l +*) = [ l _(»^) 3 ][ 1 + (^) 3 ] 

Factor the sum and difference of cubes. 
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Answer: a. 

119. Factor out > a in the numerator of the fraction. The multiplicand 
is equal to y a — ^ x, and the multiplier, to 

Answer: 4 (a — x). 

120. Represent the fraction in the form 


VaKVa = y - + y~ J/J + 3^5) 

~V a > b 


The expression in the first parentheses (the dividend) is equal to 


Vfl {a -f 2 y a y b + l b-) = V a (~[/~a -f J ' b ) 2 


The divisor is equal to a {~\/ ab). 

Answer: a. * ^ __ 

121. The denominator of the minuend is equal to y« y^x (ya+y x )» an ^ 

the numerator, to ~[/a { x [(Ya) 3 + (} 'x) ;{ |. Reduce t he minuend to the form 

a — y a Yx 4- y X. The subtrahend is equal to \'_(a + '\ / x ) 2 = \a -f yx|. 
Instead of the latter expression we may write n-f y*. since a-\-~\/x is a posi¬ 
tive quantity (the quantity a cannot be negative, since the given expression 
contains V ")• 

Answer: a-x. _ ^_ 

122. The factors of the denominator are equal to l-j-> x and 1 — y x. 

The numerator may be represented in the form — x(l — y x). 

Answer: —x 3 . 

123. The numerator of the bracketed fraction is equal to 


4 

V 



a + Yb) + b {' !*“ (> a 


+ys)=({ «+yi;)[(ys) 8 +(yr) s ]= 

=(i«+y s) (i«+y *) <y s- y»+») 


The given expression is equal to 

v«<y«»y»)"*+-r y 

l b— y a 



Answer: 0. 

124. The numerator of the minuend is equal to 


(r«) 3 +(? ^) 3 

(i’-VM i x) z 


V OX 


OTa-Vx) 


/ 3 /*“ 3 /—\ 2 

(> a — I 0 



a — 

> * 


« 6 
Answer: | a. 

125. First add the first two fractions; the common denominator is equal to 


t 


l 


l 


i 


t 


[( <i /| -M) + a 8 ][(<* # -i- l)-fl s ]-(a* l 4-l) 2 -a i = a- + fl 4 + 1 
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We get 


2 (a 1 4-1) 

£ _i 

a 2 + a 4 + l 
l 

tor is a-fa 2 -f 1. 

4 


. Now subtract the third fraction; the common denomina- 


Ansiver: 


1 

.2 


» +1 

126. J/V2-1/'3 + 21/2 = /' (V2-l)-(3 + 2V2)=I. a similar 

transformation is performed in the denominator. The,, literal radicand in the 

numerator is equal to O/x — 2) 3 . The fraction 


x — Vx 


Vx-l 

V —i* 

u4nsu>er: 1. 

127. The numerator of the first fraction is equal to 


is reduced hy 


a- y a°b 3 -f ab y a^b 3 = a (a -f- b) j a^b 3 


The denominator is transformed to the form a ) (b — 2a)|{ a 3 b 3 . Thus, the 

•1 

first fraction is equal to -jLLJL. The dividend in parentheses is equal to 


3a 2 


«g =- 2°) (3-D • DiViJi " g “ by 3 S' we 0btji " jt= jg7rj3) » Sub.ro- 


_.. ab . a (3a 2 + 2ab — ft 2 ) 

cting then —— r , we find —^--. 

a + b * ( a + b){b — 2a) 


The given expression is equal to 


3 — 


2 

3 


a\ a a J a(3a — h) 3 

— = y « 


b — 2a 


b — 2a 


2x -\-a 
2x-n 


Answer : y' a. 

128. The multiplicand is equal to 

brackets is equal to ]/2x — a. 

Answer ; 2x-f-a. 

12!). Answer: |/2. 

130. /lnsu;fr: ——-— ; —. 

x(x— 1) 

131. The minuend is equal to —, and subtrahend, to 

Answe ' : irhb • 


The expression in the second 


(a + ft) (a + 2ft) * 
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a . 6 2a-\-b 

132. The first addend is equal to ; the second, to — • a + b . 

a -[-6 

Answer: -. 

a ^ 

133. Tlie first addend is equal to ; the second, to —. Answer: 


1 


134. Answer: 


2b—a 
2 b+a • 


CHAPTER III 

ALGEBRAIC EQUATIONS * 

135. Write the fraction C>b ^ 7 °- in.the form 1-f-^-y. T,len llie § iven 


equation takes the form 


a (b — 3a) 

262 ( b—a) 3 _ 0 6 


/ a 

y = !TT 


whence y = 


76 (b — a) 

3 (6 — 3a) • 
lb (b — a) 


x = 


,l„ s wr: * = :)((,- 3a)- 

136. Get rid of the denominator (the common denominator is a- — b-). 
Answer: x = 0. 

137. Solving the given equation by the general method, we get 

3 a6c-j-a6 (a-|-6)-r6c (6 + e)4~ fg ( c 

ab-\-bc ca 

This fraction may he reduced by factoring the numerator (represent the ex pres- 
sion liabc in the form of the trinomial abc -f abc •+- abc and group each of the 
successive terms with abc). We get 

x = a b -f" c 

The solution is simplified with the aid of the following artificial method. 
Represent the addend J: ~ in the form z ~ (o ~ h - + — ] -f 1 and perform 


* In solving problems of the present chapter we do not consider singular 
values of the known quantities, at which a given equation loses its sense or has 
no solution, or acquires more solutions. 

For instance, in Problem 135 the given equation loses sense at 6 = 0 and 
at /, _ „ = u, since at 6 = 0 the denominators of the first and second terms 
vanish, and at b — a — 0 the same happens to the last term. Furthermore, at 
a 0 the given equation has an infinite number of solutions, because it takes 
the form 1 = 1, becoming an identity. Finally, at 6 = 3a the given equation 

has no solutions at all, since it is reduced to the form 0 -y = — . 
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similar transformations with the other two addends of the left member. The 
equation takes the form: 


[.-<« + » + «)] (1+1 + j )=0 


Answer: x = a + fc + c. 

138. The common denominator is 6 cd (2c-{-3d) (2c— 3d). 

. c (4c 2 — 9d 2 ) 

Answer: 2= 8 c 2 + 27d2 • 

139. Represent the fraction ^ in the form ( to °b tai n 

the same denominator as in the next fraction). It is advisable to transform 

x — 1 1 — x 


the fraction 


to 


. Transpose all the terms to the left and group 


n — 1 1 — n 

them (the first one with the fourth, and the second with the third one). 
We get 


(1 




0 


Transforming 

nator. 


11 2 

+ - r - : — to the form -—— 7 ^- , we get rid of the denomi- 


1 — n 


l+n 


1 — n- 


Answer: x — — . 

4 


140. Transpose all the terms containing x to the left side of the equation, 
and all the known ones, to the right side. Reducing each member to a common 
denominator, we get 

( 3 ab+l)(a + l) 2 -(2a + l) _ 3ab (a + 1 ) 2 + a 2 

(a+ 1)3 


or 


a (a + 1; 2 


3 ab (a + l) 2 + a 2 + 2a + 1 — 2 a — 1 ^ _ a |3b (a + l ) 2 + a] 


a (a + 1) 2 


(a+ 1) 3 


Whence 


a (3b (a + l ) 2 + a) _ a [36 (a + l ) 2 + a] 

JL —— 


a (a + 1) 2 


(a+1) 3 


Reducing it, we find 


x — 


a + 1 


Answer: x = 


a + 1 


141. Group the terms as in Problem 140; on transforming we get 

ab [3c (a + 6) 2 + afc] a [3c(a + fc ) 2 +afc) 


(a + b ; 3 


a (a + 6) 2 


8-01338 
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Answer: x = 


ab 


a-\-b 


142. The common denominator is (a-f b) 2 (a — b). 

m (a + b) 

Answer: x — — 


a 


143. Rewrite the fraction 


m 


in the form 


(- 


mz 


)■ 


Then the common 


m 2 — z 2 .. V z 2 — m~ 

denominator is mz (z 2 — m 2 ). Getting rid of it and collecting like tenns, we get 
m 2 z- — 4m 3 z = 0. This equation has two roots: z = 0 and z = 4m. But when 
rejecting a denominator containing an unknown quantity, extraneous roots may 
appear; and namely, these are the roots which, when substituted into the com¬ 
mon denominator, nullify it. In the given case z = 0 is an extraneous root. 
It docs not satisfy the given equation, since the first and third terms lose their 
sense at z = 0. The root z = 4m does not nullify the common denominator, 
therefore it is not an extraneous one. 

Answer: z = 4m. 

144. The common denominator is 6 4 —x 2 . Getting rid of it, we obtain 
2x (a 2 -i- 6 2 — 2afc) = 2(a 2 — 6 -), whence x=-^-^ . There are no extraneous 

roots, since the denominator 6 4 — x 2 does not vanish at x= 


a — b 


Answer: x = 


a -}-fc 
a — b 


145. The common denominator is (i--a 2 )(i-fn), Getting rid of it, we 


n 2 


find x — —. At this value of x the denominator does not vanish. Hence, 
a 


n 2 


x= — is the root of the given equation. 
a 


Answer: x = 


« 2 


146. Rewrite x-f a -1 in the form x-f. After transformations we get 


2a 


ax-f -1 ax-fl 


x 

~ 


Reducing by ax-j-1, we find x = 2a. 

Note. The reduction by ax- f 1 is possible, provided ax-f 1 is not equal 
to zero. But at x = 2 a we have ax-f-1 = 2a 2 -f-1 > 0. Therefore, the obtained 
root is not an extraneous one. But suppose, for example, we have the equa- 
•> a 2 x 

tion ———, in this case the reduction by x— 2 a would also 


x — 2 a ’ x — 2 a 

give x = 2a. However, this root is of no use because the fractions 


2 a 


x — 2 a 


and 


x — 2 a 


lose their sense at x = 2a. Tlius, the equation 


2 a 


x — 2 a ' x — 2 a 


— — has no solution. 
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Answer: x=»2 a. 

147. Rewrite the equation in the form 


a-\-x a — x _ 3a 

a 1 -j-x 2 -f -ax a 2 -}-* 2 — ax x ( a * 4 ~ a2x2 4 " x4 ) 

The common denominator of the left member (a 2 -f x 2 -f ax) (a 2 -\-x 2 — ax) 
may be transformed to 

(a 2 4- x 2 ) 2 — (ax) 2 = a 4 4- ° 2x2 4" x * 

We get 

2a 3 _3a_ 

a*-\-a 2 x 2 -\- x 4 x (a 4 4* a 2 x 2 4--z 4 ) 


Answer: x = ——. 

148. Transpose the terms containing the unknown to the left side of the 
equation, and the constant terms, to the right: 


(a — b— 1) ~[/x = (a 2 — b 2 ) — (a 4- b) 


After factorization of the right member we obtain 

(a — b — 1 ) ~\/x =(a-\-b)(a — b — 1 ) 


Whence we have ~[/x ==a-{-b. 

Since the expression ~[/x means the positive value of the square root, for 
a 4 -b <0 the problem has no solution. 

Answer: x = (a -f- b) 2 (if a4-6>0). 

149. Getting rid of the denominator and collecting like terms, wo get 
2x 2 4- 6ax 4- 3a 2 = 0. 


Answer: xi = 


a 0/3-3) 


a 0/3 4-3) 
Xl " 2 


150. The common denominator is 4(x4 -b)(x — b). Simplification yields 


12 x 2 — \bx — 6 2 = 0 


Answer: x, = y ; x 2 = — y . 

151. The common denominator is (x — a) 2 . Getting rid of it, we obtain 

(x — a) 2 — 2 a (x — a) 4 - (a 2 — b 2 ) = 0 


From this quadratic equation we find 

x — a = a ± b 

Answer: x t = 2a-\-b: x 2 = 2 a — b. 

152. The common denominator is be 2 (a —2b). Rejecting it, we get 

(cx) 2 — (a — 2b)’ (cx) — b (a — b) =0 


From this equation we find 


cx — 


(a — 2 b) ± a 
2 


8* 
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a — b b 

Answer: Xi=-*, x 2 =—— • 

C V 

453. Rejecting the denominator, we obtain the equation 4x(x —a) + 
-}- 8x (x -f a) = 5a 2 or, after simplification, 


12x 2 -J-4ax— 5o 2 = 0 


, a r 5a 

Answer: x t = y; 'x 2 =-g- • 

154. The common denominator is n(nx — 2). After simplifications the equa¬ 
tion takes the form 

(n —1) x 2 — 2x— (n + 4) = 0 


Answer: xy = n _ ~|~ > x 2 =—f • 

155. The common denominator is a (a — x) 2 . After simplifications we get 
the equation 

(a -j- 1) x 2 — 2ax + (a — 1) = 0 


Answer: x t = l; x 2 = 


a —1 

7+T 


156. The common denominator is (x — a) 3 . Getting rid of the denominator, 
-we obtain the equation 

(x - a) 3 - 2b (x - a) - (a 3 - 6 2 ) = 0 

Solving it, we find 

x — a = b ± a 


Answer: x t = 2a -f b; x 2 — b. , 

157. The common denominator is nx (x — 2) (x + 2). After simplifications 

we obtain the equation 

x 3 — (2 — n) x — (2n 2 + 4n) = 0 


Answer: x t = n + 2, x 2 — —2n. 

158. first method. After standard transformations we get the following 


equation 


x 2 -f- (a — 2n — 2a + n) x — (a — 2n) (2 a — n) = 0 


Its solution can be found at once, if we draw our attention to the fact that 
the constant term is the product of the quantities —(a — 2n) and (2a — n), 
and the coefficient at x is the sum of the same quantities taken with the reversed 

Second method. Transposing unity from the right to the left, we get 

q-f-x —2n a —2n + x __ Q 
2 a — n x 


or 

(a _2n + x)( s ^ r -i)=0 


whence: (1) a — 2n-}-x = 0 or xj = 2n —a 



1 

2a—n 


— = 0 or x 2 = 2a — n 
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Answer: xi = 2 n — a ; x 2 — 2a — n. 

159. We get the equation 

(n — l ) 2 x 2 — a (n — 1 ) x -p (a — 1 ) = 0 

to avoid operations with fractions it is advisable to put (n — 1 ) x = zor directly 
find (n — 1) x from the. equation 

|(„ _ 1 ) x]- - a ((« - 1 ) x) + a - 1 = 0 

We get 

(n — 1 ) x, = a — 1 ; (n — 1 ) x 2 = 1 


Answer: x i = 


a — 1 


1 


*2 = 


n — 1 ’ n- 1 

160. The denominator of the left member is equal to (a — x) 2 . 
both members of the equation by it, we find 

5 / a — x \ 2 


/ a — x \ 2 / a W 5 / a — x W 

\~T ~) “( a 4-6 ) ” 9 ( x ) : 


+ b 

± f a- x \ 2 ^( a \ 

9 \ x ) \ a + 6 / 


Taking the square root, we get one of the two equations: 


1 a — x 


a 


a -f- b 


and 


2 a — x 

3 x 


a -f -6 


2 a(a-\-b) 2 a(a + b) 

Answer. x 2 = 2b _ a 

161. First transform the expression 


Multiplying 


(1 -f ax) 2 — (a + x ) 2 = 1 -f a 2 x 2 — a- — x 2 

Grouping the first term with the last one, and the second with the third 
one in the right member, we get (1 — x 2 ) (1 — a 2 ). Now the given equation is 
reduced to the form 

*(*+«)—5=nr 


Answer: x t = 


x 2 = 


b — a ' "* a — b 

162. The trinomial ax 2 -\-bx-\-c is factored into first-degree factors in the 
following way: ax 2 + 6 x + c = a (x — xj) (x — x 2 ), where x t and x 2 are the roots 

of the equation ax2-p 6 x + c = 0. In this case a=— 3; x, = 7; x 2 =-; 

10 


thus we get — 3(x — 7) ^x-F —j . 


Answer: (7 — x) (3x -F10). 
163. Since 


a 

T 


b_ 

a 


a. 2 — b 2 (a -F b) (a — b) 


ab 


ait 
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^ their sura is equal 


t , . a b . . a-\-b , a —6 

we may, by guess, factor ——— into —-— and —^— 

to \ . Now it is necessary to find out whether this solution is unique. 
b a / 

Let u and v be the required factors. By hypothesis, 

a b 


uv = 


and u -f- v = -f —■ 

o a 


Consequently, u and v are the roots of the quadratic equation 

b \ t a b 


The expressions for u and v will contain the radical 

/(t+tMt-t) 

Knowing for sure that a rational solution is possible here, let us try to get 
rid of the radical. For this purpose instead of + write the expression 

/ f._A\ 2 and, for compensation, add 4~- —, i.e. 4; then under the radi- 
\ b a / b a 

cal sign we get a perfect square £(-^—— j— 2j . 


Answer: 


a-i-b a — b 


a b 

164. 15x 3 -f x 2 — 2x — x (15x 2 -|-x — 2). The roots of the equation 15r- 

1 2 

-f-x — 2 = 0 are x i = — and x 2 =— Z-. Consequently, 

o O 


15x2 + x-2 = 15(x-i-) (x + i)=(3x-l)(5x + 2) 

Answer: x (3x — 1) (15x + 2). 

165. First method. Represent the sura 2x 4 -j- 4x 2 -f- 2 in the form 2 (x 2 -j- l) 2 . 
Second method. Arrange the polynomial terms in the order of decreasing of 
their exponents and break up the term 4x 2 into two summands 2x 2 -f 2x a ; then 
group the first three terms and the last three ones and carry out factorization. 
Answer, (x 2 + 1) (2x 2 -f x + 2). 

165a. Rewrite the left member in the following way 

(1 - x 2 ) 2 + 4x 2 

The equation takes the form 

(1 - x 2 ) 2 - 4x (1 - x 2 ) -f 4x 2 = 0 

or 

1(1 - x 2 ) - 2xJ 2 - 0 


Answer: x t = — 1 -f- V2‘. *2 = — 1 — V 2. 

166. The required equation is ^x—j ^x-y 
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Answer: abx 2 — (a 2 + b 2 ) x + — 0. 

167. By Viete’s theorem the sum of the roots x, anil x 2 of the equation 
x 2 + px + q = 0 is —p, while their product is equal to q. Hence, 



( _ 

\ 10— V72 


+ 


10+V 


V 72 / 


- 2-10 

100-72 



1 _ 1 _ 1 

10- 1/72 ’ 10 + V72 2 « 


The required 


equation is x 2 — 


20 

28 


* + 




Answer: 28x 2 — 20x +1=0. 

168. Solved like the preceding problem. 

Answer: bx 2 — 2a \/ax + a 2 = 0. 

169. According to Viete's theorem, xjx 2 = 12; by hypothesis, xj — x 2 = 1. 
From these equations it is possible to find x t and x 2 (4 and 3, or —3 and —4) 
and then p = — (xi + x 2 ) = ±7. 

But to find x t + x 2 there is no need to determine separately x, and x 2 . We 
may compute 

(xj + x 2 ) 2 = (x, — x 2 ) 2 + 4x,x 2 = 1 2 + 4-12 = 49 


whence p — — (xj + x 2 ) = ±7. 

Answer: p = ±7. 

170. We have 

1 . 
x i*2 =~r; x \— x 2 = 1 


Then, as in the previous problem, find xj+xo = ± 


account that 




Answer : k = ± 3 

171. ^^'e have 



and take 


into 


x'jf + x| = 1.75; x,x 2 = a-] X, + x 2 = 3 a 

There are tliree unknowns hero: xj, x 2 , a. We have to find a. Squaring the third 
equation and subtracting twice the second one, we find x\ + x£ = 7a 2 . Compa¬ 
ring this with the first equation, we find 7a 2 = 1.75. 

, 1 
Answer : a — ± — . 

172. By Viete’s theorem 

P + q = —P, and pq = q 

This system has two solutions: (1) p = 0, q = 0; (2) p = 1, q = —2. In the 
first case we have the equation x 2 = 0, in the second, x 2 + x — 2 = 0. 
Answer: (1) p = 0; q = 0 

( 2 ) p = 1 ; q= -2 


173. The roots of the required equation are: f/j = 


and t /2 = 


Xo 


X 2 Xj 

Express y\-\-y 2 in terms of coefficients a, b , c. For this purpose transform 
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yi + y* = 


x ' J ~- to ± x ~). - ^- r i J 2 _ substitute-for (a‘i + a‘2) 


x i x 2 


and — for x\x 2 . We get 


* 1*2 
b 2 — 2ac 


. Besides, we have yiy% = 


*1 x 2 


a • “ ~ ac 

Consequently, the required equation is 

b 2 _ 2 ac 


r2_ 


ac 


y + l = 0 


*2 Xi 


= 1 . 


Answer : acy- — ( b- — 2ac) y -}- ac = 0. 

174. This problem may be solved like the preceding one, but a shorter way 
is preferable. 

In the first case both roots of the required equation must be twice as large 
as those of the given equation. Hence, we have to find the unknown quantity y 
whose value is twice the value of the unknown quantity x satisfying the equation 

ax 2 -J- bx -{- c = 0. From the condition y — 2x we find x = ; substituting 

it into the given equation, we get 

< ‘(t)’’ + 6 (t ) +c=0 

1 

In the second case make the substitution x= —. We get 

“(t) +!, (t) + c=0 - 

Answer : (1) ay- -f 2 by 4- 4c = 0 
( 2 ) cif- -j- by -f a = 0 

175. First method (see solution of Problem 173). We have 

yi + <J2 = •+ *2 = (*i + * 2) 3 - 3xix 2 (x, + Xo) 

b c b 3 — 3abc 

Substituting xj-f-Xo=—— and x 1 x 2 = —, we find {/i + j/ 2 =- ^3 -• 

•3 

Then, y,y., — (x.x .>) 3 = , and, using Viete’s theorem, set up the required 

equation. 

Second method (see solution of Problem 174). By hypothesis, y = x 3 , i.e. 
x = ]y. Substituting it into the given equation, we get 

a ]’ y z + bf y=—c 

To rationalize this equation raise both members to the third power and 

transform t lie sum 3 (o } y~)~b ) 3 //-f3a)’ y 2 (b] y ) 2 to 3 aby[a(f |/)'“ + ^] y]- 
By virtue of the found equation the bracketed expression is equal to —c. 
Answer: a 3 y- 4- ( l > 3 — 3 abc) tj 4- c 3 = 0. 

170. Any equation of the nth degree having the roots xj, x 2 , . . x n , 
may be represented in the form 

(x — x,) (x — Xo) . . . (x — x n ) = 0 

A biquadratic equation always has two pairs of roots of the same absolute value 
and of opposite signs. Putting x 3 = —X| and x t = —x 2 , we may write the hi- 
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quadratic equation in the form 

(x — x,) (x — x 2 ) (x + x,) (x -f x 2 ) = 0, i.e. (x 2 — xj) (x 2 — x?) = 0 

or 

x i — (x 2 -f x 2 ) x2 -f x 2 X?. = 0. 


But, by hypothesis, 
and 

Hence, 


*f+*t+(-*i) 2 + (-*2) 2 = 50 


*1*2 ( — *i) (— ^ 2 ) = 144 


x\-\-x\ = 2f> and x;x3 = 144 


Answer : x 4 — 25x 2 -f- 144 = 0. 

177. If an algebraic equation (with real coefficients) has a complex root 
a -f- bi, then the conjugate complex number a — hi will also be its root. Thus, 

we know two conjugate roots of the given equation: 3 -f- i ]/(i and 3 — i ~[ / 6. 
Both of them can be verified directly, but it is simpler to accomplish the follow¬ 
ing transformation beforehand. 

According to the remainder theorem, the left member of the equation must 
be divisible by the expressions x — (3 -f- i "]/b) and x — (3 — i 1/6), and con¬ 
sequently, by their product as well, i.e. by |(x — 3) — / ~[/(i) ((x —3) -f i 1/6] = 
= x 2 — 6 x + 15. On dividing, we factor the left member into two factors: 
4x 4 — 24x 3 -j- 57x 2 -f- 18x — 45 = (x 2 — 6 x -f- 15) (4x 2 — 3), and the given 
equation decomposes into the following two: 


(1) x 2 - 6x -f 15 = 0 and (2) 4x 2 - 3 = 0 
The first one has two roots xj = 3-fi'l/6 and x 2 = 3 — f 1/6, x 3 — 

M 

being the roots of the second. 

1/3 . _ T/3 


and 


1/3 

I ‘=- J T 


Answer: x 1 = 3-)-j"\/ 6; x 2 = 3 — i~\/ 6; x 3 


x 4 = 


2 ’ “■* 2 

178. By hypothesis, x = 2 must satisfy the given equation. Therefore we 
have 0-2 3 — 7*2 2 — 16-2 -f- m = 0, whence m = 12. We get the equation 
6 x 3 — 7x 2 — 16x -f- 12 = 0, one of the roots of which is equal to 2. By the 
remainder theorem the left member must be divisible by (x — 2). Dividing, we 
find 6 x 2 -f 5x — 6 . Consequently, the equation may be represented in the form 
(x — 2) ( 6 x 2 -f 5x — 6 ) = 0. In addition to the root x, = 2, its roots are also 
the roots x 2 and x 3 of the equation Ox 2 -{- 5x — 6 = 0. 

2 3 

Answer : m = 12; x 2 = x 3 =-— . 

o 2 

179. Substituting x = 2 and x = 3 into the given equation (see solution 
of the preceding problem), we get 


4m -f n = 10 and 9m -)- n — —15 


From this system we find m = —5, n = 30 and obtain the equation 2x 3 — 
— 5x 2 — 13x 4 - 30 = 0, whose left member must be divisible by x — 2 and 
x - 3, and, consequently, by the product (x - 2) (x — 3). The equation is then 
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rewritten in the form (x — 2) (x — 3) (2x -f- 5) = 0. Its roots are: x\ — 2; 
_ ... 5 

x 2 — O, X 3 — — . 

Answer : m = —5; n = 30; x 3 = — . 

180. The quadratic equation x- + px -f- q = 0 has equal roots when the 

radicand | j — ? is equal to zero. In this case it must be that (a i/a 2 — 3) — 

— 4 = 0, i.e. a 4 — 3a 2 — 4 = 0. This biquadratic equation has two real roots 
(a = 2 and a = —2) and two imaginary roots (a = i and a = —i). Confining 
ourselves to the real roots*, we get the following pair of equations: x 2 -f- 4x -f 
+ 4 = 0 and x 2 — 4x -f- 4 = 0. The first equation has the roots xj = x 2 = —2, 
the second one, xj = x 2 = 2 . 

Answer: at a = 2 and a = —2. 

180a. The roots of the equation are 


x li2 = m ± 1 /m 2 — m 2 +1 =m + l 
By hypothesis, we have 

| -2<m+l<4 or r — 3 < m <3 
l — 2<m — 1 <4 ° r l — 1 <m <5 
Answer: —i<m<3. 

181. Isolate one of the radicals, for instance, the first one. We get 

T/f +2 = 2 +VP 6 . 

Squar e both members. Collecting like terms and reducing by 4, wo have 

}/y — 6 = 1, whence y = l. A check shows that this root is valid. 

Answer: y = 7. 

A'ote 1. Here and henceforward we consider square roots and, in general, 
roots of even indices to he arithmetical roots. See Preliminaries for Chapter II 
(pages 90 to 92). For roots of odd indices see the footnote to Problem 209. 

Note 2. A check is carried out to reveal extraneous roots (they may appear 
as a result of squaring both members of the equation). There are no extraneous 
roots in the given problem. But let us take the equation ~[/'y -f 2 y — (5 = 
= 2, whic h diffe rs from the given one only in sign. Solving it in the same way, 

we get yy — 0 = —1. Squaring the latter, we find the same root y = 7. It is 
invalid; the taken equation has no solution at all. Here it is not necessary to 

carry out a check, since it is obvious that ~]/y — t) cannot be equal to —1 (see 
Note 1). But in other cases (see Problems 184 and 190) such a check is necessary. 

182. Solved in the same way as the preceding problem. 

Answer: x = 0. 

183. Isola to the lirst radical and square it. After simplification we obtain 

x — 1 = 2 \/x — 1. Squaring once again, we find (x — l ) 2 — 4 (x — 1) = 0. 
This equation may be divided by x — 1, taking into account that x = 1 is 
one of its roots. We find then the other root x = 5. We may also remove the 
parentheses and solve the quadratic equation thus obtained. A check shows 
that both roots are valid. 

Answer: xj = 1; x 2 = 5. 


* We assume that the coefficients of the given equation are real numbers. 
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184. Proceeding in the same way as in the previous problem, we find x + 
H- 22 = 7 V3x - 2, hence, x 2 - 103x -f 582 = 0. This equation has two roots: 
x, = 6 and x 2 = 97. The given equation is satisfied only hy the first root, t he 

second being an extraneous one (it satisfies the equation \/3x - 2 - V* + 3 = 
= 7, which differs from the given one in the sign at the radical). 

Answer: x = 6. . . 

185. Solved in the same way as the preceding problem. Out ol the two roots 

xj = —1; x 2 = 3 the second is extraneous. 

Note, x = 3 is a root of the equation 

_y^yi+y 27 + 3=1 


Answer : x = —1- 

186. Answer: xj = 34; x 2 = 2. 

187. Answer: x = 4. 

188. Square it. We get the equation 

x y x^+24 — x 2 — 2x = 0 


which decomposes into the following two: 

x = 0 and V x 2 -f- 24 — x — 2 = 0 


The second one gives x = 5. Perform a verification. 

Answer: x\ — 0; x 2 = 5. 

189. Reduce the given equation to the form 



Square it and multiply by x 2 (through which an extraneous root x = 0 
may do introduced). We obtain the equation 

l + -|x=*j/4+-4r 


Square it once again. 

. 3 

Answer: x = -7-. 

4 _ 

190. Multiplying both members of the equation by V(x + 2) (x + 3), we get 

V(x-5) (x + 3)-t-V(x-4) (x + 2) = 7 
Proceeding in the same way as in Problem 181, we find 

V(x-4) (x-f-2) =4 

Hence, we get two roots x^G, x 2 =—4. A check shows that x 2 is invalid, 
since it yields a wrong equality —— ~\/2. 

Answer: x = G. 

191. Getting rid of the denominator, we get 


y x 2_i6+yx2-9 = 7 
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This equation has two roots x — 5 and x = —5. But at x — —5 the expression 
]/x — 3 has no real value (see Note 1 to Problem 181). 

Answer: x = 5. . 

192. Reduce the left member of the equation to a common denominator 

3x — 5 ~\/x 2 -f * _ 3 

— x x 


Hence 

3 (*4-1) = 5 V x ( z + l) 

Squaring it, we obtain 

9 (x + l) 2 - 25 (x -f 1) x = 0 
or 

(x + 1) 19 (* + 1) - 25x] = 0 

g 

Answer: x 1 =—1; x 2 = -j-Q _ * 

193. Solved in the same way as the preceding problem. 

Answer: xj = 2; x 2 = —1.6. 

194. Square both members of the given equation. After the identity transfor¬ 
mations wo get ~\/28 — x = y'l. In squaring this equation an extraneous 
root may be introduced which satisfies an equation differin g from the given 

one only in the sign of the right member. The equation ~\/2 S — x = ~\/l h as 
the only root x = 21, which is not an extraneous one, since ]' 2 ~\/l 

>V 2 V7- l/2l. 

Answer: x = 21. 

195. Rewrite the equation in the following way: 

V J+ yj— Vx— Vx= X _j =r 

2Vx + Vx 

Get rid of the denominator; this may result in that an extraneous root x = 0 
will be introduced (since the denominator vanishes at x = 0). There cannot be 
other extraneous roots, because x = 0 is the unique root of the equation 

Y x + ~\/x — 0 (see solution of Problem 143). 

After simplification we get the equation 

2x — 2~\/xi — x — ~\/x = Q 


one of the roots of which is x = 0. But this root is an extraneous one, 
since at x = 0 the right member of the original equation loses its sense. 

Factor out y x: 

Vx (2 1/x —2 Vx-1-1) = 0 

Solving the equation 2~l^x — 2]/x — 1 —1=0 (see solution of Problem 

25 

181), we find x=-^-. Carry out a check. 


Answer: x — 


25 

16 
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196. First rationalize the deno minato r. T o this end multiply both the 
numerator and denominator by V27 + X+V27 — x\ we get 

(V27+^ + l/27^-) 2 _ 27 

2x ~ x 

or, after simplifications, _ 

27-f-V272 - _ 27 

X X 

wherefrom we find x = ±27. Both roots are valid. 

Answer: x = ±27. 

197. Isolating the radical, square both members of the equation. We have 

a: 2 — 2 ax = 

One of the roots of this equation is x = 0. To find other roots divide both 
members of the equation by x (it can be done, since now x 0). Then square 

3 

both members once again. We get x = — a. 

When verifying the result, one may arrive at the wrong conclusion that the 

3 

values x = 0 and x = a always satisfy the given equation. For a better 

understanding of the essence of the error let us consider a numerical example. 
At a = —1 the given equation has the form 

x=-i-V\-x y*2 + i 


3 3 

Neither x = 0, nor x = — a = —satisfy this equation (it has no solu- 

4 4 

tion). The same result is obtained for any other negative value of a. 

And here is the mistake: the quantity V fl2 is considered to be equal to a , 
whereas it is true only for a > 0 . For a <0 we have V fl2 = —«: for instance, 

Vr~-3)2 = — (—3). 

The correct general formula (see Preliminaries, Item 3 on page 90) is: 

V3=I«I 


Using this formula, we find that at x — 0 (when the left member of the equation 

vanishes) the right member is equal to a — a- = a — | a |. For a ^ 0 this 
expression is also equal to zero, but for a < 0 it is equal to 2a. Consequently, 
if a > 0 , the value x = 0 is a root of the equation; but if a < 0 , then x = 0 

3 

is not the root. The same refers to the value x = — a. 

4 

3 

Answer: if a ^ 0, then x { = 0, x 2 = -2- a\ if a < 0, the equation has no 


solution. 

198. Written without powers having negative exponents the given 
has the form 



equation 


4 
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First method. Reject the denominator: 3 j/" 1 + |—j =5-—. The left 
member is positive; hence, the right member is also positive. Squaring 
yields whence ( the value —§- is rejected, since 

T>°)’ 

Second method. Rationalize the denominator 


[/‘♦(tM-M 


The bracketed expression cannot be negative; therefore 


or /‘+(v) 2 =t+t 


/ r \ 2 1 X / X \ 2 X 3 

Squaring yields: l + ( —) =X + T + l~) ’ Nvhence V“T* 

4 3 

Answer: x = -£-a. 

199. Solved in the same way as the preceding problem. Using the second 
method, we find 

(Vl+a 2 x 2 -ax ) 2 = -L 

Tho expression Vr+o^x 2 —ax is always positive; therefore 

V1 + a 2 x 2 — ax = , i.e. ~\/\ + a 2 x 2 = ax-{- yyy- 


C I 2 — 1 


I V I 

Squaring it, we get x = ^ - j 


, or x = 


C 2-l 


2a | c | 


, which is the same. 


c 2 —1 . 

Check. Substituting x= „ , we find 


1 4- a 2 x 2 ^ 


2a | c | 

4c 2 -j- (c 2 — l) 2 (c 2 +l) 2 


4c 2 4c 2 

Taking into account that c 2 + l is always positive, we find 

Further computations show that the given equation is always satisfied. 
Answer: x=- f 7-\ i.e. for c>0 we have x= ■, for c<0 we 


2«|c| 


2ac 


have x— 


1 — c 2 
2a c 
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200. Factor out the expression ~\/x - 1 - c both in the numerator and denomi¬ 
nator of the left member, and reduce the fraction by this expression*. 

After performing these operations we get 


V * -|- c + Vx — 


'Vx+c—Vx — 


9 (* + r) 

8c 


Then rationalize the denominator. After simplifications we find 

_ 29 

8yx 2 —c 2 = x-f-9c. Hence, x = — or x— —J^-c. 

A check shows that both values satisfy the equation when c>0 and do 
not satisfy it if c 0. 

5 29 

Answer: At c>0 we have x, = -^-c and x 2 =—c; if c<0 the equation 
has no solution. 

201. Transform the first radicand in the following way: 


x + 3-4 V*-l = (x-l)-4 Vx-l+4 = (Vx-l— 2) 2 

Similarly, the second radicand is equal to {']/x — 1— 3) 2 . The given equation 
takes the form 

iyjcrr-2|+|y^cT-3|=i (A) 

(see Preliminaries to Chapter II, Item 3). The following three cases are pos¬ 
sible: (1) T>3; (2) Vx-1 <2; (3) 2<Vx-l <3. 

In the first case the equation (A) takes the form: 

yr=i-2+yr^T-3=i, or =3 

This result does not agree with the condition Vx —1>3. 

In the second case the equation (A) takes the form: 


-(Vx-1— 2) — (Vx — 1 — 3) = 1 or y x — 1 = 2 


This result does not agree with the condition yx — 1<2 either. Consider, 
finally, the third case, when the equation (A) takes the form: 

(y—i-2)-(y—i-3)=i ( B) 

This equality is an identity, hence, the equation (A) is satisfied by all x 
for which 


2 <yx —1 <3 

Since yx — 1 > 0, all the three membors of the inequality may be squa¬ 
red, and we find 

5 < x < 10, 


* Reducing by yx + c , we assume that x ^ — c. If the solution of the ob¬ 
tained equation had yielded x= — c, this value would not have been a root of 
the given equation. But, as we see below, we do not obtain such a root. 
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i.e. the solutions of the given equation are contained within the range bounded 
by 5 and 10 (the values 5 and 10 included). All of them are the solutions of the 
given equation, since they suit the third case, when the given equation (A) 
becomes identity (B). 

Answer: 5 <; x ■< 10. 

202. Square both members of the equation, transpose all the terms to the 

left and factor out 1/a + x : 

Y a-\-x (4 ~\/ a-\-x-\-k'\/ a — x — ~\/ x) = 0 

This equation decomposes into two. From the first one: l/a + x = 0, we find 
x = —a. A check shows that with a > 0 thi s valu e satisfies the given equation. 

If a <0, the equation loses its sense (since ~[/a — x becomes an imaginary value). 

The second equation is 4 C\/a + x + ~[/a - x) = V*. If it is solved as in 

64a 

Problems 183 to 187, we get (besides the extraneous root x = 0) x — ^5 * 

A check will show that this root is also an extraneous one, which means that 
the second equation has no solutions at all. We may make sure of this fact more 
easily, if the following method of solution is applied. Let us transform the second 
equation to 

_ 8 x _ i/ _ 

y a +x-Ya—x -v x 

which is done by multi plyin g and dividing V a + Z + V a — x by conju¬ 
gate expression l/a-j-x—Ya — x. 

Dividing it by Yx (which is possible without losing roots, since x = 0 
is not a root), we got \/ a + x-Va-x = 8 ~[/x. Subtracting this equation 

from the above obtained V a + Z + V a ~ x = Y x ' we 



But this equality is impossible, since its left member is a positive number, 
whereas the right one is negative. Suppose, neglecting this fact, we square both 

64 

members. This operation would yield an extraneous root x — a. 

Answer: If a is positive, then x = -a; if a is negative, the equation has 

no solution. , , , . 

203. Here we may successfully apply the method of transferring the irrationa¬ 
lity to the denominator (see the preceding problem). 

Answer: x = 0 . 

204. Answer: x t = a; x 2 = — to¬ 

205. Answer: x =-^- (for 1). 

For a < 1 the equation has no solution. 

206. The given equation may be represented in the form 


(V« + -r) 3 w- 
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or 


3 3 

O O 


(fl+x)“ = ax 

•> 

2 v (i 

Raising it to the power, we get a-J-x = a x, whence x = —— 


a — 1 


Check: 


5 

.3 


3 


•> 


0 4 - x = 


2 

a*-\ 


; («-r-r) = 


a 


5 

•> 


(* — 1 )" 


3 

o 


(a-t-j)- a 


1 _ 

•> 


ax 


2 1 
(« 3 -l ) 5 


Answer: x = -^-—; if o<!l, the equation has no solution. 

a*-l 


207. Put \ x = z. Then 


The equation takes the form 



r2 + = — 12 —«» 


Hence, 2,=3, z : —— 4. Since j'x must Ih* a positive number, the second 
root is an extraneous one. 

Answer : 2 = 81. 

\_ 

208. Put (x — l) 4 = z. Then proceed as in the previous problem. 

Answer : x=17. 

209*. Cubing both members, we get 

Vl0+2x + Vl5-2x = 7. 

Here the isolation of one of the radicals is not essential. 

Answer : xj = 3; — —— . 

210. Cube both members of the equation by using the formula (a+ 6)3 = 
= a 3 -f3ab (a J-b)-fb 3 . We obtain 

x + 3> x (2x — 3) [y z-\- y 2x--3| -j-2x— 3 = 12 (x — 1) 


* Here and henceforward we do not consider cube radicals, and, in general, 
radicals of odd indices to be arithmetical, assuming that the radicand may be 
negative as well (but obligatorily real). The value of the radical is also consider¬ 
ed to be a real number. 


0-01338 
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By virtue of the giv en equatio n the bracketed expression may be replaced 
by the expression Y 12 (2 — 1). We get 

Yx (2x — 3)-12 ( 2 — 1) = 3 ( 2 — 1) 

Cube it. Transposing all the terms to the left, we find 

( 2 - 1 ) [122 (22—3)-27 ( 2 —l)^]=0 

This equation is decomposed into the following two: 

2 - 1=0 and 122 (22-3)-27(2-1)2 = 0 

Check the found roots. 

Answer: 2 j = l; 2 2 = 3. 

211. Solved in the same way as the preceding problem. 

a-\-b 

Answer : 2 j = a; x 2 =o; * 3 ——^—• 

212. Put }'7= 2 ; then f^2=s 2 . Substituting into the original equation, 

we get 2z~-\- 2 —3 = 0, whence zj=l; z 2 = . 

. 27 

Answer : xj = 1; x 2 = — — • 

213. Solved in the same way as the preceding problem, 

, 125 

Answer: 3 1 = b4; z 2 = -g- . 

214. Put y 7+2 = z; then V a -j- 2 = 2 3 and V a + 2 = z 2 . 

Answer: 2 j=—a; x 2 = 1 — a. _ 


2 

transformations, the equation takes the form 

12z 2 — 7z —12 = 0 


215. Put y 


+ 2 


4-2 


= 2 : then 


/ r 4-1 

V ST5 = T and ' 


after a number of 


lienee, 



and 



The second solution is rejected as a negative one (see Note 1 to Problem 

/‘2.x A-2 4 

en page 122). To determine 2 we get an equation j/ a .^_ 2 = lf * 
Answer: 2 = 7. 


216. Answer: 2 = ±5. 

217. Put y7 = z; then Y& = z 2 and 2 = z 3 . We obtain: 


2* — 1 — 1 

— 1 ~ 4 - 1 



181 


Reduce the first fraction by z 2 — 1, and the second, by : t b 
_ - _ 2 = 0. Rut the reduction of the first fraction is lawful, provided 2 - — 
_ 1 -t 0 ami that of the second fraction, if z ■+■ 1 0. Meanwhile, out of the 

two roots z, = 2 and z 2 = —1 the second one gives :|1 = 0. It does not suit, 
since at ; = —1 we have 2 = — 1 , and the left member of the given equation 

loses its sense. 
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Answer: x = 8 . 


218. Putting ~f z = 2 , transform the equation to 



z 2 —8 


Reduce the fraction by :-f 2 (see the explanation to the preceding problem). 
We get z 2 — z — (i = 0, whence z, = 3, z 2 = —2. The second root does not 

2 - — 4 . 

suit, because, firstly, the expression —— loses its sense and, secondly, z cannot 


be a negative number. 

Answer: x =■ 9. 

219. Here the introduction of an auxiliary unknown, used in the previous 
problems, is of no help. Represent the equation in the form 



b 


and reduce it by y« —x+Vx —/> (the reduction is lawful, since this n um- 
bercannot be equal to zero). After simplifications we obtain V (a — x) (x — 6 ) = 0. 
Answer: xj = a; x» = b. 

220. Represent the given equation in the form 



This equation decomposes into the following two: the first eq uation ij 
V 2 —x = 0, its root being x, = 2; the second one is V 2 (2 — x) = 2 — V i 

(after getting rid of the denominator). Its roots are: x 2 = 0; x 3 = — . 


Answer: X| 




221. Answer: x = 81. 

222. Isolating the radical and squaring both members of the obtained equa¬ 
tion, we get a fourth-degree equation. But in the present case it is possible 
lo apply an artificial method. Rewrite the equation in the form 

y J2337+5 -f x 2 —3x + 5 = 12 


Putting Vx 2 —3x-f5 = z, we get s 2 -f-z—12 = 0. Take only the positive 
root z = 3. 

Answer: xj = 4; x« =—1. 

223. We may use the same method as in the preceding problem. But it is 
obvious that the equation has no solution. Indeed, the quantity 3x 2 -f- 5x + 1 
exceeds 3x 2 -f 5x — 8 at any x. Therefore 


V3x 2 + 5x + l > V 3x 2 + 5x —8 

which means that the left member of the given equation is negative at any x 
and, consequently, cannot be equal to unity. 

Answer: The equation has no solution. 


9 * 
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224. Denote one of the radicands by z; it is most convenient to put y- -f- 
-f- 4 y 6 = z. The equation takes the form 

yrF2+VJ=2=VTz 

Getting rid of the radicals, we find z- = 4. Only the root z = 2 suits (at z = 
= —2 the two radicands are negative). Solve the equation y 2 -j- 4y -f- 6 = 2. 
Check on solution. 

Answer: y — —2. 

225. * It may be solved by using the substitution method (from the second 
equation find y = 6 — x or x = 6 — y and substitute it into the first equation), 
but the following artificial method is somewhat more effective. The first equati¬ 
on is transformed to (x — y) 2 = 4, whence x — y = 2 or x — y = —2. We 
obtain two systems of equations: 

(l) f x y = 2 ( 2 ) f x — y = — 2 

l ^+^=6 lx-fy = 6 

Answer: (1) xj = 4, y i = 2 
( 2 ) x 2 = 2 , i /2 = 4 

220. Represent the given system in the form 

\ xy (X -f I/) = 30 

Put for the sake of brevity xy = z\\ x-~y=-z 2 . Then we have 

f Zi + Z 2 = U 
\ sj2., = 30 


By Viete’s theorem and z-» are the roots of the quadratic equation z- — 
— 11 z30 = 0. We find: = 6 , z 2 —5 or = 5, z 2 = 6 . Wo get two systems: 


{ 


x + i/ = 6 
xy — 5 


and 


{ 


x + y = 5 
xy = 6 


Each of them may be solved by applying Viete’s theorem or the substitution 
method. 

/Insurer: (1) x = 5, ;/ = l (2) x=l, y = 5 

(3) .r — 2, // = 3 (4) x = 3, y = 2 

227. Put ir-=z: then we have the following system 







A nswer: ( 1 ) x -- 4, y = 1 '3 

(2) x — 4, y = — 1 3 

(3) x — 3, y — 2 

( 4 ) .r = 3, y — —2 

223. Put .r- —z, and — y— z>. We get the system 

f Zj -p z 2 = 23 
\ zjZo = —50 


* Most problems of this chapter are successfully solved by using artificial 
methods. The main difficulty here is to find out an adequate artificial method. 
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Answer: (1) x = 5, y = 2 

(2) x=-5 l y = 2 

(3) i=iV2,_ y= —25 

(4) x = — i'V2, y— —2b 

229. Put — j-y = zj; x 2 — y 2 = z 2 . We obtain the system 

f ;jc 2 = —180 


We find z, = 9; z 2 =—20 or z,= — 20: z 2 = 9. Now we have two systems 

(2) r xy = 20 

\ x 2 -j ,2 = 9 
9 

Solve the first system. From its first equation we find y= — — . Substitute 

it into the second one and find the biquadratic equation x 4 -f 20x2 —81 =0. 
Its roots are: 



■r li2 = ± j/_l0 + yiSl ^ ±1/3.45^ ± 1.86 
x 3t4 = ± V-lQ-ym ^ ± V^23l5 ^±4.84 i 

Now we find 


T 9 


y \,2 = 


/-io+yisi 


T9 

1.86 



03,4 


+ 9 
4,84i 


± 1.8Gt 


Solve the second system using the same method. 
Answer: (1) x«1.86, y ~ 4-84 


(2) x « —1.86, 

y A 4.84 

(3) x « 4.84i, 

y x 1.86i 

(4) x« —4.841, 

y zz —1 .86< 

(5) x= 5, 

y=4 

(G) x = —5, 

II 

1 

ON 

(7) x = 4 i, 

1 

II 

CO 

H 

II 

1 

r*. 

y = oi 


230. Eliminate the constant terms by multiplying the second equation by 7 
and subtracting the result from the first one. We get 

—32x 2 - 2 xy + 75 y- = 0 


This is a homogeneous equation of the second degree (i.e. an equation con¬ 
taining only terms of the second degree). Dividing both members of the equation 
by x 2 (this may be done since x = 0 is not a root), we transform it to —32 — 

— 2 — + 75 'i =0, and, solving this quadratic equation, we find — = or 
x \ x / x 6 
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\ 6 

or — = — 25 • By using this method we can find the ratio — from any homoge¬ 
neous equation of the second degree. 

Now we solve two systems: 

(1) r 5x2-10^2-5 = 0 (2) 

and 

JL-1 

x 3 

(by the substitution method). 


5x 2 —lOf / 2 — 5 = 0 


y_ 

x 


16 


25 


Answer: (1) x = 3, 


y = 2 


(3) X = 


25 


(2) x— —3, y =-2 (4)x=- 


~\/113 * 
25 


y= — 


16 


yu 3 
16 


-Vi\z' y ym 


i 


231. Rewrite the first equation: x 2 — 2xy+ = X y. Then we have 

(x—1/)2 = — xy. Write the second equation in the form 2 (x — y) = ~ xy. 

Hence, (x — y) 2 — 2 (x — y) =0, wherefrom x —y = 0 and x —y = 2. We get two 
systems: 

(1) f x-y =0 (2) r x — y = 2 

and < 

xy = 0 I xy = 8 

(1) X = y = 0; (2) x = 4, y = 2; (3) x = —2, y = —4. 

232. Rewrite the first equation in the following way: 

(x- 4- 2xy 4- y 2 ) = 13 4- xy or (x 4- y)- — 13 = xy 

from the second equation: x 4- y = 4; substituting, we get 16 — 13 = xu. 
Now we solve the system 


f xy = 3 
l x4-y = 4 

>lnsu;cr: (1) x = 3, y=l; (2) x=l, y = 3. 

233. Solved in the same way as the preceding problem. We get a new 
system 

f xy = 6 
l x-y = 1 


i4/jsixer: (1) x = 3 (2)x=—2 

y = 2 y = —3 

234. Put — = z: then —•= —, and the first equation takes the form 
y x z 

1 Cy 

z ~ j7> or 25z12 = 0. Its roots are z^ = ~ and z 2 = • Now we 
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have two systems: 



They are solved by substituting the value of x obtained from the first equa¬ 
tion into the second one. 

Answer: (1) x = 4, !/ = 3 

(2) x = — 4, y= —3 

(3) x = 3i, y = 4t 

(4) x = —3i, y=— 4i 

235. The system can be written in the form 

r x m y n = ca m b n 
1 x n u m — da m b n 


Multiply these equations and divide one of them [by the other. We get 
(xy) m+n = cda'^' n b~ n and | —) == ~^ m > "hence 

1 2m 2» 

xy = (cd)™+*a m+u b m+n and y = 

Multiplying these equations, we find 

2m 2n _ 2m 2 n 

X2 _ C '/I> - li- jn* - m2 a m+n^m+n 



y 2 may be expressed in a similar way proceeding from the equation 

It differs from the corresponding equation for x only in the 
order in which follow the letters c and d. 


Answer: 


in n m n 


x _ c m- — n* jnt-m* a m+n^m+n 
n vi vi 7i 


^—n* ^m+n 


23G. In the second equation we factor x 3 + y J into (x + y) (*" — xy ~r y) 
and divide the second equation by the first one. We get x-fy =3. Adding 
3 X y to both members of the first equation, we obtain (x + y) 2 = 7 -f 3xy. 
Substituting 5 for (x + </) in this equation, we find xy = 6. We solve now the 

system 


( x+y=5 
l xy = 6 


Answer: (1) x = 3, y — 2 
(2) x = 2, y =3 

237. Multiplying the second equation by 3 and adding it to the first one, we 
get (x -j- y) 3 — t. Confining ourselves to real solutions, we find x + y = 1. 
Substituting 1 for x + y in the second equation, we have xy = —2. We solve 
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{ 


now the system 

*-ry = 1 

xy = — 2 

Answer: (1) x = 2, y =— 1 
(2) x= — 1 , y = 2 

238. Solved in the same way as the preceding problem. 

Answer: (1) x = 3, y — 2 

(2) * = 2, y — 3 

X —1/ 4 4 

236. Put-= z. The first equation takes the form z--= 5-=- 

x —y z 5 

1 

Hence, z = 5 and z = -=-, i.e. 

o 


y 


x—y 
x--y 


= 5 and 


x ~.-y 

x — y 

2 


5 


ther with the given equation xy = 0. Use the equation 


in the 


{ 


From the equation -= 5 we find y = —x. Solve this equation toge~ 

x y o 

X— y _ 1 _ 

x—y ~ 5 

same way. 

Answer: (1) x = 3, y = 2 

(2) x = — 3, y= —2 

(3) x = 3i, y=— 2i 

(4) x = —3i, y = 2i 

240. Eliminate the unknown z from the given system. To this end (1) sub¬ 
tract the second equation from the first one multiplied by c, and ( 2 ) subtract 
the third equation from the second one multiplied also by c. As a result, wo get 
the following system 

(c — a)x— (c — b) y =(c — d) 
a (c — a) x-~-b (e — b) y = d (c — d) 

wherefrom we find x and y\ z is found in a similar way. 

\nswer- r- {, '~ d) ( b ~ d K {a-d)(c — d) m __ (b-d)ui-d) 

(c — a)(b — a)' d (a — b)[c — 6 )’ " (6 — <*) (« — c) * 

241. First eliminate u: for this purpose: (1) multiply the second equation 
bv 2 and add it to the first one; ( 2 ) multiply the third equation by (— 2 ) and add 
it to the second one; (3) multiply the third equation by (—3) and add the result 
to the fourth one. Finally we obtain the following system 

5.r—4r/-f- 13z — 3G 
— 4x — 11 y 9z = 1 
— ox — 13y-(- 12z = 5 

Eliminate .»• from this system, subtracting the third equation from the second 
one beforehand. We get 

(a) 5.r — 4y -f- 13z = 36 

(b) x -f- 2y - 3z = —4 

(c) —ox — 13// 12- — "> 
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{ 


Add (a) to (c), multiply (b) by 5 and add it to (c). W e obtain the following: 

— \ly -f-25z = 41 / — 17y-f 25z = 41 

— 3 y — 3 z =—15 l ij -j- z = o 

Hence we find 2 = 3 and i/ = 2; x is found from (b) and u , from the third of 
the given equations. 

Answer: x = 1; y = 2; z = 3; u = 4. 

242. Subtracting the first equation from the second one. we get y 2z — 1. 
Hence, y — 1—2z. Substituting this value of y into the first equation, we find 
x — z -f 3. Substituting then the found values of r and y into the third equation, 

9 

we get 32- -f 2 — 2 = 0. Its roots are 2 , = and z 2 = —1. Substituting now 

the values of 2 into the equations x = z -f- 3 and y = 1 — 22 , we find two valu¬ 
es for each of the unknowns x and y. 

, 11 1 2 
Answer: (1) x = 


3 


J= ~T 


3 

(2) x = 2, y = 3, z — — 1 

243. Square the first equation, cube the second one, and square the third 
one on having transposed the second term to the right member of the equation. 
And so we get the following system. 

\x4-y — 3z= —3 
5x -f- 2 y -p 2 = 1.5 
6 x — y — 2 = 0 . 


. 9 6 33 

Answer: x = —; y = — ^ ; 2 = 29 • 

244. Squaring the first equation and subtracting the second one from it, we 
obtain xy -f- xz -f- y: = 54. Hv virtue of the third equation the first two addends 
may be replaced by 2yz. W e get 3 yz = 54, i.e. 

yz = 18 (a) 


Now the third equation may be written in the form xy -f xz = 2-18, 


i.e. 




Since the first equation has the form 

x -1- ((/ -f- 2 ) = 13 (c) 

x and y -f- r may be found from (b) and (c). W'c get 

f x = 9 f x = 4 
{ // f z = 4 ° r l!/ + z = 9 

To find y and 2 separately, make use of (a). Thus we obtain two systems: 

"> { U + Z -'‘ and (2) + 

l. 1/2 = 18 l !/z= 18 

Note. When squaring the first equation there appears a danger of introducing 
extraneous roots. But if they had appeared, they would have satisfied the equa¬ 
tion x —{- y -f- 2 = —13, which contradicts the equation (c). 
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Answer: (1) x = 9, y = 2 + il/l4, z — 2 — i ~\/14 

(2) x=9, y = 2-iVl4, z = 2 + i l/l4 

(3) z = 4, y = 6 , z = 3 

(4) x = 4, y = 3, 2 = 6 

245. Represent the third equation in the form 

z 2 — xz — yz + xy = 2 
Adding it to the second one, we get 

z a + 2xy = 49 (&) 

whence z 2 = 49 — 2xy. Substitute this expression into the first equation. We 
get (x 4- y ) 2 = 49, i.e. x + y = ±7. First put x + y = 7. 

Represent the second equation in the form 

xy + z (x + y) = 47 

/ 9 

and substitute into it the expression xy = - ^ , obtained from (a), and the 

value x + y = 7. We get z 2 — 14s45 = 0, whence zj = 5 and z<> = 9, If 2 = 5, 

/q_ 49 _ -2 

then xy = —= 12; but if z = 9, then xy =—-—= — 16. And so we have 

z z 

two systems 

(1) f x+y = 7 (2) f x-fy = 7 

I xy = 12 t xy = —16 

each having two solutions. Thus, we obtain four solutions: 


(1) x = 3, 

y = 4, 

2 = 5 

(2) x = 4, 

y = 3, 

z = 5 

(3)x 7+Vii3 

7-yns 

z = 9 

\°) x o * 

y- 2 

M - — V 

<4) x_ 7 -] /ra . 

7 +yri3 

y 2 

11 

N 


Now put x-(-y= —7 and find four more solutions by using the same method. 


Awsu’er: 



(1) x = 3, 

y = 4, 

z = 5 

(2) x = 4, 

y — 3, 

2 = 5 

(3) t - 7 +VH3 

7— Vm 

2 = 9 

\°) *— 2 1 

y o i 

7 + 1/113 
y 2 

2 = 9 

<5) x=—3, 

y = -4. 

z=- 

C5 

H 

II 

y = — 3, 

2 — 
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m-=2 ± Via . y= - 7 11:1 


Z=—9 


(8) x = 


_7-Vll3 


y = 


— 7-M 113 


z — — 9 


2 ’ 3 2 

246. Subtract first the second equation and then the third from the first 
one. We get 

(a 3 — b 2 ) -f- (a- — b' 1 ) x -f (a — 6) ij = U (a) 

(a 3 — c 3 ) -f- (a 2 — c 2 ) x + (a — c) y = O (b) 

Reduce the equation (a) by (a — b) and equation (b), by (</ — r). We have 

(a- + ab -f- b-) -f- (a + b) x -f- y = 0 (c) 

(a 2 + ac + c 2 ) -r (a + c) x + y = 0 id) 

Subtracting (d) from (c), we get 

(ab — ac-f-6 2 — c 2 )-{-(6 — c) x = 0 

Hence, 

ab — ac-\-b 2 — c- 




b — c 


= —(a + 6 + c) 


The unknown y is found from (c) or (d). Now find z from any of the given 
equations. 

A nswer: x = — (a -{- b c) 
y = ab -f- be -}- ca 
z = —abc 

247. Puttins — * — = u and - - = e, we get the following system: 


\/x-\ 


{ 


V y+r 

\2u -f- 5i> = 5 
8u-fl0e = G 


Its roots are: 


1 2 

“ ” 4 ’ W 5 


j.e. 


1 


1 


Vx-1 4 


V y+i 


2 

5 


Hence, x = 17; y = 0. 

Answer : x = 17; y = G. 

248. By virtue of the second equation the first one may be rewritten in the 
form 10-2V^ = 4. Hence, xy = 9. We get the system 

/ * + y = 10 

\ xy = 9 

Answer : (1) x = 9, y = 1; (2) x = t, y — 9. 

249. Put 1 / - 3 , — = z. The first equation takes the form z — 24-—= 0. 

v *+y _ z 

Hence, x = l, i.e. -^- = 1. From this equation we find j/ = 2xand substi¬ 
tute it into the second one. 


140 


Answers and Solutions 


Answer: (1) x=6, y = 12; (2) x =—4.5, y= —9. 

250. The first equation is reduced to the form y x z -\-y 2 — 2y 17, whence 

x z -j- y 2 = 136 (a) 

Square the second equation to obtain V x 2 —y 2 = 18 — x, whence 

y- = 36x - 324 (b) 

Substitute this expression into (a). We get x 2 -f- 36x — 460 = 0, whence x = 10 
and x = —46. Substituting into (b), we find y and obtain four pairs of solutions: 

(1) x=10, y = 6; (3)x=—46, y = 6V55i 

(2) x= 10, y= — 6; (4)x=—46, y — — 6 V 55 i 

The third and fourth pairs of solutions do not suit, since the expressions 

Vx -r y and ~\/x — y, where the radicals must mean arithmetical values of 

the root (otherwise they are indefinite since the root has two values), make 
no sense at complex values of x -j- y and x — y. The first and second pairs of 
solutions should be checked. 

Answer: (1) x = 10, y = 6; (2) .r = 10. y = —6. 

251. The system makes sense only if a ^ 0 (see the preceding explanation). 
Square the first equation: 

y^—^2 = Sa-x (a) 

Substituting this expression into the second equation, we get 

y^+? = n/41+5)a-J (b) 

Square the equations (a) and (b): 

y 2 = _64a 2 -f 16ax (a') 

y 2 = (1/41 -f 5)- - 2 (1/41 + 5) ax (b') 

Eliminating y from (a') and (!>'), we get 

(130 +10 V41) a 2 = (26-f 2 V41) ax 

whence x — 5a. From (a') we find y = zh4a and then perform a check. 

Answer: (1) x = 5a, y = 4a; (2) x = 5a, y — —4a. 

252. Square the first equation: 2x 2 — 21 x 4 — y 4 = y 2 . Substitute here the 
value x 4 —y 4 —144a 4 from the second equation. We get 

y- — -Lr- — J-i a- (a) 

wherefrom we lind y 1 and substitute it into the second of the given equations. 
We get 

x 4 - 32a 2 x 2 4- 240a 4 = 0 


Hence, x — ± y20a and x=±l 12a. We find y from the equation (a). For 

each of the values x = ± V20a we have y — ± 4a, and for each of the values 

x zn 1 12a we have y = 0. A check shows that out of the six pairs of obtained 
roots some are extraneous for a>0, others, for a<0. Let us take, for instance, 

the pair x = V20a, y = 4a. Substituting it into the first equation, we find 
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1/36a 2 — ~[/4a 2 = 4a, i.e. 61 a| — 2|a|=4a. This equality is an identity for 
a>-0, but it does not hold true for a<0. 

Answer: For a> 0 the solutions are: 

(1) x = ~\/20 a, y = 4a; (2) x =—1/20 a, y = 4a 

(3) x = Vl2a, y = 0; (4)x=-Vf2a, y = 0 

For a<0 the solutions are: 

(5) x = ~[/20a , y =—4a; (6) x=—~[/20 a, y = —4a. _ 

253. First method. From the second equation we find x-\-y = 14— \ xy. 
Squaring it, we get 

x- + y 2 -\- 2sy = 196 4 - xy — 28 \/ xy 
whence _ 

x 2 -\- y 2 ~r xy = 196 — 28 V*y 

By virtue of the first equation we have 84 = 196 — 28 \ xy, whence ^ xy — 4, 
i.e. xy = 16. Substituting ~\/xy = 4 into the second equation, we find x-j-y = lu. 
and then solve the system 

/ x + y=10 
\ xy—10 

Second method. Factorize the left member of the first equation: 

x2 4 -xy + y2 = (x + y) 2 — ( Vxy )'^ (x-i-y + V-f !/)(*+y — V •*•!/)= 84 
Hence, by virtue of the second equation, we get 

14 (x4-y — 1 'xy) = 84 
i.e. x-\-y — Vxy = 6. From the system 

f x-ry— 1 xy= 6 

x -p // -r 1 xy — 14 


we may find x 4 -y and Vxy. 

Answer: (1) x = 2, y = 8 
( 2 ) x = 8 , y = 2 

253a. From the first equation we find y = 
2 + x 


x — m 


, from the second y = 

1 -f- mi 


.1 • x — m 2 4 - .r 

; equating these expressions, we get ^ + „ IX ~ ~~Y~\~s 


hence, we 


1 -j-x 

have the follow ing equation: 

(1 4-"0 x 2 4-(2 4 -m) x4-(2 — m) = 0 

This equation has real roots, provided 

(24-m ) 2 — 4 (1 4 -m) (2 — m)>0 

Simplifying the left member, we get the expression 5m 2 —4 

2 

|m|>——. Under this condition x has real values, which means that y — 

2 'x 

= — - ~- also has real values. 

14 -x 

2 

Answer: 1 m | > 7F . 


0 , whence 
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CHAPTER IV 

LOGARITHMIC AND EXPONENTIAL EQUATIONS 


Preliminaries 


To solve equations containing logarithms to different bases (see, for example. 
Problems 267, 268, 309 to 313) it may turn out to be convenient to reduce all 
the logarithms to one base. So, let us introduce some relevant formulas supplied 
with necessary explanations. 

1. The formula 


log b a = 


1 

log n *> 



enables us to change the roles of the logarithmic base and the number. 
Example. 


log 8 2 = 


1 1 

log 2 8 — 3 


Explanation. According to the definition of the logarithm, logo 8 is the expo¬ 
nent indicating the power to which it is necessary to raise the base 2 to obtain 
the number 8. Thus, symbolically, log 2 8 = 3 is equivalent to 2 3 = 8. But 

l 

the last equality may be written in a different way: | 8 = 2, i.e. S 3 = 2. Hence, 

2 = T ■ 

1 


In general, the equality a x = b may be written as b x = a. The former equa-- 
lity means that log a b = x, the latter, that log 6 a = — , wherefrom the formu- 

CC 

la (a) is derived. 

2. The formula (a) is a particular case of the general formula 



which expresses the following important fact: if we know the logarithms of 
various numbers to the base b, we can find the logarithms of the same numbers 
to the base a; to this effect it is sufficient to divide the former by log b a (i.e. 
by the logarithm of the new base to the old one). Instead of dividing log b N 
by log b a we may [by virtue of (a)) multiply it by log a b: 

log a A r = log a b‘\og b N (c) 

The number by which'logarithms in one system are multiplied to give lo¬ 
garithms in a second system is called the modulus of the second system with res¬ 
pect to the first. That is to say, the factor log a b is the modulus of the system 
of logarithms to the base a with respect to the system of logarithms to the base b. 

Example. Having a table of common logarithms, we can compile a table 
of logarithms to the base 2. To this end it is sufficient to perform division by 
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log 2 = 0.3010 or multiplication by log 2 10 = ^ = 3.322. Thus, 

0 log 3 0.4771 , cor: 

log2 3 - T^T ~ OHo - 1 • 580 

Explanation. By the definition of the logarithm we have 2 ,0p;:3 =3. Take 
the logarithms of this equality to the base 10. We get log 2 3-log 2 = log 3, 

whence log-. 3 = ~ <U 1 . Just in the same way we obtain the formula (b) from 

log 2 

the identity a° 5 ° h =N by taking the logarithms to the base b. 

In order not to confuse the notations, it is advisable to use the following 

method for a check: write the fraction — instead of the expression log u fcJ(of 

course, these expressions are not equal to each other); treat the expressions 
log b a, log a N and so on in a similar way. Then instead of the formulas (a), 
(b), (c) we get other formulas, which are also true. Tims, instead of (c) we get 


a a b 


254. First method 


,_10.to 2 ( 5 105 9 - ,os 2) = 10.10-- 9 - 2 '«• 2 = 10-I0 ,og 5 


log 7 0 0 

By definition. 10 = -Jr, therefore j= 10 —= 22.5. 

Answer ; x = 22.5. 

Second method. Taking tlie logarithms, we have 


>"x = log 10 -j- (4" — 1°?2) log 100 


log x = log 10-flog 9 — 2 log 2 = log 

Answer: x = 22.o. 

255. As in Problem 254 (second method), we have 


10-9 


l°g^= (Y~x Iog/l ) log ,0 ° 


, , 1 , / 1 10 

log x = 1 —- log 4 = log —— 

2 V 4 


J* = 


14 


Answer: t=5. 

250. Proceeding in the same way as in the previous problems, we} have 
log a: = 1 ( 2 + 4- ! °g 10 ) Io « 10 = 1 + 1 log 16 = log ( 10 4 /Jr,); 

X=i0y TO 


Answer: x = 20. 
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257. First method 

_2-2 log., 2 


x = / 


+ 


1 




, JL = 25 

l L /. I /. O 


^log 5 4 ylog ? 4 1 4 4*4 


(cf. solution of Problem 254 by tbe first method). 
Second method 


Let us denote i/ = 49 1 log? “, and z = 5 ° P ° ; then 


-loir- 4 


* = IJ + 2 

Taking the logarithms, we find that log; y = (1 — log; 2) lug; 49, or 

7 , 49 

log; y = (log; 7 — log; 2)2 = 2 log; — = log; -j- 

Z ‘T 


whence y — —\ similarly, we find that - = Hence, x = —. 

A 25 

Answer: x = -^y . 

258. We have log 4 log 3 log; x — log 4 1, whence log 3 log;X = l; Iog : x = 3. 
Answer: x = 8. 

259. Like in the preceding problem, we have 

1 + logb (1 + logc (1 + lo?p *)\ = 1 
log/, 11 + lug c (1 + log/. •*■)) “ 0 

then 

l — log c (1 + log,, x) = 1; log c (1 -f log,, x) = 0 

1 log,, x— 1; log,, x = l); x = l 

Answer’, x = 1. . 

2G0. The expression in braces must be a positive number since a negative 
number has no (real) logarithm to base 4. Therefore, having rewritten the given 
equation in the form ^ 

2 log 3 11 + log; (1-1-3 logo x)J -= 4 2 = | 4 

we should take only the positive value of ~\' 4. i.e. 2. Applying similar transfor¬ 
mations for the second time, we then obtain 

log 3 [1 + log; (I T 3 log; X)1 = 1, 1 — log; (1 + 3 log; x) = 3, 

log; (1 + 3 logo x) = 2 


hence, 1 + 3 log; x = 4. log; x = 1. 

Answer: x = 2. ( 

2(il. Represent the given equation in the form log; (x + 14) (x + 2) = 0, 
or (x + 14) (x - 2) = 2 6 = 04, whence x- + 16x — 36 = 0, .r, = 2, x 2 — 
_18. The second root does not suit, since the left member contains the expres¬ 
sions log-, (x + 14) and log; (x + 2), which have no real value at a negative x. 
Answer: x = 2. 

262. Represent the given equation in the form 

h>g (1 |y (// + 5).0.02] = 0 


Chapter IV. Logarithmic and Exponential Equations 


145 


hence 

y (y + 5)-0.02 =1 or y 2 + by — 50 = 0 

we get two roots: i/ t = 5, y 2 = —10. The second root does not suit (see solution 
of the preceding problem). 

Answer: y = 5. 

263. We have 

log (35 — x 3 ) = 3 log (5 — x) or log (35 — x 3 ) = log (5 — x) 3 

hence, 

35 — x 3 = (5 — x) 3 or x 2 — 5x -j- 6 = 0 
Answer: x, = 2, x 2 = 3. 

264. Transforming the bracketed expression, we get 

(3a — b) (a 2 + a6) -1 b(a — fe) 2 
b~ 2 a (a -)- 6) 

Then the given equation takes the form 

1 + log x = 1 log — 1 log 6 + 1 log (a (a+6) (a —6)] 


Applying the theorem on the logarithm of a product (and of a fraction) to the 
right member, we obtain 

1 + l°g 1 — log (a — b) — log b 

Substituting log 10 for unity, rewrite the equation in the form 

log 10 +log x = log (a—6) —log6 or log (lOx) = log — 


hence, 10x = 


a — b 


b 

a —b 


Answer: x= ^ . 

265. The given equation may be represented in the form 

^(—y=i)= l ^V r '+T+ l0 ^ 


wherefrom, taking antilogarithms, we find 


_ 4=-=V i+i i/mEg 

* a V l+a 


or 


a 


x — 


yt — a 


= yi-a 


whence 


x = 


Vl-a 


Answer: x = 


Vl-a 


10-01338 
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266. The given equation may be written in a different way: 


1 

*2 lo 8 * 5 + lo &x 5 + log x x —2.25 = 



since log x x = 4, after simplifications we get 

log* 5 — 6 log x 5 + 5 = 0 

Solving the quadratic equation (in the unknown log x 5), we find two roots: 
log x 5 = 5 and log x 5=4. 

Answer: x i =y / '~5\ x 2 = 5. 

267. First method. Putting log 10 x = z, we have x = 46 2 , hence, 

log* x — z log* 16 = 2z and log 2 x = z logo 16 = 4 z 

The given equation takes the form z + 2z + 4z = 7, i.e. z = 1. 

Second method. Reduce all the logarithms to the base 2 by the formula (b) 

(page 442). We find log 4 x = x ; similarly, log 16 x = ■ . We 

1 i 

get the equation logo x+— logo x + logo x = 7, whence log 2 x=4. 

Answer: x=16. 

268. Solved in the same way as the preceding problem. 

Answer: x = a. 

269. Rewrite the given equation in the form 


(ir 7 =(tr‘ 

whence 3x — 7 = 3 — lx. 

Answer: x = l. 

270. Represent the given equation in the form 

7 . 3 X +1 _ 3*+4 = 5 X+ -— 5 * +3 


Factoring out 3- x and 5 X , wo have 

3 X (7•3 — 3 1 ) = 5 X (5 2 — 5 3 ) or 

whence x— — 1 . 

Answer: x= —4. 

271. Rewrite the given equation in the form 


X 



9-3.94x-<5 = — - 

^ “ 9-3X 


5 

or 2 4x-9 = 2 2 


Hence, 

4x — 9 = -^- x 


Answer: x = 6 . 

272. The given equation may be written as 

2 -x2. 2 2x + 2 = 2 -6 or 2 -x= + 2x + 2 =2 -6 

Consequently, — x 2 + 2x + 2 = — 6 . 
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Answer: xj = 4; x 2 =—2. 

273. Represent the given equation in the form 

5(x + 5) 7(x+17) 

2 X ~ 1 = 2 - 2.2 x-3 

whence 

5(x-f5) = _ 2 _|_ 7 (x+17) 


x —7 


x — 3 


Answer: x= 10. 

log 4 2 log 2 2 . 

logT = Tlo^T = T ’ thc given e 9 uat,on ma y be rewritten in 


274. Since 


the following way: 

(tnir’H 

Hence, 

2x + 3 (1 — x) = 1 

Answer: x = 2. 

275. Represent the given equation in the form 


(.+++ )_4_ 

\ 2 Vx / I x-1 _ 2 2 


equating the exponents, we find 

31/7+3 


= 2, or 2x —5 1/x —3 = 0 


y*(Vx-D 

Let us denote Vx by z; then we have 

2z 2 — 5z — 3 = 0, whence zj = 3, z 2 =—~ 

£ 

But the second root does not suit, because the quantity z (which represents 

the arithmetical value of the radical l/x) must be positive. Thus, wo have 

z = 1/x; hence x = 9. 

Answer: x = 9. 

276. The given equation may be represented in the form 


V x+3 


Hence, 


1 


1 + _ 

2 2}x =2 vx ~ { 

1/7+3 4 


21/x Vx-i 

therefrom 3x —8 l/x —3 = 0. Putting l/z = z, we have 3z 2 —8z — 3 = 0; z { = 3- 
22= —-g ; the second root z 2 = — y does not suit (see solution of Problem 275), 

Consequently, x = 9. 

Answer: x = 9. 


10 * 
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277. The given equation may be written as 


Consequently, 


_J— + —*-L 

* 2-1 ^ ‘2.x —2 4 _ a Q 


3 +^U--Uo 


X 2 _i 1 2x — 2 4 


After simplifications we get x 2 —2x —15=0. 
Answer: xj = 5; x 2 = — 3. 

278. Using the formula (a) (page 142), we obtain 


1 


log* x + 2 log* a T " 9 (l 0 g T i —t Io g x a) 


or 




_ o 


1 -f- 2 log x a 2 — log* a 
Solving for log x a, we get 

7 ± V49 —48 7 ± 1 

log x a= ---= —u— 


8 


.3 


Answer: xj = a; x 2 — a . 

279. By formula (b) (page 142) we find 


log. v 2 = 


1 


log'. - ____ 

log 4 x 2 log 4 x 


Then the given equation takes the form log; (x -f 12) = 2 
-(- 12 = x 2 . We take only the positive root x — 4; at negatb 
log x 2 has no real value. 

Answer: x = 4. 

280. Write the given equation in the form: 

(log x 5 -f 2) log 2 x = 1 

1 

Since log x 5 = -r^—, we get the equation 


logs -r 


U h +2 ) {0Rl1 ' 


Solving it for loc r , x, we find 


1 


(log r ,3-)i = ^- and (log 5 .r) 2 =— 1 


.-tnsu’cr: x t = x 2 = — . 


log; x, whence x + 
,’e x the expression 
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281. The left member of the equation is the sum of x -f- 1 terms of a geomet¬ 
ric progression, and therefore we have (for a^l) 

■ Y -T ° (*+«) (*+- 2 ) (■ +° 4 ) (1+° 6 ) 

or 

l_ a x+i = (i_ fl ) (l-)_a) (1-f-a 2 ) ( 14 - a*) (1 + a®) 

or 

1 — a* +1 = 1 —a 16 

whence a* +1 = a 16 ; x -f 1 = 16; x = 15. At a = 1 the general formula for 
the sum of the terms of a geometric progression is not applicable. In this case 
the left member of the given equation is the sum of x -f 1 addends, each being 
equal to 1, and so, the equation takes the form x + 1 = 16, hence, x = 15. 
Answer: x = 15. 

282. Rewrite the given equation in the form 

52 + 4 +C+... +2x _ 5 &c 

whence 


2 4- 4 4- 6 4- - . . + 2x = 56 or 1 + 2 + 3 + . . . + x = 28 

The left member of the equation is the sum of the terms of an arithmetic pro¬ 
gression. Therefore we get the equation 

<i±^ = 28 

whence x t = 7, x 2 = —8. The second root does not suit, since the number x 
must be a positive integer. 

I Answer: x = 7. 

283. Rewrite the given equation in the form 

22 x 2-4 17.2*2- 4 4 1 = 0 

Denoting 2* by z, we get 

z 2 — 17 z -|-1G = 0; z 1 = 16; z 2 = 1 

whence x t = 4; x 2 = 0. 

Answer: x, = 4; x 2 = 0. 

284. As in the preceding problem, putting 4* = z, we have 2z 2 — 17z -I- 

+ 8 = 0 . 


Answer: 




285. Putting 9 x = z, we obtain the equation 


3z 2 — lOz 4- 3 = 0 


Answer: x, = 2; x 2 = —2. 

286. Taking the logarithms of the given equation (to the base 10), we obtain 
- lQg X £— ~ 1°8 x = log x +-1 or log2 j:4-31ogx —4=0 
whence log xj = 1; log x 2 = —4. 
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Answer : xj = 10; x 2 = 0.0001. 

287. Transform the given equation so that either of its members represents 
the logarithm of a certain expression. For this purpose substitute log 10 for 
unity in the left member of the equation. Now the given equation may be writ¬ 
ten in the form 



Since the logarithms are equal, the numbers are also equal 

4 _1 2 v *—1 V 2 ’ *“ 2 -f 2 

10 = 4 

After simplifications we get the equation 

Yx 

2 Vx -5-2 2 -24 = 0 
lie Yx 

Since 2 lx = (2 2 ) 2 , then putting 2 2 = z, we have the equation z 2 —52— 
— 24 = 0, whoso roots are zj = 8 and z 2 =—3. Taking zj = 8, we get the 

— Vx 

equation 2 2 =8, whence —- — = 3, i.e. x = 36. 

Yx 

The second root z=—3 leads to the equation 2 2 = —3 which has no 
solutions since no power of the positive number 2 can be a negative number. 
Answer: x = 36. 

288. Find successively (see solution of the preceding problem): 


2 log log (5 Vx +l) = log (-JL--1-5) 


hence, 


lo g[(i)V x +l) =log 


5(1+5’ *) 


lx 


“0 r l X 


(A) 


After simplification we get 

5 2 ’ x —124*5 ’ x — i25 = 0 


whence 5 1 x = 125, or 5’ x =—1. The second equation has no solution; the 
first oue gives ~\/x = 3; x = 9. 

The equation (A) may be solved in a different way. It may be reduced 
— 15 

bv 5 ’ v + l + 0, and then we get — = —hence, 5 vie = 125 and x = 9. 

^ e 1 x 
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Answer: x = 9. 

289. Represent the given equation in the form 

5)Og X- 1 _ glOg X+l j_glOg X- 1 

Factoring out 5 ,ogx and 3 loga , we have 

5 ,o RX(i + 5- 1 ) = 3 , °g.V(3- f 3-]) 

or 

5 logx 25 / 5 \ logx / 5 \2 


3 log 


25 /_5\ |o ^_ /5\ 

“■9 1 \ 3 / ~\TJ 


whence log x = 2. 

Answer: x= 100. 

290. Taking the logarithms to the base 10, we get 

2 log 4 x — 1.5 log 2 x = 4~ 

This biquadratic equation (in the unknown log x) has two real roots: log x = 1 
and log x = —1; hence, x, = 10, x 2 = 0.1. 

Answer: x, = 10; x 2 = 0.1. 

291. Taking antilogarithms, we obtain 

04 J^2**- 40 *=l. or 2 x2 " ;0x =(l) 24 , 

i.e. 2 x2 “* 0x = 2 -6 ' 24 ; hence, x 2 -40x + 144 = 0. 

Answer: xj = 36; x 2 = 4. 

292. By the definition of the logarithm, the given equation is equivalent 
to 9 —2 X = 2 3-X , or 9 — 2 X = -^-, whence 2 2x — 9• 2 X -f-8 = 0. Solving this equa¬ 
tion (quadratic equation in the unknown 2 X ), we find 

3-1 = 3; x 2 = 0 

Answer: xj = 3; x 2 = 0. 

293. As in Problem 288, we get 


Noting that 


2(4 X " 2 + 9) = 10 (2 X - 2 -f 1) 

2 x- 2 = 2 X • 2~ 2 = • 2 X , and 4 x " 2 = 4 x .4- 2 = ~4 X 


we obtain the equation 


2 2x — 20 • 2 X -j- 64 = 0 


whence, like in the preceding problem, we find x,=4; x 2 = 2. 

Answer: xi = 4; x 2 = 2. 

294. It is convenient to transpose the last term to the right. Then, as in 

1 + — - 1 + — — 

Problem 288, we get 4-3 2x = 3 x -f 27. Noting that 3 2x = 3.3 2x , we get 
the equation 

_ 1 _ l 

12.3 2x = 3 x + 27 
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Putting 3 2x = z, we have 3 x = (3 2x ) 2 , and so, we get the equation z 2 
-{-27 = 0, with Zi = 9; z 2 = 3 being its roots. 

Answer: n = — ; x 2 . 

295. Taking antilogarithms (cf. solution of Problem 288), we have 

3 V4^+t_ 2 4-V4^H J 10 

100 ~ 4 Va:+0.25 


— 12z + 


The equation may be represented in the form 

1 l 3 VU TT <8 \ 2 

100 \ / 2V r 4x+l 

Getting rid of the denominator, we obtain 

6 V4x-M_ 16 = 200> i (? gl/ix+T _ 03^ 

whence x = 2. 

Answer: x — 2. 

296. Represent the given equation in the form 

4 log 2 -f 2 log (x — 3) = log (7x + 1) -j- log (x — 6) + log 3 

whence, taking antilogarithms, we find 

2 4 (x - 3) 2 = 3 (lx -f 1) (x - 6) 

The roots of this quadratic equation are x, = 9; x 2 = —3.6. The second root 
does not suit, since it yields x — 3 = —6.6, which means that the expression 
log (x — 3) has no real value (the same can be stated about the expressions 
log (7x -{- 1) and log (x — 6)). 

Answer: x = 9. 

297. Represent the right member in the form 

—logs (°- 2 - 0.2•5 T_3 ) = -log 5 0.2 - log 5 (1 — 5*- 3 ) 

Represent the addend (x — 3) in the form log 5 5- x * 3 . Transposing the terms, we 
get the equation 

logj 120 + log 5 5* -3 4- log 5 0.2 = 2 log 5 (1 — 5*~ 3 ) — log 5 (1 — 5*- 3 ) 
or 

120-0.2.5*-» = 1 - 5'- 3 

Answer: x = 1. 

298. The given equations may be represented in the form 

f) 6 x -f-3 ___ 9 4 k -f- 4 

*H-2 

5 l+x- J / = 5 2 

Equating the exponents, we get the following system 


Answer: 



( 6x — 4y = l 
l x — 3y = 0 
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299. Taking antilogarithms of the first equation, we get the following 
system of equations: 

*y = i 
10 

. x y =T 

Answer: = 3; !/i = y ; lj2 = 3 ‘ 

300. In algebra, consideration is usually given only to the logarithms of 
positive numbers to positive bases, otherwise a number may have no (real) 
logarithm. Therefore, we consider the known quantities a and b (logarithmic 
bases) to be positive; the unknown quantities x, y ("numbers”) must also be posi¬ 
tive. 

Taking antilogarithms, we find 

xy-a 2 , — ==b A 

y 


The system has two solutions: 

(1) x^ab 2 . 


i j i.o 


a 


(2) X — — ab 2 , y = — 


b 2 


But the second solution does not suit, since at positive values of a and b , it 
yields negative values of x and y. 

Answer: x = ab 2 ; y — . 

301. Taking anti logarithms, we get the system 


x ~ -}- y 
10 


—13, 


x +y 

z — y 


= 8 


from the second equation we find y = — x; substituting it [into the first 

equation, we have two solutions: 

(1) ar, = 9, yi = 7; (2)x 2 =—9, y 2 = — 7 

The second solution docs not fit, since it yields x -}- y < 0 and x — y < 0 
(see solution of Problem 300). 

Answer: x = 9; y — 7. 

302. Taking antilogarithms, we have 

/ r—y = xy 

\ *-}--/ = ! 

This system has two solutions: 

__1 + V5 3-V5 


*1 = 


Xn — 


2 


-1-1/5 


y i = 


y 2 = 


2 


3 + V5 


2 
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The first solution yields 


The second one gives us 


x — y — xy= — 2-Ll/5> 0 
x — y = xy = —2—VS <0 


The second solution does not suit, since the base of the logarithms xy must 
be positive (see Problem 300). 


Answer: x = 


-1 + V5 




3-1/5 


2 2 
303. Taking antilogarithms, we get the following system 


‘+ 7 " 


a 2 


xy = b 4 


or 


{ 


y = a 2 


xy = b* 


This system has two solutions: 

—4i 4 


(1) x, = 


a 2 


( 2 ) 


i, = 


a 2 — y a 1 — 46 4 


y 1 = 


!/2 = 


a 2 — y a 4 — 46 4 
2 

a 2 + y a 4 — 4b* 


Considering the given quantities a and b to be positive (as the logarithmic bases), 
we must distinguish between the following two cases: 

(1) <z 4 < 46 4 , i.e. a < ~\/2b, and (2) a 4 > 46 4 , i.e. a > ~\/2b. In the first 
case the system has no solution, since x and y are imaginary numbers. In the 
second case x and y are not only real, but also positive, since both the sura 
x -f- y = a- and the product xy = b 4 are positive. 


Answer: x = 


a 2 + y a 4 — 4ft 4 


y = 


a 2 — y a 4 — 4 ft 4 


304. Taking antilogarithms of the first equation, we obtain the system 

4 xy = 9a 2 
x -}- y == 5fl 

Both solutions are suitable. 


{ 


/lnsircr: 


(1) x t = 4, ;/i — a; (2) x 2 = 


9 


a 

y 2= w 


305. Since in the second equation the unknowns x and // are preceded by the 
logarithm symbols, both of them are positive (if a solution exists). As far as the 
quantity a is concerned, it may be negative as well (since the logarithm symbol 
is followed by the positive number a 2 ). But in this case it should be written 
log (a-) — 2 log | a \ instead of the equality log (a 2 ) = 2 log a. For the sake 
of brevity let us denote log x = A'; log y = Y; log \ a\ — A. Taking loga¬ 
rithms of the first equation in the given system, we get the following system 

A' + Y = 2.4, A 2 -f Y- = lOA 2 
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Squaring the first equation and subtracting the second from it, we get XY = 
= —3A' 1 . Thus, we have an equivalent system 

X + Y = 2A, XY = -3A-. 

Consequently, X and Y are the roots of the equation z 2 — 2Az — 3A 2 = 0. Hence, 
one solution is X = 3A, Y=—A, i.e. x = |a| 3 , y = -j-^y. The other solution 

is 2 = TTT > !/ = l a l 3 - 


A check shows that both solutions suit. 

Answer: x, = | a | 3 , y, = — ; x, = —, y 2 = M 3 - 

306. From the second equation we have y — x = (V2) 4 = 4. Hence, y = x-f 4. 
Substituting it into the first equation, we get 3 x -2 x+4 = 576 or G x -2 4 = 576. 

Answer: x = 2; y = 6. 

307. The given system may be written as 

f xy = a 

< (7)- 


Since x and y must J»e positive, we get the following system 


{ xy = a 


Answer: x = ~[/a y b\ y — 4 ■ 

V b 

308. The given system may be written in the form 


1 3 

log a z-r -77 log= - , 


-j logb x -f log b y = 


whence 


xYH = a\ Yxy =h 2 

3 3 3 3 

Multiplying them, we have x 2 r/ 2 = a 2 6 2 or xy — ab. Divide the last equation 

by each of the previous ones. 

. a 2 62 

Answer: x = —r~; y— - . 

0 Cl 

309. The solution is similar to the preceding one. 

Answer: x = ay b 2 ; y = — j-= . 

b y' 0 

310. Using the formula (a) (page 142), write the first equation as 

log 0 u f -r— — = 2, whence log 0 u = 1, 


logo “ 
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i.e. u = v. Substituting it into the second equation, we have u 2 -f u — 12 = 0. 
Only positive solution is acceptable (see solution of Problem 300). 

Answer : u = v = 3. 

311. Put y^a=u; then 

Va = J 

and 


similarly. 


X 



Ya = log u 



Xos yi 2 

Consequently, the second equation may be written as 



We get the following system: 




+ xy + y 2 = a 2 



( 1 ) 

( 2 ) 


which is equivalent to the given one. Squaring the equation (2), we get 

4 a 2 

x 2 + 2xy + y 2 = —— 


Subtracting (1) from (2a), we find 




And so we obtain the system 


which has only one solution 



( 2 ) 

(3) 


Note. When squaring an equation there is a probability of obtaining extra¬ 
neous solutions. It is just the case here: equation (2a) has extraneous solu¬ 
tions as compared with equation (2). For instance, the values x = y 
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satisfy equation (2a), but do not satisfy equation (2). In other words, the 
equation x 2 -{- 2xy -f y 2 = —is not equivalent to the equation x 4- y = ; 

it is equivalent to two equations: -r -f- y = — — and -. Never- 

V 3 3 

theless, the given system is equivalent to the system of equations x-\-u = 
2 a a 2 . . .. . 2a 


— 7 =-, xy = -^-, since the latter contains the equation x -fy = 

"\/3 J 


V3 


— the 


fact which eliminates the possibility of equality .r-f-y =-^4- fora^O 

ys 

( °a ‘>a \ 

at a = 0 the equations x + // = —and x-|-y —-=■—- coincide) 

y 3 y3 / 

But had we taken instead of the system (2)-(3) the system (l)-(3), i.e. the 
system 

< o • . o o 

( 1 ) 


x 2 4-xf/ ij 2 = a 2 

*y = 


a 2 


T (3) 

it would not have been equivalent to the given one. Indeed, in addition to 
the solution x = y = - , it would have had another solution x~u= _— 

V3 ys' 

Therefore, when squaring one or several equations, it is always necessary 
either to clear out the problem of equivalency, or to check by substitution 
the suitability of the solutions. 


Answer', x = y = 


a 


yr, ■ 


312. Taking into consideration the formula (b) on page 142, we have 
log,, X = — log 2 x; therefore, the first equation is reduced to the form x = y-. 
Now we solve the system 

/ x = j/2 

l j2_5 |/ 2 + 4 = o 

Answer: x t = 4, y t = 2; x 2 = 1. ys = 1. 

313. With the aid of the formula (b) on page 142 we may write the given 


system as 


logs X + Y 1() g2 y + y loff2 2 = 2 
logai/ + y loga z -i 4 , 0 g 3 x = 2 

log,, z + 4 log,, x -f- -1 Iog 4 y = 2 


Taking antilogarithms, we find 


X y !/2 = 4 

y y 2 T = fl 

z y xy = 1G 


(a) 
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Multiplying all the equations (a), we obtain 

( xyz ) 2 =4-9 *16 


whence 


xyz = 24 


(we take the arithmetical value of the root, since by virtue of the given equa¬ 
tions x, y, z must be positive). Square each of the equations (a) and then divide 
them by (b). 

2 27 32 


Answer: x = —; y 


8 ’ Z “ 3 ‘ 


x-y 


314. From the first equation we find x-\-y = 2 x ~v 3 2 
z-f-j/ = 3-2*"i / , consequently, 


from the second, 


x-y 

0 ”TT" Q x — y 

3 - =3 or — = 1 

Hence, x-\-ij = 3*2 2 =12. 
i4nsu’er: x = 7; j/ = 5. 

315. The given system is reduced to the following one: 

Dividing the second equation by the first one, we get x — y = 

% 

the system 


Solving 


. 70 , 4x 

x + y = — and x — y= — 


we have x s = 7, y, = 3; .r 2 = —7, y 2 = —3. The roots x 2 , y 2 do not satisfy 
the second equation of the given system, since the numbers x 2 -f y 2 and x 2 — 
— y 2 are negative. 

Answer: x = 7; y = 3. 

316. Represent the given system in the form 


wherefrom we get 


S* 5 + 3 -^ £ 

2 U = 2 x , 3 ^ = 3 


2 - 2i/ 


— = 5-}-— , ^=l + l=iy 
y X y y 


Put — = /; then from the first equation we have 2/ 2 — 5f — 3 = 0; / t = 3, 
•/ 

’lx X 1 

t 2 — —— , i.e. — = 3 or — =—— . Hence we find the expressions x = 3 y 
“ y y ^ 

and x=— — y\ substituting them into the second equation, we find 

, 3 1 

xi=—2, y j = 4; x 2 = —,y 2 = — 

.Answer: x { —— 1, y i = 4; x 2 = —, r/ 2 = — . 
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317. The given system is reduced to the following one: 


1 / x 




+ </ = 2 


From the first equation (see solution of Problem 316) we find — = 3or — = —- . 

3 1 1/1/3 

The second equation gives x, = — , y\ = — \ x 2 ——2, j/ 2 = 4. The roots x 2 , 
y 2 are rejected. 

Answer: x = , y = . 

318. The given system is reduced as follows: 

f V^ = 4-Vx 

12 V x l/ = 3 +V*/ 

Putting "\/x = u; ^/j/ = i;, we get uv = 4 — u\ 2uv = Z-\-v. 

Answer: xj=4, y t = 1; x 2 =\, y 2 = 9. 

319. Rewrite the given system in the form 

ay = xP, bx = y q 

Since x and y must be positive (as the logarithmic bases), the origiual system 
is only solvable at positive values of a and b. From the first equation we find 

p 

y = — ; substituting it into the second equation, we get x pq = a q bx. Rejecting 
a 

the root x = 0 (since x must be positive), we obtain the equation xP?- 1 = a q b. 
If pq = i t then this equation either has no solutions (for a q b ^ 1), or is an 
identity (at a q b = 1). In the latter case the original system has an infinite 

x p 

number of solutions (x is an arbitrary number, and ij = — ; or y is an arbitra- 

ry number, and x = ~). If pq =£ 1, then we get the following solution: 

x = Pq a q b, y = Pq y b p a 
Answer : x = VI \/^a q b , y= /7 \/b‘ a {pq =f= 1). 


CHAPTER V 

PROGRESSIONS 

Arithmetic Progression 

320. By hypothesis, a, = 5, d = 4. Substituting these values into (3) and 
performing some transformations, we get the equation 

In- + 3n - 10 877 = 0 

Its roots are: n, = 73 and n 2 = —74.5, only the fonner being suitable. 

Answer : 73 terms. 
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321. By hypothesis, 

a i 4" ( fl i + d) + ( a i 4" 2d) + ( a i 4" 3d) = 26 
a, (fli 4- d) (a, 4~ 2d) (a, + 3d) = 880 

13_ Qd 

The first equation gives 4a, 4- 6d = 26, whence a, = —-— . Substituting 

it into the second equation and simplifying the parenthesized expressions, we 
get 

13 —3d 13 —d 134-d 13 + 3d 


2 


2 


= 880 


Getting rid of the denominator and multiplying the numerators (it is most 
convenient to multiply the first numerator by the fourth and the second by the 
third), we find: 

9d 4 - lOWd 2 4- 14 481 = 0 


Denoting the roots of this biquadratic equation by d', d", d", d "", we find 
d' = 3; d"= —3; d' , ' = -^-^^ and d"" = _ V^09 . f rom ^e equation a, = 
13 —3d 


3 3 

we find the corresponding values of the first term: 


= 2; Qj = 11; a” = 


13-Vl609 


_ » » • * 
a x = 


13 + 4/1609 


(3) 


Answer: the problem has four solutions: 

(1) 2; 5; 8; 11; 14; ... 

(2) 11; 8; 5; 2; -1; ... 

13—yi609 . 39 — 4/1609 . 39+4/1609 . 13+4/1609 . 

2 ’ 6 ’ 6 ’ 2 ’ '•* 

, 13 + 4/1609 _ 39 + 4/1609 . 39 — 4/1609 . 13 — 4/T609 . 

(0 2 ; 6 ; o *’ 2 ’ 

322. Denoting a p and a q by a, and d, we got (by hypothesis) the following 
system: 

a\ 4- d (p — 1) = q 

a, + d {q — 1) = p 
Hence, d = — 1 and a, = /> + q — 1. By the formula (1) we find: 

a n = (P 4- Q — 1) — (n — 1) = p + q — n 
Answer: a n = p + q — n. 

323. Natural two-digit numbers form an arithmetic progression with com¬ 
mon difference d = 1; its first term a, = 10, and the last one a n = 99. By the 
formula (1) we find the number of terms n = 90. The formula (2) gives: 

(10 + 99)-9° 


{ 


An swer: 49U5. 
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324. Lot us denote the odd numbers by n, (« -f 2), (n -f 4), („ -f G). Then 
ine even numbers contained between them will be (n -f I), („ -4- 3 ) 4 . 5 \ 

By hypothesis, 

+ ('» + 2 ) 2 + (« -f 4)= -f (n -f G ) 2 = (n -f l ) 2 + (/, -f 3,- -f („-|-5)2-f 48 

n2+[(n + 2)2-(n + l)2j-f-[(„ + 4)2-(n4-3)2]-|-I( w 4-G)2_ (/i -i-5)=)-48 ^0 
whence 

« 2 -f (2n -f 3) + (2 n + 7) + (2n -f 11) - 48 = <> 


n- -T (in — 27 = 0 


Hence, n = 3 or n = —9. 

Answer: (1) 3; 5; 7; 9 or (2) —9: —7; —5; —3. 

325. The terms a;; 7?«; a ,; . . .; a 2 0 constitute ati arithmetic progression 
with common difference 2d ami the number of terms 10. Using the formula (3) 
(in which a, should he replaced by a 2 and d, by 2d), we find 

(2/i 2 + 2d.9)1ft 

- 2 -'•= 

i.e. 

a 2 -\- Vd = 25 

Substituting a 2 = a, -f d, we have 

a, -f- 10 d = 25 ( a ) 

In the same way, proceeding from the progression <7,; ay, ay . . fl|3 , v.c find 

• n the same way 

+ 9d = 22 (b) 

From (a) and (b) we may find a, and d, and then all the terms of the progres¬ 
sion. But since it is required to find the medium terms only, i.e. < 7 I0 = fl , -£ 9,1 
and a,, = a, -f- 10 d, then from (a) and (b) we immediatelv have: a, n = *>•> 

= 25. 1 10 n ° 

Answer: the medium terms are equal to 22 and 25, respectively. 

32G. Put bi = (a -I- x)2. h 2 = (a- + X-). 6, = (a — x)-. Wo‘ find />, — 
— — b z = —2ax. Hence, the terms h t , h 2 , b 3 constitute an arithmetic 

progression with common difference d = —2 ax. Bv the formula (3) we have 


•S„ = 


f2 (a 4- j -) 2 — 2 or (n — 1)1 n 


= [« 2 -f (3 —») ax -}- x 2 i „ 


Answer: l 9 n = [a 2 _p (3 — n) ax -|- x 2 ] n. 
327. By the formula (3) we have 




2«| -f-rf (/; j — 


.S’<> — 


2a\ -J- d Ini — 


•"i 


-»t-rd(n 3 — 


i 1—01338 
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or 


4 L = fl i -f4^i _1 ) 

/?! 2 

So , d f . 

= a \ +“ (' ? 2 — 


o 
,l 2 
5, 


„ =fll+*o-(«3—1) 

It 3 * 

Multiplying the obtained equalities by (n> — u 3 ), (n 3 — n i) and (n t — n 2 ), res¬ 
pectively, and adding the products, we find: 

(» 2 —«s) l"3—' ,l i) +“T 1 ' ("i — “ 2 ) = 

«. n 2 ”3 


= ai [(n 2 — R 3) + ( n 3 — n i)-f ("l— 71 2 )H 
+ 4 [(Ml — 1) («2 — N 3) + (' l 2— 1) («3 — "l) + ( R 3— 1) (m* — n»)) 
The bracketed expressions are identically equal to zero, consequently, 


— (/i 2 — n 3 ) + -p («3 — n 1) -f “ ("1 — " 2 ) = 0 
n i n 2 ,f 3 

which completes the proof. „ . . 

328. By hypothesis, 5 f0 = 5S 5 . Expressing 65 and S , 0 by the formula (3) 
and taking into account that a { = 1 , we lind 

(2 + 0d) 10 r (2 — 4tf) 5 

-:-— — ^ 


whence d —3. 

Answer: +1; —2: —5; —8; ... 

320. By hypothesis, 

( 2 fl| -\-d (n— l)] n 


5 n = 3ii3 or 


• t «> 

= on - 


Since n =?t 0, then, reducing this equation by n, we get 2a, + rf« — rf = 6n or 

2fli — d = (6 — d) n (a) 

By hypothesis, the equality (a) must be satisfied at any n, but the left member 
of (a)‘contains no n. whereas the right member varies with n, provided the factor 

^ _r/ is non-zero. Only in the case 6 — d — 0 the right member is independent 

of n (is equal to zero)’, therefore we must have d = 0. Then from (a) we find 

2«j — d = 0, i.e. u, = y = 3 - 

.bi.tuvr: 3; 9; 15; 21; ... . . . n . 

330. The numbers which are not exactly divisible by 4, yielding the remain¬ 
der" 1 have the form 4 k -f- 1 (A—any natural number). They form an arithmetic 
progression with common difference 4. The first two-digit number of this form 
is 13 (it is obtained at k = 3); the last one is 97. By the formula (1), where 

„' t ' i; ;> H;j _ 97 and d - 4. we find n = 22. The formula (3) yields the requir¬ 

ed sum. 
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To determine for what values of k the numbers of the form 4 k + 1 will be 
two-digit, we may also make use of the following system of inequalities: 


r 4A- + 1 > 10 
\4A--f 1 <100 


1 3 

wherefrom we find 2 — < k < 24 — ; hence, k may have values equal to 3; 4| 

5; . . 24, the total number of which /j = (24 — 3) -4- I = 22 

Answer: 1210. 


Geometric Progression 

331. The geometric mean of two (positive) numbers a and b is a positive 
number x determined from the proportion a : x = x : b. To insert three geomet¬ 
ric means between the numbers 1 and 25G means to find the three numbers 
“ 2 . u 3 , u k which satisfy the conditions: 

1 : u 2 = u 2 : u 3 = u 3 : u t = u k : 256 

Hence, the numbers uj = 1, u 2 , u 3 , u k and u 3 = 256 form a geometric 
progression. By the formula of the nth t erm of the progression, 256 = 1 .q*. 

This equation has one positive root q = y 256 = 4 (—4; -j-4i; —4i are discard¬ 
ed, since they are not suitable). Now, by the same formula, we find: u, = 4- 
“a = 16; u k = 64. 

Answer: 4; 16; 64. 

332. By hypothesis, uj -f- u 3 = 52 and u\ = 100, or u 2 = ±10. By the 
property of the geometric progression, u,u 3 = = 100; hence, u, and u 3 are 
the roots of the equation u 2 — 52u -f- 100 = 0, whence u[ = 50 and u\ = '> 
or U” = 2 and u" 3 = 50. 

Answer: (1) 50; 10; 2, or (2) 50; —10; 2, or the same numbers following 
in the reverse order. 

333. By hypothesis: (1) u 3 — u, = 9 and (2) u 5 — u 3 = 36. Using the for¬ 
mula u n = rewrite these equations in the form: (1) urf — u { = ‘j; 

(2) — urf = 36. Dividing (2) by (1), we get q- = 4, hence, q = ±2; from 

(1) we find: u, = 3. 

Answer: (1) 3; 6; 12; 24; 48; ... 

(2) 3; —6; 12; —24; 48; . . . 

334. By hypothesis, uj-f-u 4 = 27 and u,u 3 = 72; but since — = 

u i u 3 ’ 

or u 2 u 3 = u i u i , we have a system of two equations: 


(1) -f- u k = 27 and (2) u t u k = 72 

whence u, = 3 and u t = 24, or u t = 24 and u k = 3. From the formula u k =■ 
~ Uiq 3 we find q — 2, or q = 1/2. 

Answer: 3; 6; 12; 24, or in the reverse order: 24; 12; 6; 3. 

335. By hypothesis: (1) u, + u k = 35 and (2) u 2 -j- u 3 = 30. As in Pro¬ 
blem 333, for determining q we get the following equation 

_H-£3_ = 35 
<7(1-f-9) ~30 


11 * 
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or, when reduced. 


1 — g-r-9 2 _ 7 

C 


We find: 


(1) q = 3/2; u, = 8; (2) q = 2/3; u, = 27. 


or 


We get two progressions: 

(1) 8; 12; 18; 27; 40.5; . . . 

(2) 27; 18; 12; 8; 5-i-; ... 

whose first four terms are equal, but follow in the reverse order. 

336™ Tn the^econd of the given sums we replace each term by the preceding 
one multiplied by q (by the definition of the geometric progression). We obtain 

u\q + 4~ utf 4~ utf + u sQ = 62 

q (wj + ^2 4“ 4* 11 i ~r u $) = ^2 

By hypothesis, the parenthesized expression is equal to 31; hence, q = 2. Using 

the formula S„ = ■ we have 31=^=^ . wherefrom «, = 1 

Answer : 1; 2; 4; 8; . . . 

337. By hypothesis, we have: 

(1) I/O 4- u 3 4- t/4 4- “5 = 19.5; (2) u, — m 8 T U 3 4- «* - 13 
The problem is similar to the preceding one. 

338. The terms i/ 4 and are equidistant from the beginning and th « end 

of the given sequence; therefore u 4 u, = u,w,. Since, by hypothesis u { u 9 = -304 
then u t ti n = 2304; besides, also by hypothesis, i/ ; + = 1-0. From these 

two equations we find = 24; «; = 96, and = 96; «; = 24. Let us take 
the first solution. By the formula u n = i/,?"- 1 we have: 

(1) 24 = i/,g 3 ; (2) 96 = urf 

Dividing (2) bv (1). we find q 1 = 4, whence q = 2 or q = -2. In the first case 
the equation (1) yields u, = 3, in the second, u, = -3. In the first case the 

nine terms of the progression are: 

3; 6; 12; 24; 48; 96; 192; 384; 768; 

in the second: 

_3; 6; —12; 24; —48; 96; —192; 384; —768 

Taking the solution u\ = 96; «; = 24, we find the same two sequences of the 
terms, but in the reverse order. 

Answer: (1) ui = 3; q — 2 

(2) Ul = -3; q = -2 

(3) i/i = 768;. q — 1/- 

339. By hypothesis” (1) u\ 4- + t/ 3 = ^and (2) uiu 2 u 3 — ?3 824. 

Since u 2 is the geometric mean of u t and i/ 3 , we ha ve u,u A — therefore instead 
of (2) we may write «/2 = 13 824, whence u 8 = v 13 824 In the given case, by 

factoring 13 824, it is easy to find that u 2 = 2u. Substituting it into (1) and (2), 
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we get the following system of equations: u , -j- i/ 3 — 102; u t u 3 — 576. Solving 
it, we find: u, = 6; u 3 = 96, and u, = 96: u 3 = 6. Thus, we get two progres¬ 
sions: 6; 24; 96, and 96; 24; 6, which differ only in the order of the terms. 

Answer : 6; 24; 96. ...... 

340. It follows (by hypothesis) that the sum of the even terms is twice that 

of the odd terms, i.e. 

Oo + u 4 T- "I - -- - f< 2 n _ t) 

H 1 + »3 + u 5 +-“l - u 2n-l 

Replacing the terms « 2 ; u ; ; n,;_. . « 2n< by the expressions u 7 = u t q\ u* = 

= u 3 q\ . . .; « 2 „ = u 2ix -\<h we find </ — 2. 

Answer: q = 2. 


Infinitely Decreasing Geometric Progression 

341. To prove the fact that the given numbers constitute a decreasing geo¬ 
metric progression we have to check whether the ratios ^ an d ^ are equal and 
whether each of them is less than unity. We have. 

u, l V2+1 1 _. V5+ 1 , 1 _ 


( 1 ) 


u f = 2-V2 : 1/2-1 1/2 (1/2-1)’ V2-1 2+1/2 

u , t 1 2-V2 (2-V2)(2+V2) 1 


2 (2+*\/2) 2 + V2 


(2) - 2 • 2-V2 

Since “ 2 = _ q— * < 1. the given numbers form a decreasing 

u, u 2 2+V2 

geometric progression. By the formula of its sum we find 


S = 


1/2+1 _ (1 /2+1) (2+1/2) = A j., 

W. 1 \ (1/2-00/2+1) 


^2-0(1-—^) 


342^^ hi the^preceding problem, we find that the bracketed expression 
is equal to 3 ( \ /3 ~ 2 ) . The whole expression then takes the form 

1/3-1 

. . 3(1/3 — 2) 12 

(4 1/3+8).-^=-^ 


= -OO/3+l) 


Answer: —6( V/3+ l)- 
343. By hypothesis, 


. 32 

ui=4 and u 3 — a 5 =— 


By the formula u n *=«,*»'* we get from the second equality 

32 
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Taking into account that u x = 4, we get the biquadratic equation 81? 4 — 81? 2 + 

91/2 1 

+ 8 = 0, whose roots are: q lt2 = ± and g 3>4 = ± — . The negative 

roots are not suitable, since, by hypothesis, all the terms are positive; both 
positive roots are suitable, since they are less than unity. And so, we get two 
infinitely decreasing progressions. 

Answer. S' = 12 (3 + 2 V2) and S" = 6 . 

344. By hypothesis, 


u i + “4 = 54 and u 2 + u 3 = 36 

Using the formula u n = ui? 71-1 , we get a system of two equations: 

f u, + u l9 3 = 54 f uj(1 + <7)(1 — q-f-g 2 ) = 54 ( 1 ) 

l u i9+ u i9 2 = 36 l u i9 (1 + ?) = 36 (2) 

Dividing (l) by (2), we obtain the equation 


1-7 + 7 2 _ 3 

q 2 


whence <71 = 2 and q z = */ 2 . The suitable root is q 2 = < 1. We find from 

(2) Ui = 48. 

Answer: S = 96. 

345. First method. By hypothesis, 

(1) + u 3 + u s + . . . = 36 

( 2 ) u 2 + m * + u 6 + • • • — 12 

The terms of the first and the second sums also constitute infinitely decreasing 
progressions with one and the same common ratio q 2 . The first term of the first 
progression is equal to u lt the first tenn of the second ^progression, to u,, i.e. 
to u x q. Expressing the sums of the first and second progressions by the formula 
for the sum of an infinitely decreasing progression (where instead of q we take 


< 7 \ and instead of u, in the second case we take u x q), we obtain (1) —— 2 = 36 

and (2) j= 12. Dividing (2) by (1), we get q = 1/3, and from the first 
equation we find u x = 32. 

Second method. Since u 2 = u x q, u k = u 3 q and so on, then instead of u, + 
+ u 4 + + . . . = 12 we get u x q + u 3 q + u 5 q + . . . = 12, or 


7 (“1 + U 3 + u s + . . .) = 12 



Dividing the expression u, + u 3 + u 5 + . . . = 36 by (1), we find q = —. 

On the other hand, the sum of all the terms of the progression is 12 + 36 = 48. 
By the formula for the sum of an infinitely decreasing progression we have 


whence u!c=32. 
Answer: 32; 
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346. By hypothesis, 

U, + u 2 + u 3 + * * * = 56; I'i T Wj T “3 T • • • = 

The addends of the second sum also form an infinitely decreasing geometric 
progression with the first term uj and common ratio q-. Expressing the sums of 
these progressions, we get 


-7 —^— = 56, —^=448 
1 —q 1 — 9 2 


“ - vw, . O - -- 

1—7 1 — 7 2 


or 

o, = 50 (1 - 7 ) 

(1) 

nf = 448 (1 - 7 2 ) 

( 2 ) 

Dividing (2) by (1), we find 

o, = 8 (1 + 7 ) 

(3) 


Eliminating u, from the equations (1) and (3), we get 

8 ( 1 + 9 ) = 56 (1 - q) 

whence q = ~ . From (1) we find u, = 14. 

3 

Answer: u, = 14, q — -r • 

347. Solved in the same way as the preceding problem. For determining u, 
and q we get the following system of equations. 


«1 _Q 

1=7“ 3 


'<1 

1 — <7 3 
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13 


Eliminating o, from these equations, we get the equation 3+ - IO 7 + 3 = 

= 0. Out of its two roots only one, namely <7 = y. is suitable (the other, q = 

= 3, being more than unity). From the equation (1) we find u, = 2. 

2 2 

Answer: 2; — ; -jj- I • • • 

348 Solved in the same way as Problems 346 and 347. To determine u, 
and q we obtain the following system of equations: 

( 0,7 = 6 (1) 


f 0,7 = 6 

\ «i 1 . 

1 137-8 1 - 7 2 


Equation (2) is equivalent to the equation u, = 8 (1 + ,) Ehmmating a, 
from the system u,q = 6 . •i = »d+ f . »« f‘ ‘he equation V + 4, - 
-3 = 0 with two roots: „ = -3/2, 1 , = 02. hut the first root is not suitable, 
since its absolute value is more than unity. Prom (1) we find u t — 12. 

Answer: 12; 0; 3; . . . 
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Arithmetic and Geometric Progressions 
349. By hypothesis, we find: 

d = 16 — 14 = 2; a , = 14 — d = 12 
fli + fl 2 + as = 12 + 14 + 16 1 = 42 


Consequently, in the required geometric progression (1) q = 2 and (2) u, + 
+ u t q + n,< 7 2 = 42, whence u, = 6 . 

Ansu?er: 6 ; 12; 24; ... 

350. The first three terms of the geometric progression are: 3; 3 7 ; 3 q 2 . By 

hypothesis, a, = 3; a 2 = 3q ~r 6 ; since a 3 — a 2 = a 2 — n t , we have a 3 = 2a-, — 
— «i = 67 + 9 . By hypothesis, this third term is equal to the third term of 
tlie geometric progression, i.e. 3 q-. Thus, we get the equation 6q + 9 = 3q-, 
whose roots are: 7 = 3 and q — —1. In the first case the geometric progression 
is 3; 9; 27; . . . and the arithmetic one is 3; 15; 27; .... In the second case 
we get two sequences of numbers: 3; -3; 3; -3; ... and 3; 3; 3; . . . which 
may he considered respectively as a geometric progression with common ratio 
<1 - 1 . as "ell as an arithmetic progression with common difference d — 0 . 

Answer: (1) 3; 15; 27; . . .; 3; 9; 27; . . . 

(2) 3; 3; 3; . . .; 3; -3; 3; -3; . . . 

351. 3 he problem is similar to the preceding one. By hypothesis, a, = n, — 
= 5; consequently, u 3 = bq 2 \ u b = 57 -*. Then, also bv hypothesis. n 4 = u 3 ~ 

yr\ = 1/5 = V- Hence: (1) 57 = = 5 + 3d, (2) bq 4 = 5 + \bd. Elimi¬ 
nating d , we get the equation q* — bq 2 +4 = 0, whence q 2 = 4 or 7 2 = 1. 
Since <z 4 = bq 2 , the fourth term of the arithmetic progression is equal to 20 in 
the first case, and to 5 in the second. 

.\ote. In either of those cases wo obtain two different geometric progressions, 
the arithmetic progressions being the same. Namely, in the first case”we have 
the following geometric progressions: 5; 10; 20; . . . and 5; —10; 20; . . ., the 


arithmetic progression ^with common difference d = 5 = 5 j being 5 ; 

10; 15; 20; .... In the second case we get 5; 5; 5; . . . and 5; —5; 5; —5; . . . 
the corresponding arithmetic progression containing equal terms: 5 ; 5 ; 5 ; ... . 
Answer: 20 or 5. 


'{.>2. By hypothesis, at — n,; a 2 = u { q\ a- — u { q 2 , wherefrom we find: 
( 1 ) a = a, - a^ =«,(? — !) and (2) 6 d = a 7 - a t = u, (q n - - 1). Eliminating 
(/, we gel u, (q- — 1 ) = 6 h, (7 — 1 ). Since u , + 0, then — 1 = 6 (<7 — if, 
whence 7 = 5 or 7 = 1 . From the condition w, + u ,7 + Ui q 2 = 93 we find 
h, = 3 and u, = 31, respectively. 

Answer: (1) 3; 15; 75, (2) 31; 31; 31. 

353. By the formula (2) on page 32 we find <j 7 = 729; consequently, in the 
geometric progression we have: u, = a, = 1; u 7 = a 7 = 729. It is required 
to find the medium term which is the fourth one both from the beginning and 
from the end. Hence, the first term u,, the required medium term u- and the 
last one u 7 form a continued proportion: u, : h- = u 4 : u 7 . Hence, u? = u.u- 
and H| = 729. 

Answer: u 4 = ±27. 


354. By hypothesis, h, + a 2 + a 3 = 15. Since a 2 — a, = a 3 — a 2 , then 
2a 2 = a, + a 3 , and from the given condition we have 2 a 2 + o 2 = 15. ~Hence, 
a 2 = 5. Then a, = 5 — d\ a 2 = 5; a 3 = 5 + d and. by hypothesis, u, = < 2 , + 
1 = 6 d: u 2 = a 2 + 4 = 9; u 3 = a 3 -p 19 = 24 + d. Since ns = n,u 3> 
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we have 

<J2 ^ (0 _ d) (24 -f d) 

whence we find d = 3, a, = 2 or d — — 21 , a, — 26. 

Answer: (1) 2; 5; 8 . (2) 26; 5; —16. 

355. By hypothesis, a, = a, 1; a 2 = n 2 -f- 6 ;'a 3 = u 3 4- 3; hence a, 4- 
4~ a 2 -f a 3 ='(«! + «,+ u 3 ) + (1 + 0+ 3), or, by virtue of the^condition 
u i + u 2 4 - «3 = 26, we get 

a, -f a 2 4- a 3 = 26 -f 10 = 36 

Then proceed in the same way as in tlie preceding problem. 

Answer: 2; 6 ; 18 or IS; 6 ; 2. 

356. Suppose the required numbers are: a,; a, 7 ; n,q~; then, by hypothesis, 
the numbers u,, u t q and (a, 7 2 — 64) constitute an arithmetic progression and, 
consequently, 

i /,7 — a, = (w, 7 2 — 64) — //, q (1) 

Furthermore, by hypothesis, the numbers a,; (u,q — 8 ); (u t q- — 64) form a 
geometric progression and, consequently. 

(u,q — 8 ) : ui = (u t q- — 64) : (a,v — 8 ) (2) 

After simplifications the system of equations (1) and (2) takes the form 

a, (r-2 q 4- 1) = 64, m, (7 - 4) = 4 


whence 7 = 13 and a, = 


Answer: (1) — ; 

J 



676 

IF ’ 


7 = 5 and //, = 
(2) 4; 20; 100. 


357. Suppose the required numbers are: //,. n 2 
the terms of a geometric progression, then 

"2 = w,a 3 



and // 3 . If these numbers are 



and if they are the terms of an arithmetic progression, then 

2 u 2 = «<1 4 " «3 



Eliminating u 2 from ( 1 ) and ( 2 ), we find (a, ~r u *) 2 — 4u,a 3 or (//, — a 3 )- — 0 . 
whence a, = a 3 , and from (2) we find u 2 = a,. Hence, a, = u 2 = a 3 . 

Answer: possible, if the three numbers are equal. 


G H A P T E H VI 

COMBINATORICS AND NEWTON S BINOMIAL THEOREM 
Notation: 

A” = total number of permutations of m elements taken n at a time 
I J n = total number of permutations of n elometns 
C” = total number of combinations of m elements taken n at a time 
T h*\ = C^a h x T n~ u is (k -f- l)tli term of the expansion of the binomial (x-fa)"* 
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358. By hypothesis, 

P n 0.1 1-2-3... n 1 

P M2 ~ 3 ° r 1-2-3 ... »l»+l)(»+2) 30 

whence (n + 1) (n + 2) = 30. The roots of this equation are: n t = 4, n 2 = — 7. 
The second root does not suit. 

Answer', n = 4. 

359. By hypothesis, 5or 

5n (n — 1) (n — 2) (n + 2) (n + 1) n (n— 1) 

1-2-3 _ 1-2-3-4 

whence 

5(n _2, = <n±^±il 


Answer: raj =14; n<> = 3. 

360. The required term 




16-15-14-13-12-11-10-9 
1-2-3-4-5-6-7-8 



a 8 

Answer: 12 870 — r 


361. We have 


r«-efc(4v:)*(^) 


12 -n 


This expression contains a to the power -f- “ —— . By hypothesis, 

n 2(12 — n) _ . c - 

-s-H—r = 7, whence n = b, i.e. n-f 1 = 7. 

Z O 

Answer: the seventh term. 

362. We have 




21 —n n n 21 -n 


6 


. n 21 —n 

By hypothesis, —-g— 


21 —n n . n 

---— , whence n = 9. 

o b 


Answer: the tenth term. 

i _ i 

363. After simplification we get (a 3 — a “) 10 . We have: 

i. 1 10-n _ n_ 

T n+ i = (-l) n CJ* 0 (fl 2 ) n (a 3 ) 10-n = (— l) n C^ 0 a 3 2 

By hypothesis, - n -^- = 0, " hence n — 4. 

Answer: T b = 210, 

364. Let x be the exponent of the first binomial. Then the sum of the bino¬ 
mial coefficients is 2*. The sum of the binomial coefficients of the second bino- 
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cnial is 2- v+3 . We get the equation 

2 X + 2* +3 = 144; 2 X (1 + 8) = 144; 2* = 2 4 ; x = 

Answer : 4 and 7. 

305. We have — ^ — = 105, whence m = 15; then 

1 *2 

455 


r,3=(— 


Answer : 


455 


■3 * 


366. By hypothesis, C$ n = C )£, hence, m = 15. Then we have 

7 n+1 = (z*= C{‘ & a"x3o-3n 

By hypothesis, 30 —3n = 0, n = 10. 

Answer: T., — 3003a 10 . 

C* 14 

367. By hypothesis, -^p- = -rr- , i.e. m 2 —5m—50 = 0, whence m = 10 (the 

tfn 

coot rn = —5 is not suitable). The medium term 

Tt = C\ 0 (— l) 5 ( a ”v / a) 6 = —252 

Answer: the medium (sixth) term is —252. 

368. By hypothesis, 1-j-m -f- ^ 1 = 46. Then solved in the same way 

■as Problem 367. 

Answer: the required (seventh) term 77 = 84. 

369. By hypothesis, 2™=128, whence m= 7. We have 


7 


- y | (7_n) 
n+ « —C'j'x x 


Q 

By hypothesis, —£-+ — (7 — n) = 5, whence n = 3. 

Answer: the required (fourth) term = 

370. We have u 9 =u l q ! >= -|-(1+ «')&. The multiplicand —- is equal to 

^ — ~i. According to the binomial theorem the factor (1-fi) 5 is 

equal to l-f-5i-j-lOi 2 -)-10t 3 + 5< 4 +1 5 . llenco, 

Uo = _/ — 5i 2 — 10t 3 — 10t 4 — 5t 6 — i e 

Now replace the powers of imaginary unit by their expressions: 

(2 — __i ; = m = —i; i* = i 3 i = —il = +1; 

i* = i*i = i; 1 9 = -1 
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\ T ote. In the given example, where the base is 1 -f- i (or, in general, when the- 
base is a binomial of the form a ± ai ), involution may be done in a much 
simpler way. Namely, square 1 + i. We get (1 -j- i) 2 = 2i, hence (1 + 0 — 
= (1 + i) 4 -d t 0 = (2i)~• (1 + i) = — 4 (1 4- 0- 
Answer: u 0 = —4 + 4i. 

371. We have u 7 = i (l + -j-J*. Since y = —t, u 7 = i (1 — i) 6 - Then 

we may proceed in the same way as in the preceding problem. We may find the 
modulus and argument of the product of six factors, each being equal to 1 — i. 

The modulus of the quantity 1 — i is l/2, the argument being equal to —45°. 
Hence, the modulus of the product is equal to = 8, and the argument, 

to G (—45°) = —270°. Consequently, 

(1 _ f)0 = 8 Icos (-270°) + i sin (-270°)] = 8i 


Answer: u 7 = —8. 

372. By hypothesis, the numbers C' n \ C C 3 form an arithmetic progression. 
Hence, C x n -f- C, 3 , = 2C 3 , i.e. 

, n(n — l)(n — 2) _ n (n — 1) 

n ---=2* 


6 

Since n =?= 0, both numbers of the equality can be divided by n. We get the 
equation n- — 1)// + 14 = 0 with the roots n ! = 7 and n 2 = 2. The second root 
is not suitable, since at n = 2 the expansion of the binomial has only three 
terms, whereas, by hypothesis, there is a fourth term. 

Answer: n = 7. 

373. Solved in the same way as the preceding problem. On reducing oy 
n (n — i)J . n—~) in—_ d) ^. g num jj er j s n0 n-zero, since, by hypothesis, n > G> 

we get n- — 21 n -f- 98 = 0. 

Answer: n = 14 or n = 7. , 

4 x —l 

c y 0 X • 

374. Rewrite the first addend in parentheses in the form a° =a ; 

, . , , Vxi 7X7. The fourth term of the expansion is 

the second, in the form a-u A • l —a 

5 - x 6x 5-* _j_ Ox 

56a - x ' *+• . By hypothesis, 56a * * +l =56a 5 - 5 . Consequently, 


5 — x 6x - _ 
--^— = o.5 


x + 1 


Answer: i = 2 or i=—5. 

373. Represent the given expression in the form 


X — 1 

[2 * 


+ 2 


2(3-x) 
4 —x 


l 6 


By hypothesis, 


4(x - l) 4(3-x) 


15-2 


X 


4 - x 


= 240, 
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j.e. 


Hence, 


4(x- 1) 4(3 -x) 

2 * 4 " x = 2* 


4(j—1) 4(3— x) 

x ' 4 — x 


Answer: x = 2. 


i _ 1 

376. The seventh term T-, of the expansion of the binomial (2 3 +3 3 ) x is 

i _I 

T 7 = C 6 x ( 2 3 ) x_6 (3 3 )« 

and the seventh term from the end is 

i _ l 

T\ = C% (2 3 )0 (3 3 ) x “ 6 

onsequently. 


x- 12 x- 12 x- 12 


T-,: T, = (2 3 ) (X-G>_G (3 3)8-(*-6 ) _2 3 :i 


3 3 


x - 12 x— 12 

1 


x—12 


fly hypothesis, 6 !j =—,i.c. 6 3 =6 _1 . Hence, —^—— — 1. 


Answer : x = 9. 

377. By hypothesis,Cfx 3 (x’° sx ) 2 =10 6 , i.e. 10x 3 + 2,ogx =10« or x 3 + 2,o » x =105. 
Taking logarithms of this equation, we get (3 + 2 log x) log x = 5. Solving 
the last equation, we get 


(log x,) = 1 and (logx 2 ) =-— 


Answer: z, = 10; x. — \0 2 = looy jf 

378. By hypothesis, 

3 logx+7 

C2(V5) l08 * +1 (“ "*f = 200, i.e. 20 x 4(,q 8* +1) = 200 

Dividing both members of this equation by 20 and then taking logarithms, we 
get after simplifications 

(log x) 2 + 3 log x — 4 = 0 

Hence, (log xj) = 1, (log x 2 ) = —4. 

Answer: xi = 10; x 2 = 0.0001. 

379. Solved in the same way as the preceding problem. We got the equation 
r logx -2 _ 1000. Taking logarithms of the obtained equality, we find 
(log xi) = 3 and (log x 2 ) = — 1- 

Answer : X| = 1000; x 2 = 0.1. 
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380. Solved in the same way as the two previous problems. 

Answer: x, = 10; x-> = —. . 

“ -Kio 

381. Answer: X 4 = 100; i. = —-— 

“ yO 00 

382. Answer: x« = 1000: x 2 =— 

1/10 

383. By hypothesis, 

^ft +2 —^/;+i = 30 

where 

h 12-ft 6-2/i 


(a) 


'P _ ph 2 — G 

* fc +1 — ^ 4 oJ x 


4-2/i 


12 


= C* 2 x 3 


and r h+ 2 =C 5 1 J 1 x 


By hypothesis, the exponent G .~ k is twice as large as the exponent —~ 2k * 

13_ 2k 4_ 2k ^ 

3 — = 2—^i whence k—i. Then, after simplifications, the equa¬ 
tion (a) takes the form: 


A 

.3 


2 

Ti 


I <o the substitution x'=y. 
Answer: x j = 5 \' / 5 ; x 2 = 


2x J — 1 lx’’ -{-5 = 0 


1/2 
4 * 


384. By hypothesis, 5 C 1 m = C^ n , consequently, we have the equation 

m (m — 1 ) (m — 2 ) 


o rn — 


1-2-3 


Since m =£ 0 , both members of the equation can he divided by m. We get rn t = 
= 7 and m 2 "= —4. The second root is not suitable, because m should be a posi¬ 
tive integer. 

By hypothesis, 71 = 7-20; hence, 

X X- 1 

C?( 2 3 )3 (2 2 )•* = 140 

Answer: x = 4. 

38.'*. By hypothesis, we have C~ m — m = 20; 1) — m = 20. Out of the 

1 * w 

two roots m t = 8 and m 2 =—5 only the first one is suitable, since the expo¬ 
nent of the binomial is assumed to be a positive integer. Rewrite the bino- 

x 3 5 x 

mial in the form (2 2 ll * 4 -2 ,G 2 )8. By hypothesis, 

r 4 -r 6 =5G 
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After simplifications we get 56-2* — 56-^ = 56. Putting 2* = y. we obtain 

the equation y- — y — 2 = 0. wherefrom y, = 2 and y 2 = — 1 . Since 2 x = y 
cannot be a negative number, the only suitable root is y, = 2 and, hence, 2 X = 
= 2, i.e. x = 1. 


>1 nswer : z = 1. 

386. Since the binomial coefficients of the terms equidistant from the be¬ 
ginning and the end are equal, instead of the coefficients of the last three terms 

we may take those of the first three terms, i.e. 1 -f- m -f — ^ = 22, whence 

1 *2 


— 1— X 

m = 6 (see the preceding problem). Hence, the binomial is (2 2 -f 2 2 ) B . 
hypothesis, 

T 3 + T b = 135 


or 


1 -X X 1 -X .X 

C| (2 2 )2 (2 2 )< + C‘ (2~)‘ (2 2 )2 = 135 



After simplifications we obtain 

2*+i_f_22-* = 9 or 2-2* + —= 9 

Z x 


As in the preceding problem, we find: (1) 2* = 4 and (2) 2* = -^- . 

Answer: zj = 2; z 2 = —1. 

387. The numbers a u a 3 , a 5 , which are respectively the first, third and fifth 
terms of an arithmetic progression, form an arithmetic progression themselves, 
so that 2 a 3 = a, + a 5 . Since, by hypothesis, o, = C l m ; a 3 = C- m \ a 0 = then 

2m (m — 1) m (rn — 1) (m —2) 

-T2- =m +-TT3- 


Reducing by m (m 0), we find the equation m 2 — 9m + 14 = 0, whose 
roots are m t = 7, m 2 = 2. Since, by hypothesis, the expansion of the binomial 
contains at least six terms, then m > 5, hence, only /«, = 7 is suitable. The 
binomial is 


Ry hypothesis 


l 


[ 2 2 


- log(10 —3 X ) 


x-2 


+ 2 


log 3 



or 


Hence wo have 
consequently, 


^ 2 (x- 2) log 32log <10 — 3 V ) _ 21 

2 (*-2) log 3 + log (10 — 3*) _ j _ 2 o 
(z — 2) log 3 -f log (10 - 3 T ) = U 


'I’aking antilogarithms, we get 

3 X ~- (10 — 3 V ) = 1 
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or 

3* 1 

__ (10 —3-) = l 

Then proceed in the same way as in Problem 385. 

Answer: x t = 2; x 2 = 0. 

14 

388. By hypothesis, the numbers -g- Cj n , C ^ and C* m constitute a geomet¬ 
ric progression; consequently, 

^ C'mCm = (CS,) 2 

Both members of the equality can be divided by nr (m — l) 2 (m — 2) since 
none of the factors (m, m — 1, m — 2) is equal to zero (it follows from the given 
condition that m > 3); we get m = 9. By hypothesis, T k = 16.8, or 

C 3 5 3 [| log (X- D- i lor s] 5 6 [- i log (6 - VU)] = 16 8 

Hence we get the equation 

4- log {x— 1) — log5 — log (6— ] / Sj)= —1 


Taking antilogarithms, we have 

10 VJHT = 5(6- ]/&r) 

Hence, x { = 50 and x 2 = 2. The first root is not suitable, since at x = 50 the 

number 6 — ~\/ 8x is negative and, consequently, has no logarithm 
Answer: x = 2. 

389. By hypothesis, 

log (3-C&) —losCm= 1 

or 


SCI 


V 3 

log 4^2- = log 10 


hence — ,M - = 10. After simplifications we find the equation m 2 — 3m — 18 = 0, 

^rn 

whose rools are m t =6 and 3. Consequently m=6. From the condi¬ 

tion 97*3— r 5 = 240 we get the equation 


9f 


= 2 2 (§+IV ( s i i -3)_ ci2 *(§+IV (^-3) =240 


whence 

or 

Hence, 

Answer: x = 2. 


9.23x-2_23x+1_ 1(J 

g.23x 


02 


— 23*.2 = 16 


23x- 2« and x = 2 
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CHAPTER VII 

ALGEBRAIC AND ARITHMETIC PROBLEMS 

390. The weight of the round is made up of the weights of the projectile 
cuarge^and^sliell. The weights of the projectile and shell taken together make 

y + - 4 = J 2 of tl,e total wei g l,t of the round. Thus, the weight of the charge 
makes 1 — li = .1 0 f the weight of the round, which amounts to 0.8 kg. Hence, 

the weight of the round is equal to 0.8 kg: ^ = 9 .G kg. 

Answer: 9.G kg. 

391. Out of the total number of workers, men make 100% — 35% = 65%. 
The number of men exceeds that of women by 65% —35% = 30%, which 

amounts to 252. Consequently, the total number of workers is equal to ^2-100 = 

= 840. 30 

Answer: 840 workers. 

392. The profit percentage is calculated in relation to the prime cost (taken 
for 100%). Hence, the selling-price (1386 roubles) makes 100% -f- 10?6 = 110% 
of the prime cost. Consequently, the prime cost is equal to 

=1260 (roubles) 

Answer: 1260 roubles. 

393. The loss is calculated in relation to the prime cost (taken for 100%). 
Hence, 3348 roubles make 100 % — 4% = 96% of the prime cost. Consequently* 
the prime cost of the goods was equal to 

3348-100 „ /c _ , , , . . 

-^-= 3487.5 (roubles) 

Answer: 3487 roub. 50 kop. 

0 , 1 / /pi , . . . 34.2-100 / 

394. The copper content of the ore is -—^-%. 

Answer: 15.2%. 

395. The price was reduced by 29 kop. — 26 kop. = 3 kop., which amounts 

to % of the old price. The number = 10 — is approximately repla¬ 

ced by a decimal fraction. 

Answer: 10.34%. 

396. Solved in the same way as the previous problem. 

Answer: 10.94%. 

397. By hypothesis, 2 kg of raisins make 32% of the total weight of the era- 

2 • 100 ° ® 

pes. The weight of the grapes is equal to ——— = 6.25. 

Answer: 6.25 kg. 

398. Let us denote the number of tourists by t. In the first case the collected 
money amounts to 75z kop.; hence, a sum of (75x -f 440) kop. is needed for 

12-01338 
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organizing the excursion. In the second case the collected money amounts to 
80x kop.; hence, (80x — 440) kop. is needed. Consequently, 75x + 440 = 
= 80* — 440. 

Answer: 176 persons. ?2 

399. Let us denote the number of persons by x; then each was to pay —. 

By hypothesis, • 

(*-3)(Z? + 4)=72 

Answer: 9 persons. , 

400. Let the price of one copy of the first volume amount to * roub., ana 
that of the second volume, to y roub. The first condition yields the equation 
60x + 75y = 405. With a 15?o discount the price of one copy of the first 
volume amounts to 0.85x roub.; with a 10% discount the price of one copy of 
the second volume comes to 0.9y roub. From the second condition we obtain 
the equation 

60 • 0.85x -j- 75 • 0.9y = 355 


Solving the system of the two equations, we find x — 3, y = 3. 

Answer: the price of the first volume is 3 roubles; the price of the second 
volume is also 3 roubles. 

401. Let the first item be bought for x roub. Then the second item was bought 
for (225 - x) roub. The first item yielded a profit of 25%. Hence, it was sold 
for 1.25x roub. The second item which yielded a 50% profit was sold for 
1.5 (225 — x) roub. By hypothesis, the shop sold the two items for 225 roubles 
and made a total profit of 40%. Hence, the two items were sold for 1.40-225 = 
= 315 roub. We get the equation 

lL*+l4- (225 -*) = 315 


Answer: the first item was bought for 90 roubles, the second, for 135 roubles. 

402. 40 kg of sea water contain 40-0.05 = 2 kg of salt. For 2 kg to amount 
to 2% of the total weight, the latter must be equal to 2 : 0.02 = 100 kg. 

Answer: 60 kg of fresh water should be added. 

403. Let us denote the lengths of the legs (in metres) by x and^y. By hypo¬ 
thesis, x 2 + y 2 = (3 V5j a . After the first leg is increased by 133 — %, i.e. by 


133— : 100 = 1 — of its length, it is equal to 2 —x. Increased by 16 y% the 

3 3 1 11 
second leg is equal to 1 -i-y. Thus, we get the equation 2 j * + 1 j V = 14- 


Answer : 3 m and 6 m. . . , .. , , 07 

404 If we take 12.5% of the flour contained in the first sack, then 87.5% 

of the flour is left in it, which amounts to 140 kg : 2 = 70 kg. Consequently, 

, . . 70-100 

the first sack contains 


87.5 ; 

Answer: the first sack contains 


80 kg, the second, 60 


kg- 
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405. Both factories together could fulfill ^ of the order per day. By hypo- 

2 2 

thesis, B has an efficiency of 66 — %, i.e. — of that of A\ consequently, the 

2 

efficiency of both factories is 1 — of that of A. Hence, A can daily fulfill 
12 : * " 3 ~ = 20 orc * er ’ w ^ e oq‘ 7 = f * lc or< ^ er - Before A was 

2 1 r 

closed down — = _ of the order was fulfilled. To fulfill the remaining -jj- of 

the order B needs another 4- : — = 25 days. 

o ou 

Answer: the order will be completed in 27 = (25 -f 2) days. 

406. The 14 students, who obtained correct solutions, make 100% — 

— (12% -f- 32%) = 56% of the total number of the students of the class. 

The total number of the students is —‘ = 25. 

06 

Answer: 25 students. 

407. The weight of the cut-off piece makes 72% of the total weight of the 
rail, hence, the weight of the remaining part (45.2 kg) amounts to 100% — 

— 72% = 28% of the total weight of the rail; 1% of this weight is —and 


72% amount to ^^-72 = 116 kg 

Zo oo 


28 


116.23 kg. 


Instead of determining one percent of the weight of the rail we may set up 
the proportion z : 45.2 = 72 : 28. 

Answer: the weight of the cut-off piece is (approximately) equal to 116.2 kg. 

408. The weight of the piece of the alloy (2 kg) makes 100% -f 14 —% = 
2 

== 114y% of the weight of the copper. Hence, 1% of the weight of the copper 


amounts to 




kg. Consequently, the weight of the silver, which comes to 


2 

14— % of the weight of the copper, is equal to 


2 2 1 , 

2 • 14 ? - 4 kg 


114 ? 

Instead of determining one percent of the weight of the copper, we may set up 
the proportion 

x:2 = 14y:114y 

Answer: the weight of the silver is ~ kg. 


12 * 
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409. The money received by the second worker amounts to l-^-:7-i-=^ 

7 1 

of that of the first, or, in percent, —. 100% =23 -j %. The total received 
by the three workers (4080 roubles) makes 

100% + 23 % -f 43 j % = 166 % 

of what was paid to the first worker. One percent of the money received by 
the first worker comes to roub., hence the first worker was paid 


1061 
4080 

»T 

1 


• 100 = 2448 roub. 


The second worker received 23-^-% of this sum, i.e. 


The third worker earned 


2448-23-i 
100 


2448-43-^ 


= 571.2 roub. 


100 


= 1060.8 roub. 


Answer: 2448 roub.; 571 roub. 20 kop.; 1060 roub. 80 kop. 

410. If the first box contains x kg of sugar, then the second contains 

421 

i-x kg, and the third, 4 "*■-^ x B y hypothesis, x + yx + ^x = 

5 ° 4 17 

= 64.2, whence x = 30 (kg). Of this number we take first — , and then 

Answer : 30 kg; 24 kg; 10.2 kg. 

411. Let us take x tons of the first grade; it contains 0.05x tons of nickel, 
and then it is necessary to take (140 — x) tons of the second grade, containing 
0.40 (140 —x) tons of nickel. By hypothesis, 140 tons of steel contains 0.30-140 
tons of nickel. Consequently, 0.05x -f 0.40 (140 — x) = 0.30-140. Hence. 
x == 40* 

Answer. 40 tons of the first grade and 100 tons of the second grade. 

412. The piece of the alloy contains 12 kg-0.45 = 5.4 kg of copper. 
Since in the piece of the new alloy this amount of copper makes 40% of its 
weight, the piece weighs 5.4 : 0.40 = 13.5 kg. Hence, it is required to add 
13.5 kg — 12kg = 1.5 kg of pure tin. 

Answer: 1.5 kg. 

413. Solved in the same wav as the preceding problem: (1) 735 g-0.16 = 
= 117.0 g; (21 117.6 g : 0.10 = 1176 g; (3) 1176 g — 735 g = 441 g. 

Answer: 441 g. 
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414. Let x denote the weight of copper (in kg). Then 24 — x is the weight 
of zinc. The loss of weight is x (for copper) and y (24 — x) (for zinc). Conse¬ 
quently, y X -f y (24 — x) = 2 y . Hence, X = 17. 

Answer: 17 kg of copper, 7 kg of zinc. 

415. Let us denote tne number of 25-metre lengths by x, and that of 12.5- 
metre lengths, by y. For a 20-kilometre (20 000-metre) track 40 000 m of rails 
are needed (two lines). By hypothesis, 


25x-J- 0.50-12.5y = 40 000 and 12.5i/-f 


•> 

100 


• 25x = 40 UUO 


Answer: 1200 pieces of 25-metre rails and 1600 pieces of 12.5-metre rails. 

416. Let the number of students be x. During tne exchange each student 
received x — 1 photographs and all the students received x (x — 1) photo¬ 
graphs; by hypothesis, we have the equation x (x — 1) = 870. 

Answer : 30 students. 

417. Let us denote the smaller number by x and the larger number, by 
y (x < y). The first condition yields Vxy = x-f-12, and the second condition, 

— jj— = y — 24, i.e. y — x = 48. Solving the system, we find x = 6, y = 54. 

Since 6 < 54, this solution is suitable. 

Answer: 6 and 54. 

418. Let the smallest number be x, the next one, y, and the largest, z. We 
have three equations 

y — X = z — y\ xy = 85; yz = 115 

From the first equation we find z = 2y — x; substituting it into the third 
equation, we get 2 y 2 — xy = 115 or, by virtue of the second equation, 2 y- = 
= 200. Out of the two solutions (x, = 8.5, y i = 10, z t = 11.5; x 2 = —8.5, 
Vi = —10, z 2 = —11.5) the first one is suitable (since X| < y, < :,). and the 
second is not (since x 2 > yz > z z)- 
Answer: 8.5; 10; 11.5. 

419. Given 


* + y + z 


= a 


and 


x 2 d - y 2 -h z “ 


= b 


3 3 

XU | ~ tJ 2 ■ 1 XX 

It is required to find — —-— . From the first equation we have x 2 -f- y 2 -j- 

o 

d- z 2 -f 2 (xy-f- yz-j- zx) = 9 a 2 . By virtue of the second equation we have 
X 2 d- y 2 d~ z 2 = 36. Hence, 36 d- 2 (xy + yz + zx) = 9 a 2 . 

Answer: ^ + = 1±± . 

420. If the length of the sheet is x cm, and width, y cm, then the box has 
the following dimensions: length—(x — 8) cin, width—(y — 8) cm and height — 
4 cm. By hypothesis, 4 (x — 8) (y — 8) = 768 and 2x -f 2y = 96. 

Answer: 32 cm X 16 cm. 

421. Let the tens digit be x, and units digit, y (x and y are positive integers 
less than 10). We have the following system of equations: 


10x d~ y 
xy 


2f; (10x -f- y) — (lOy -|- x) = 18 
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Out of the two solutions ^x = 6, y = 4 and x = y j only the first 

one is suitable. 

Answer: 64. 

422. If the number of tens is x, then the number of units is equal to x + 2. 
We get the equation 

[lOx + (x + 2)1 [x + (x + 2)] = 144 
2 

whence x = 2 and x = —3 I by hypothesis, the second solution is not suitable. 
Answer: the required number is 24. 

423. Let the required number be x. If the figure 5 is adjoined on the right 
of it, then we get the number lOx + 5. By hypothesis, we have 

lOx + 5 = (x + 3) (x - 13) 

Answer: 22. 

424. Let the larger number be x, and the smaller, y. If three digits (zero 
and the two digits of the smaller number) are adjoined to the larger number, 
then the digits of the latter express the number of thousands, and thus, finally 
we get lOOOx -f- y. And from smaller number we get the number 1000*/ -f- lOx. 
By hypothesis. 

lOOOx + y = 2 (1000*/ + lOx) -f- 590; 2x -j- 3y = 72 

Solving the system, we find x = 21, y = 10. Being two-digit numbers, they 
satisfy the condition of the problem. 

Answer: 21 and 10. 

425. If the units digit of the factor is x (x an integer, less than 10), then the 
tens digit is 3x. The factor is eaual to 3-10x -j- x = 31x. The incorrectly writ¬ 
ten factor is lOx + 3x = 13x. Tne true product is equal to 78*31x, the product 
obtained by mistake is 78-13x. By hypothesis, 78-31x — 78*13x = 2808. 
Hence, x = 2. 

Answer: the true product is equal to 4836. 

426. The speed of the first train is x km/h, that of the second, (x — 12) km/h. 
We have the equation 

96 96 2 

x—12 x — 3 


Answer: the speed of the first train is equal to 48 km/h, that of the second, 
to 36 km/h. 

427. Let the rate of the first person be v km/h, then the rate of the second 

24 24 

is equal to {v — 2) km/h. The first spends — h, the second, -^ h. We obtain 


the equation 


v —2 


24 24 

v — 2 v~ l 


Answer: 8 km/h; 6 km/h. 

428. Let the speed of the train be x km/h; then the speed of the boat is 

60 80 5 

(x — 30) km/h. The train spends — h, and the boat,-We get the equation 

x x — oU 


80.5 66 , , 15 

x — 30 x ~ 4 ' 60 
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Answer : the speed of the train is 44 km/h, that of the boat is 14 km/h. 

429. Let the first tailor shop produce x suits a day; then the second shop 

810 

makes x -f- 4 suits per day. The first shop has completed its order in —— days; 

hence, the time given for the fulfilment of the order has been ^ + 3 ) days. 

The time given to the second shop has been the same. Consequently, 

810 900 

—+ 3=7 T 4 + 6 

Answer: the first shop produces 20, and the second, 24 suits per day. 

430. Let the speed of the ship going off to the south be x km/h, and that of 
the other ship, (x -f 0) km/h. Since the directions of their travel are mutually 
perpendicular, by the Pythagorean theorem we have 

(2x)- -f- (2 (x + U)F = 60 s 

Answer : the speed of the first ship is equal to 18 km/h. that of the second, 
to 24 km/h. 

431. Two dog’s leaps cover 4 metres; three fox's leaps, 3 metres. Consequent¬ 
ly, each time the dog runs 4 metres the distance between the dog and the fox 
is reduced by 4 m — 3 in = 1 m. The initial distance between them is 30 times 
greater. Hence, the dog will catch up the fox, when it covers 4 rn -30 = 120 in. 

Answer: at a distance of 120 m. 

432. In one minute the minute hand turns through 6 3 , while the hour hand, 
only through — . At four o’clock the angle between the hands is equal to 120°. 

During x minutes the hands turn through Gx and yx degrees, respectively. 

By hypothesis, Or-y x = 120. 

9 

Answer: 21 ^ minutes. 

433. Let us denote the time spent by the train to cover the A-C section by t 
(hours) and the required speed, by v (km/h). By hypothesis, the distance AD was 

covered by the train in y h at a speed of v km/h, and BC, in-y h at a speed of 

0.75*y km/h. Hence, AD = uy km and DC = 0.75-v-y km. By hypothesis, 
on the return trip the C-D section was covered at a speed of v, and the B-A sec¬ 
tion, at a speed of 0.75v. Hence, the time spent on thfc C-B section was : 

i.e. * h, and the time spent on the B-A section was ^ : 0.75 v , i.e. h. 


By hypothesis, 


2-0.75 


__L_.0J5t_ = ±, t 
2-0.75 ' 2 12 n 


Answer : 10 hours. 
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434. Suppose the cyclist travelled at a speed of v km/h; then the required 
speed was (v — 1) km/h. The cyclist actually travelled — h, while the schedu- 

V 


30 

led time was-- h. By hypothesis, 


v-1 


30 


v—i 


30_ 3_ 
v “GO 


The negative solution v = —24 is not suitable. 

Answer: 25 km/h. 

435. Let the scheduled speed be x km/h. The actual speed was (x -f 10) km/h. 
The scheduled time is ^ h, but actually it was —h. By hypothesis, 


x-f-10 


80 

x 


SO 


1G 


x-flO GO 

Answer: 50 km/h. 

436. The first half of the distance was covered by the train in x hours. Then, 
to arrive in time the train had to cover the remaining portion of the route in 

* — -IT hours. The speed of the train in the first half of the route was — km/h. 


in the second, 


420 


1 


km/h. By hypothesis. 


420 


1 


_420_ o 


x — 


The equation has only one positive root. 

Answer: 21 hours. 

437. Let the speed of the first train be x km/h, that of the second, y km/h. 
In the lirsl case the first train covers lOx kilometres before they meet, the second 
lOy kilometres. Consequently, 

10.r - 7 - lUy = GoO 

In the second case the first train covers 8x kilometres, and the second (which 
spent cn route 8 h-f 4 h 20 min = 12 ~h), 12 -i- y. Consequently, 


1 


Sx -p 12 -L y = 650 
• * 

Answer: the mean speed of the first train is 35 km/h, that of the second is 
30 km/h. 

438. Let the speed of the first train be x km/h, and that of the second, y km/h. 
The distance of 600 km is covered by the first train in — hours, and by the 

, GOO . r, . , . 

second, in —- hours. By hypothesis, 

600 , GOO 250 _ 200 

■e ‘ ' y x ~ y 
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Answer: the speed of the first train is 50 km/h, that of the second is 40 km h. 
431). If the distance is x km. then at a rate of 3.5 km h the commuter would 

cover this distance in ~ hours. And since he would he one hour late, the moment 

O.J 

he started out was separated from the train leaving time by — 1 j hours. 

In an hour, during which he had walked 3.5 km, there remained ^ — 2 j hours 

till the train departure, and he had to cover the remainder of the distance of 
(* — 3.5) km. At a rate of 5 km/h the commuter covered this distance in 
x _3 5 

—hours. Since he arrived half an hour before the train leaving time, we 
0 

have 


3.5 


_o_ 


- 3 . 5 


2 


Answer: 21 km. 

440. Let the speed of the cyclist be x km min, and that of the car, y km/min. 
The car had travelled 10 minutes, and the cyclist, 10 -f- 15 = 25 minutes when 
he was caught up by the car. By this moment they had covered one and the 
same distance. Consequently, 25.r — 1ft//. By the time the car on its return 
trip encountered the cyclist the car had covered 50// km, and the cyclist, G5* km. 
The sum of these distances is equal to twice the distance between A and B. 
Therefore G5 j 50// = 38. Solving the system of equations, we find x = 0.2; 
U — 0.5. 

Answer: the speed of 1 he cyclist is equal to 0.2 km/min = 12 km/h, and 
that of the car. to 0.5 km/min = 30 km/h. 

441. Let the trains pass each other in .r hours after the fast train departure. 
Then, by the time of the encounter the mail train had travelled (x-f- 3) hours. 
Each train had covered 1080 : 2 = 540 (km) before they met. Hence, the speed 

of the first train is equal to — km/h and that of the second, to — * <> , t km/h. By 


* 4-3 


hypothesis, 


540 540 


= 15. Only one root is suitable: x = 9. 


* x-f 3 

Answer: in 9 hours after the fast train departure. 

442. Let the first cyclist travel * hours. Reasoning in the same way as in 
the preceding problem, we set up the equation 

3G 42 , 

-7=r-y= 4 

Answer: the speed of the first cyclist is equal to 14 km/h and that of the 
second, to 18 km/li; the first is 3 hours cn route prior to the encounter, the second, 
2 hours. 

443. Let the distance AB between the starting points be * kra, and let 
the first hiker cover it in y hours. By hypothesis, the second hiker covers 

the distance BA in (// — 5) hours. Hence, the first covers— kilomotres per 

y 

hour, and the second, -— kilometres per hour. During an hour the distance 

y — o 



186 


Answers and Solutions 


between the hikers is reduced by (~ + ~y~^h ) during hours, 

by}[3-|- ( — -f- 35 ") * Since they meet in 3y hours, we have 3-|-|—-f- 


H- —r) = x. Since x ^ 0, we can divide both members by x. We get: 

y — o / 

Hence, we find y. The value of x remains undetermined. 

Answer : the first hiker covers the w-hole distance in 10 hours and the second, 
in 5 hours. 

444. Let us denote the point of encounter by C. Let AC = x km; then, by 
hypothesis, CB = (x + 12) km. Furthermore, by hvpothesis, the first hiker 

x-4-1 9 

covers the distance CB in 8 hours. Hence, his rate is equal to ■■ km/h. 

O 

In the same way we find that the rate of the second hiker is 4- km/h. Conse- 

i' 

querttly, the distance A C is covered by the first one in x : x hours, 

S X -r- 


while the second covers the distance BC in ^ ^ X 1 hours. And since the second 

x 

travels 6 hours more than the first one, we have 

9 (x-f 12) 8x 


x+12 


= 6 


When solving this equation we may introduce an auxiliary unknown 


x-f-12 


\Yeget9z — = 6. Out of the two roots = 4- and z 2 = —j the second 

one is not suitable, since both quantities x = AC and .r -f 12 = CB must be 

positive. From the equation —-— = — we find x = 36. Hence, AC = 36 km, 

CB = 48 km. ‘ 

Answer : AB — 84 km. The rate of the first hiker is 6 km/h and that of the 
second one is 4 km/h. 

445. The problem is similar to the preceding one. Let the dirigible fly 
to the passing point x km: then the airplane has made (x-f-100) km. The 

speed of the dirigible is equal to J km/h and that of the airplane, to 

o 

km/h. From its terminal to the passing point the dirigible flies 


4 


x: 


x-f-100 


3x 


x-t -100 


hours; whereas the airplane covers the distance between 

1 j (x-f-100) 

tho airport and the passing point in —-- hours. We obtain the 
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equation 


3x 


y (* + 100) 


Consequently, 


x + 100 
x 


i.e. ^ 


x + 100 


) 2 =4 


= ± , whence x = 200; the second root is not suitable. 

x+100 3 


Answer: the distance between the airports is equal to 500 km; the speed 
of the dirigible is 100 km/h and that of the airplane is 150 km/h. 
446. First method. The problem may be solved in the same way as the pre¬ 
ceding one. We get the equation 

/ x \ 2 _ n x _ ~V n 

\ x — a j m ’ l,e ' x — a ~ l/m 


Hence, 


x = 


v« 


~Z n — ~\/ m 

Then we find the speeds of the hikers: 

x — a 


e,= 


rn 


and v 2 = — 


n 


Second method. Let us denote the point of encounter by C. Since the first 
hiker covers the distance CB in m hours, we have CB = v i m km. Similarly, 
CA = v 2 n km. By hypothesis, CA — CB = a. We get the equation nv 2 — mv { = a. 

The section AC is covered by the first hiker in —— hours; hence, the dis¬ 
tance between the starting and the encounter points he covers in — hours. 

v i 

Similarly, for the second hiker: - 1 — hours. Since they start out at the same 

v 2 

time, we have n — = m — , whence i>i: v 2 = n : ~\/m. Let us solve this 

Vj v 2 

equation together with the first one. For the sake of symmetry it is useful 

l — . Substituting the expres- 


y i 


v 2 


to make the following substitution: t = 

y n y m 

sions v i =~[/nt and v 2 = "VTut into the first equation, we get (n l/m — m n)t = 


= a, whence t = 


a 


vy 


n Y' m — rn V n 

a~\/ n 


- ; now we find 


n~^m — m ~\/n 


— 1 


V*s = 


aV 


m 


n ~Ym — m~\/n 


Note. The problem is solvable only if n m > m ~\/n\ dividing both mem¬ 
bers of this inequality by the positive number ~[/m ~\Zn, we get ~[/n > "^/m, 
i.e. n > m. This condition can be obtained immediately from the given one: 
since the first hiker covers a greater distance before they meet, his rate is higher 
than that of the second hiker. On the other hand, the first hiker has to cover 
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a shorter distance to arrive at B than the second to arrive at A . Consequently, 
the first will reach B faster than the second will reach A. 

Answer: the speed of the first hiker is a n 


a y 


n ~\/m — m T/ n 


— km/h and that of 


m 


— km/h. 


the second, — 

n y m — m~\/n 

447. Let the first body make x degrees in one second, and the second, y deg- 

360 360 ° 

rees. From the first condition we find --= 5. Each second the distance 

y x 

between the bodies (as measured along the arc) is increased by ( x — y) degrees. 
Every 100 seconds the distance must be increased by 360°. Therefore, 
100 (x — y) = 360. The obtained system has two solutions (xi = 18, y t = 14.4; 
*2 = —14.4, j/o = —IS). Both of them are suitable, since they have one and 
the same physical meaning, only the numbers of the bodies and the direction 
of motion being changed. 

Answer: 18°; 14°24'. 

448. Let us denote the speed of one body (in m/min) by x and that of 
the other, by y , assuming that x > y. Let the bodies move in the same direc¬ 
tion and come together at some point A. Let the next nearest encounter take 
place at a point B (these points may coincide: for instance, in case the speed 
of the first body is twice that of the second; in this event by the moment they 
come together once again the first body will complete two revolutions, whereas 
the second, only one). 

Moving from A to B (this path may overlap itself for one or both bodies), 
the second body lags behind the first one so that by the moment of the nearest 
encounter the delay will be equal to the full circumference. Since the bodies 
come together every 56 minutes, during which the first body covers a distance 
of 56x metres, and the second one, 56 y metres, the circumference is equal to 
5Gx — 56t/. 

Let now the bodies move in opposite directions. Then the sum of the dis¬ 
tances covered by them during the interval between the two nearest encounters, 
i.e. during 8 minutes, will make the whole circumference. Consequently, the 
circumference is equal to 8x -f- 8y. Thus we have the equation 56x — 56v = 
= 8x + 8y. * 

By hypothesis, in 24 seconds the distance (along the circumference) between 
the approaching bodies decreases by 40 — 26 = 14 metres. During this time 
the bodies do not come together; therefore the decrease in the distance bet¬ 
ween the bodies equals the sum of the distances covered bv them in 24 seconds = 

9 

= minute. And so we get the second equation 

o 


i" r+ i y=14 

Answer: 20 m/min; 15 m/min; 280 m. 

449. Let x and y be positive numbers expressing the speed of the points 
in corresponding units (if c is the circumference in metres, then the unit of speed 
is 1 m/sec, and so on; it is not clear from the given conditions in what units the 
length is measured). Assuming that x > y, we have the system of equations 

tx—ty = c; - = n 

y x 
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(for the setting up of the first equation see the preceding problem). Making 
a substitution, we find the equation 


Its positive root is y = 


nty*-\-ncy — c 3 = 0 
c(Vn 2 + 4nt — n) 


2nt 


(the second root is negative ) 


Answer: the higher speed is numerically equal to 


c(V n 2 -f- Ant -f-n) 


2nt 


, the 


lower, to 


c (~[/n 2 4nt — n) 


2 nt 


450. Let the speed of the ship in still water be x km/h. Then we have the 

80 , 80 0 1 
e ‘l ual ' 011 T+ 4 + T=T = 8 T- 

Answer: 20 km/h. 

451. Answer : 9 km/h. 

452. Let the rate of the current of water be x km/h, and the speed of the boat 

20 20 

in still water, y km/h. The first condition yields the equation —7— + —— = 10; 

y i ^ y 

2 3 

the second condition, the equation • “ = ■ , _ . lu solving this system it is 

y — * l J ~r x 

convenient to put 


Solving the system, 


1 1 

-= u; - — v 

y+x y-x 


20u + 20v = 10; 2v = 3 «, 


we find 


1 3 . ic 

u = -g-; y=jQ. «e. y + ^ = y-x = -^ 


whence x = — . 

o 

Answer: ~r km/h. 
o 

453. Let the raft float down the river over the distance (a km) between A 
and B in x days. Then its rate, equal to the rate of the current of water is 

— km/day. By hypothesis, the speed of the ship going downstream is equal 
to ^ km/day. Consequently, the speed of the ship in still water is — 

— — j km/day. And since the speed of the ship going upstream is equal 

to y km/day, its speed in still water is (y 4"^) km/day. We have the equation 

± _ 

2 x 3 ' x 


Answer: 12 days. 
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454. Let the speed of the body M t be x m/s, and that of Af 2 , y m/s. By the 
moment of the first encounter Mi has been in motion during 21 seconds, and 
Mz, during 21—15 = 6 seconds. Thus, we get the equation 

21 x + 6 y = 60 

By the moment of the second encounter Mi has been in motion during 45 se¬ 
conds, and Mo, during 45 — 15 = 30 seconds. Let C be the point of the second 
encounter; then Mi by the moment of the second encounter has covered the 
distance AB -{■ BC, and Mz, the distance BA -f- AC. The sum of these distan¬ 
ces is 3 AB, i.e. 180 m. And so we obtain the second equation 

45x + 30 y = 180 

Answer : the speed of the body Mi is equal to 2 m/s, and that of the body 
M 2 , to 3 m/s. 

455. Let the speed of the messenger when going uphill be equal to x km/h, 
over the level ground, to y km/h, and downhill, to 2 km/h. Before returning 
the messenger has covered half the distance, i.e. 14 : 2 = 7 km; he has gone 
3 km uphill, 4 km over the level ground, then (on his way back) another 4 km 
over the level ground and, finally, 3 km downhill. By hypothesis, 



The other two conditions yield: 



We find —, — , — and then x, y, 2 . 
x y z 

Answer : uphill—3 km/h, over the level ground—4 km/h, downhill—5 km/h. 

456. Let the quota be x pages a day and the time limit, y days. Then, by 
hypothesis, 

(x + 2) (y — 3) = xy and (x -f 4) (y — 5) = xy 
Answer : 120 pages, 15 days. 


457. Let the operator make x parts in y days. Then he produced — parts per 
day. By hypothesis, if he had turned out — -f- 10 parts, he would have comple¬ 
ted the job in y — 4 — days. Hence, 10 j (y — 4yj = x. The other condi¬ 

tion yields the equation ( y — 5 ) (y -f- 3) = x. We get the following system 
of equations 

10y_4 -i—=45 

“ y 


[ — 5y-{-3 * 4 * = 15 

Multiplying the second equation by 2 and adding the product to the first one, 
we get — = 50. Substituting this value into the second equation, we find y = 
= 27. Consequently, x = 50y = 1350. 
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Note. This problem may be solved in the same way as the preceding one, if 
instead of the unknown x we introduce the quantity z denoting the number of 
parts produced daily. We would obtain the same system of equations, where 

the quantity — would be replaced by r. 

Answer: the worker made 1350 parts in 27 days. 

458. Let the daily quota of the typist be x pages, and the time limit, y day.'; 
then the job involves the typing of xy pages. By hypothesis, typing x + 2 pages 
per day, the typist would spend y — 2 days. Hence, the job involves 
( x + 2) (y — 2) pages. Consequently, 

(* +2)(y-2) = xy 

Reasoning in the same way, we get another equation: 

(x + 0.60*) (y — 4) = xy -f 8. 

Answer: the quota was 10 pages per day, and the time limit, 12 days. 

459. Let the first worker complete the task in * hours. Then we have the 

11 1 

equation 

Answer: the first worker can do the job individually in 12 hours, the second, 
in 24 hours. 

460. If the first pipe fills the swimming pool in * hours, then the second 

fills it in (* + 5) hours. The given condition yields the equation — H-A = . 

Answer: the first pipe fills the pool in 10 hours, the second, in 15 hours. 

461. Let the first worker, working individually, be able to complete the 
task in x hours, and the second, in y hours. Then in one hour the first ful¬ 


fills 


— of the whole assignment, and the second, — . By hypothesis, 

x y 

7 - U 4 _L = 2 -. Since then they worked together for another 4 hours, they 

x y 9 

did Aj of the job, which was equal to 1 — Thus, 

^ 4 4 7 

we have the second equation —+ —= jg. Subtracting it from the first 

3 3 11 

equation, we get — = whence x=18. Then we find — = — and 0 = 24. 

Answer: it would take the first worker 18 hours and tie second, 24 hours 
to do the whole assignment. 

462. Let us denote the required numbers by * and y. Four high-power cranes 
operated 2 + 3 = 5 hours; two low-power cranes worked three hours. There¬ 
fore (see solution of the preceding problem) 

4.5.A_|_2.3._L = i 

x y 


The second condition yields 


4-4.5 


JL + 2.4.5. A=i 

x y 


Answer: 24 hours, 36 hours. 
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463. Let one three-ton truck be able to deliver the load during x hours, and 
one five-ton truck, during y hours. By hypothesis (see solutions of Problems 461 
and 462), 

30*8*—4-9«6*—— 1 and 9-8.—4-30-6.—= — 
x y y x 15 

Answer: x = 300; y = 270; 30 five-ton trucks will deliver all the material 
in 270 : 30 = 9 hours. 

464. Let it take the first typist x hours and the second, y hours to do the 
whole job. When the first was busy typing for three hours, the second was busy 

only for 2 hours. Both of them did 1 —^ = of the whole work. We get 

the equation 

JL 

x ^ y 20 

When the assignment was completed, it turned out that each typist had done 
half the work. Hence, the first spent 4 hours, and the second, hours. And 
since the first had begun one hour before the second, we have 

JL_X = i 

O 9 1 

M M 


The system has two solutions, but one of them is not suitable, since it yields 
a negative value for ;/. 

Answer: 10 hours (the first typist), 8 hours (the second typist). 

465. The problem is similar to the preceding one. We get 

2 1.5 11. £__y__\_ 
x^ y 30 ’ 2 2 2 

where x and y are the times (in hours) for each train to travel the distance 
between A and B. Out of the two solutions yielded by the system only one is 
suitable. 

Answer: 10 hours; 9 hours. 

466. Let x litres of water per minute flow in through the first pipe, and // 
litres per minute flow out through the second pipe. By hypothesis, a full bath 
containing 2 X 9 X 2.5 = 45 litres can be emptied in one hour, if both pipes 

45 3 

are open. Hence, the amount of water is reduced by — = — litre per minute. 

3 

Consequently, y — x——. On the other hand, when only the first pipe is 
used, the bath can be filled in — minutes; when only the second pipe is used, 
the hath can be emptied in — minutes. By hypothesis, 

u 

45 _45 __ 

.r y 
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The system of equations 


y ~~ x = T 


45 

x 


45 


= 5 


has two solutions (x, = 2-i; y t =3 and i 2 = -3; y 2 = -2—\. 

n a 1.. 1 .* . A. • . I I » t . ^ / 


The second 


solution is not suitable (x and y must be positive numbers). 


Answer: 2-1- 1/min; 3 1/min. 
4 


4G7. Let the time limit be x days; then the daily plan is cubic metres. 
The team of navvies completed the job in x - 8 days; hence, the daily output 
was cubic metres. By hypothesis, = 50 0ut of the two roots 

yielded by this equation (x, = 40 and x 2 = -32) only the positive one is sui¬ 
table. Hence, the daily plan amounted to = 200 cubic metres. The over¬ 
fulfilment by 50 m 3 made 


50-100 

200 


= 25% 


Answer: the original time limit was 40 days, the daily overfulfilment of 
the plan being 25 per cent. 

4G8. The first team repaired x km per day; then the second repaired 
(4.5 —x) kin per day. The first worked — days; the second, —days n v 

hypothesis, - = 1. This equation yields two roots: x t = 2 and x 2 = 

= 22.5. The second root is not suitable, since the number 4.5 — x must he 
positive. 

Answer: the first team repaired 2 km, and the second, 2.5 km daily 
469. Let the first worker be able to do the whole job in x hours, and the se¬ 
cond, in y hours. Hence, half the assignment was done by the first in — hours- 

the remaining half will be done by the second in hours. By hypothesis, 

-J-+T = 25. The other condition (see solution of Problem 461) yields 

-L+-U-1 

X ^ y 12 


Answer: one of the workers (either the first, or the second) can do the whole 
job in 20 hours, the other, in 30 hours. 016 


13-01338 
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470. Let one tractor be able to plough the field in x days, and the second, 
in y days. We have (see the preceding problem) the system of equations: 


1 


r y t ’ 2 + 


y 


=k 


It can be replaced by the system x-\-y = 2ft; xy = 2kt. _ 

Answer : it would take one of the tractors (k-\-~[/k 2 —2kt) days and the 

fc 

other, (k — ~\/k 2 —2kt) days. The problem is solvable for -^->1. 

471. Let all the three dredgers working together be able to complete the job 
in x days. Then the first one working alone can do the job in (x + 10) days, the 
second alone, in (x -j- 20) days, and the third alone, in 6 x days. In one day the 

first dredgeralone fulfills of the job, the second alone, } A - and the third. 


_L 

6 x 


x + 10 


1 


x + 20 


and all of them together, — of the job. Thus we have the equation 


x + 10 


I 


1 


_ + _L = _L 

x + 20 ^ Ox x 


Answer: the job can be done by the first dredger alone'in 20 days, by the 
second, in 30 days, and by the third, in 60 days. 

472. The second worker can complete the assignment in x days, the first 

7 

can do it in (x-j- 3 ) days. In 7 days the first worker will fulfill —- 5 -of the job, 


1 1 

in 7 — 1 — = 5 —days the second worker will do 


4 


2 


x + 3 


of the whole job. Thus, 


we obtain the equation 



Answer: it would take the first worker 14 days and the second one, 11 days 
to do the job individually. 

473. Let it be possible for the first tractor to plough the whole field in x 
days, for the second one, in y days. The first condition yields 



The first tractor can plough half the field in days, the remaining half will 

be ploughed by both tractors in 4 days (the whole field was ploughed by them 

in 8 days). And so we have the second equation + 4 = 10, hence x = 12 

(days). From the first equation we find y = 24 (days). 

Answer: it would take the first tractor 12 days, and the second, 24 days to 
plough the field. 

474. Since the workers began working one after another, the intervals bet¬ 
ween the starting times being the same, and the first to begin worked five times 
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as long as the last to begin, the number of workers was equal to 5. If the last 
to begin worked x hours, then the total of the working hours amounted to 
* 3x -f- 4x -f 5x = 15.r. By hypothesis, the men could have finished 

the job in 6 hours, if they had begun at the same time. Consequently, \lx — 
= 5-6, whence x — 2. The job lasted as long as the first worker digged, i.e. 
for 5x hours. 

Answer: they worked 10 hours. 

475. Let the first worker be able to complete the task in x hours; we get 
the equation 

-I + _L+_L = ± 

x ^x + 1 ^ 2x t 
Answer: x = -^- (5< — 2-f- y25/ 2 -f-4/ + 4). 

476. Let the first tap fill the tank in x hours, and the second, in y hours. 
In one hour the first tap fills — of the tank, and, by hypothesis, it was open 

1 

/1 \ 3 y 

hours; hence, the water from the first tap filled of the tank. Similarly, 


3 

we find that the water from the second tap filled - of the tank. Since, when 


13 


this was done, the tank was full, we have 

lo 

1 y 1 x _ 13 

T‘T + J‘T _ l8 

The second condition yields the equation 

1 . J___5_ 
y 18 


The system may he solved in the following way. If we (Hit — = z, then the 
first equation takes the form 

1.11 13 

T :_l " 3"7 = l8 

3 2 

whenco z, = — ; z 2 = — . Transform the second equation to 

it O 

iJ , . 5 

T + l “is* 

v 3 o 

Substituting — = y. we find y = 9; hence, x = —y = 6. Substituting 

—•= — , we find y — 6 and x = 9. 

X o 

Answer: one of the taps fills the tank in 6 hours, the other, in 9 hours. 


13 * 
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477. If the daily quota of bricklaying was x thousand bricks, and the actual 
number of bricks laid daily was y thousand, then we have the system of equa¬ 
tions 

ri 20_120 = 4 

{ x y 

1.3*/— 4x = 5 

Answer: the daily quota of bricklaying was 10 000 bricks and the actual 
number of bricks laid amounted to 15 000. 

478. The consecutive amounts of water (in litres) in the three vessels 
(I, II, III) are tabulated below: 


I 

*r 

9 

M 

T 1 


l 

r_L| 

( 1 i 

\ -r- z 


■C 


10 

L 4 1 

\3 • y , 

M 2 

^3 

II 


3 / 

1 , \ 

3 / 

' 1 




y 

t( 

T x * rif ) 

t( 

,T J 

+ ") 



III 


1 / 


9 1 

-1 , 

' 1 \ 

- 


A* 

4 ( 

T x+y ) TZ 

10 1 

.. 4 ( 


1 +z 












By hypothesis, each of the expressions in the last column is equal to 9. 

Alternate solution. First find the amount u of water contained in the second 

vessel after the first pouring. By hypothesis, the second pouring reduced this 

1 3 

amount by-^-u, leaving there 9 litres of water. Consequently, ^ u = 9, i.e. 

i/ = 12. Now find the original amount z of water in the third vessel. The first 

pouring left it unchanged; the second one increased it by — u = 3 litres, so that 

the third vessel turned out to contain (z + 3) litres. The third pouring reduced 

.,9 


this amount by Jq (= -f 3). Consequently, 


10 


(= + 3) = 9, i.e. 2=7. Then 


find the original amount of water x in the first vessel. The first pouring left 
2 

in it r. x litres; the second pouring left this amount unchanged; the third pouring 

O 

1 2 

increased it by — (z -f 3) = 1. Consequently, y x -j- 1 =9, i.e. x = 12. 

Finally, find the original amount y of water in the second vessel. After the first 

pouring it was increased by — x = 4 and became equal to 12 litres (as it has been 

found). Consequently, ;/ = 12 — 4 = 8. 

Answer: 12 litres; 8 litres; 7 litres. 

479. If for the first time x litres of alcohol was poured out, then (64 — x) 

64_ x 

litres of alcohol was left; for thosecond time ———x litres of pure alcohol was 


64 


poured out, leaving 64 —x — 


64 — x 
64 


x= —(64 —x) 2 litres of pure alcohol. 
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We get the following equation 

i(64-x)2 = 49 

Answer : for the first time 8 litres of alcohol was poured out and for (lie 
second, 7 litres. 

480. Having poured x litres of alcohol into the second vessel and made 
it full by adding water, we have in the second vessel 2^ litres of alcohol per 

•-U 


litre of the mixture. Then x litres of the mixture, containing ^x = ^ litres 

of alcohol, is poured back. As a result, the first vessel now contains | 20 — x-f ^ j 

2 

litres of alcohol. Then 6 y litres of the mixture is poured out from the first 
2 

^ 3 1 

vessel 1 -2- make x of the total amount of the mixture J . Thus, the amount 

Zkj o / 

1 2 / x- \ 

of alcohol is reduced by — , i.o. now the first vessel contains -2- ( 2U — x-j- — ) 

litres of alcohol. Since the amount of alcohol contained in both vessels is con¬ 
stant and is equal to 20 litres, and by hypothesis, both vessels now contain 
the same amount of alcohol (i.e. 10 litres each), we have 

2 / x- \ 

y (20 -x +2T) ) = 1U 

Answer. 10 litres. 

481. Let x litres of air be let out of the vessel, and the same amount of nitro¬ 
gen put in. The remaining amount of air of (S — x) litres contains 
(8 — x ) 0.1G litres of oxygen. Thus, 8 litres of the mixture contains this amount 

of oxygen, i.e. 1 litre of the mixture contains —— { ;■ <> ' ll> 1 of oxygen. Consc- 

O 

qucntly, when for the second time x litres of the mixture is replaced by .r litres 
of nitrogen, the remaining amount of the mixture of (8 — x) litres contains 

—— r J ®^ (> ■ (8 —x) — (8 — x) 2 0.02 litres of oxygen. Hence, in relation to 

O 

(H 0 C)*^ 

the total amount of the mixture (8 litres) the oxygen content is—---— x 

8 

X 100= ^ X — . By hypothesis, = 9. Out of the two roots (x, = 2, 

x 2 = 14) only the first one is suitable, since it is impossible to let out more 
than 8 litres. 

Answer: 2 litres. 

482. Let the first woman have x eggs, and the second one, y eggs. If the first 
had sold y eggs, then, by hypothesis, she would have received 72 roubles. Conse- 

72 . 79 

quently, she sold her eggs at — roub. per piece and received — x roub. Reasoning 

y y 

GO 

in the same way, we find that the second woman received — y roub. Thus we 


a* 2 
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have two equations 


8 ? 19 

= *+<, = 100 

* y 

72 


From the first we find = 39 » "'h ence -^-=^-(thD negative value 

is not suitable j . 

Answer : the first had 40 eggs; the second, 60 eggs. 

483. With the notation of the preceding problem we get the following 
system 


m 


x y 

—="4-; *+y=a 


y 


From the first equation we find x:y = ~\/n: "]/«. Divide then a into parts 
proportional to ~\/n and ~\/m. 

a = litres; the second, litres. 


Answer: the first had 


l/m + "l/n ~\/ n 

484. Let the first engine consume x grams of petrol per hour, and the 
second, y grams; then GOO grams of petrol was consumed by the first engine 

in — hours, and 384 grams, by the second in — hours. By hypothesis, 
x y 

— — — = 2. If the first engine had consumed y grams of petrol per hour, 

x y 

then during hours of operation it would have consumed — • y grams of 

X X 


384 

y 


petrol, and if the second had consumed x grams per hour, then during 

384 

hours it would have consumed — x grams of petrol; by hypothesis, 

600y 384* 

x ~ y ’ 

Answer: the first engine consumes 60 g/h; the second, 48 g/li. 

2 

485. Suppose we need x kg of the first alloy. Then x kg will contain - x kg 

o 

3 

of gold, and (8 — x) kg of the second alloy will contain — (8 — x) kg of gold. 

By hypothesis, 8 kg of the new alloy must contain ^-8 kg = 2.5 kg of gold. 

2 3 

Consequently, ~x + (8 — x) = 2.5. Hence, x = 1 (kg) and 8 —x = 7 (kg). 

Answer: 1 kg of the first alloy and 7 kg of the second. 

486. See solution of the preceding problem. 

Answer: 9 pails from the first barrel and 3 pails from the second. 

487. Let the third alloy contain x parts of the first and y parts of the second 
alloy, i.e. x kg of the first and y kg of the second alloy. Then (x + y) kg of the 
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third alloy will contain 



of the second. By hypothesis. 


kg of the first metal and 






) 


= 17:2' 



Reducing the dividend and divisor to a common denominator (15) ami dividing 
them by ;/, we get 

( 5 f +G ) : ( , 0 f +9 )= 17:27 


whence — = 

y 


9 

35 * 


Answer: 9 parts of the first alloy, and 35 parts of the second. 

488. Let the larger wheel make x revolutions per minute, and the smaller 
one, y r.p.m., y > x. We have two equations: 


y — x = 400; 



GO 


The second equation may he transformed to xy = 300 (y — x), i.e. xy = 120,000. 
Answer: The larger wheel makes 200 r.p.m.. the smaller one, (500 r.p.m. 

489. Let the circumference of the front wheel he equal to x dm, and that 
of the rear wheel, to y dm. We have two equations: 


180_180 

1 y 


and 


180 180 
x-j-G y — G 


The first one is transformed to 18 (y — x) = xy; the second, to 39 (y — j) = 
= xy + 304. From them we find y — x = 24; xy = 432. 

Answer: the circumference of the front wheel is 12 dm; that of the rear wheel. 
30 dm. 

2 

490. G00-—= 400 tons was unloaded during the first and the third days; 

(500 tons — 400 tons = 200 tons was unloaded during the second day. Let x 
tons be unloaded during the first day; then (400 — x) tons was unloaded during 
the third day. The reduction of the amount of goods unloaded on the second day 

(as compared with the first day) caine to (x—200) tons, which made ^-T 200)100 o y 

x 

of the amount unloaded on the first day. The reduction of the amount of goods 
unloaded on the third day relative to that on the second day was 

200—(400 — x) = (x— 200) tons, which made (j ~ 200)100 ° 0 or 5~ 200 % 

of the amount unloaded on the second day. By hypothesis, 


x —200 (x —200)100 
2 x 


= 5 


We find two roots: x, = 250; x 2 = 100. The second one is not suitable, since, 
by hypothesis, the amount of the unloaded goods was reduced from day to daw 
whereas at x = 100 the amount of the unloaded goods would he 100 tons oil 
the first day, 200 tons on the second day, and 240 tons on the third. 
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Answer: 250 tons was unloaded during the first day, 200 tons during the 
second, and 150 tons during the third. 

491. Let the first solution weigh x kg, then the second weighs (10 — x) kg. 

The percentage of anhydrous sulphuric acid in the first solution is 9- 8 ' 10Q = 


= — and that in the second, 


60 


10 — x 


. By hypothesis, 


80 

x 


60 


10 —x 


= 10 


The equation has two positive roots x, = 20 and x c = 4. Since, by hypothesis, 
x < 10 , the first solution is not suitable. 

Answer: 4 kg and 6 kg. 

492. The first alloy contained x% of copper, the second, (x -f- 40) %. The 
first alloy weighed —5? kg, and the second, kg. We get the following 


equation: 


600 1200 
x x-j-40 


x-t-40 


= 50. 


490 


seconds, and the passenger 


Answer : 20% and 60%. 

493. Let the speed of the freight train be x m/s, and that of the passenger 
train, y m/s In 28 seconds the freight train covered 28x (m), and the passenger 
train, 28 y (in); we obtain the first equation 

28x -f- 28 y = 700 

The freight train passes the signal lights during 

210 

train, during -— seconds. Thus, we get the second equation 

--—-35 

* y 

Answer: the speed of the freight train is equal to 10 m/s, i.e. 36 km/h and 
that of the passenger train, to 15 ms, i.e. 54 km/h. 

494. If the number of the eight-wheel tank-cars is equal to x. then that of 
the tour-wheel cars, to (x -}- 5). If one four-wheel car weighs i/ tons, then one 
eight-wheel car weighs 3// tons. The net weight of the oil contained in a four- 
wheel car is equal to (40*0.3) tons, i.e. to 12 tons. An eight-wheel car filled 
with oil weighs (3y -f- 40) tons, and a four-wheel car, (y 4- 12) tons. We have 
the first equation 

x (3y -f 40) -f (x -f- 5) (y -f- 12) = 940 

The weight of oil contained in all the eight-wheel cars is 40x tons, and that of 
all the loaded four-wheel cars is (x -f 5) (y -f 12) tons. Thus, we have the second 
equation 

40x - (x -f 5) (y -f 12) -= 100 

Answer: there are 10 eight-wheel] tank-cars, each weighing 24 tons, and 15 
four-wheel cars, each weighing 8 tons. 

495. Let the first machine drive x in per day, and the second, y m. In the 
first case the first machine would have done 30% of the work, i.e. it would 

have driven ^‘ Q 30 = 18x (m), and the second, -" 3^ 80 = 16y (m). We have 
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the first equation 


18x + 16y = GO 


In the second case the first machine would have driven — -60j/(ra) in l-GO-— 

3 3 x 

days. The second machine would have done the work in —.GO*— da\- \nd 

10 u 


so we have the second equation 


40y_18x = 6 

x y 

The obtained system is easily solved, if we put = z . Only the positive value 

3 . . ,, 

z = — is suitable. 

Answer : the first machine drives 2 metres of the tunnel per day. the second. 
1 metres per day. 

Lct t,)e first crew be able to repair the whole section of the track in 
x days, and the second, in y days. By hypothesis, we have the followin'' system 
of equations 

1 + 1 = 1 
* ^ y G 

40x 40// n 

TOO -- 300 =2 

Answer: the first crew can complete the whole repair job in 10 days, the 
second, in 15 days. 

407. Let the first portion of the goods (amounting to —600 = 375 tons) 
be transported in x hours, and each three-ton truck accomplish y trips per hour. 
Then each 1—ton truck made (// + 1) trips per hour. By hypothesis, the remain¬ 
ing portion of the goods (i.e. GOO — 375 = 315 tons) was transported in (x — 2) 
hours, the three-ton trucks making (y + 1) trips per hour, and 11-ton trucks, 
('J + 1) -f 1 = (y H- 2) trips per hour. We get the system of equations 

5-3 iy-\- 10-1 lx (y + 1) = 375 
5-3 (x — 2) (y + l) + 10-l 1 (z —2) (j/ + 2) = 315 

w 


After simplifications these equations take the form 

2x// + x = 25 
2 xy + 3x — 4 y = 27 

Subtracting the first equation from the second one, we get 2x 
2y = x — 1. Substituting it into the first equation, we get x- 


{ 


4 y — 2. Hence. 
25, i.e. x = 5. 
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The first portion of the goods was transported in 5 hours, the second, in 5 — 2 = 
= 3 hours. 


Answer: all the goods were transported in 8 hours; at the beginning the three- 
ton trucks made 2 trips per hour and 1-^-ton trucks, 3 trips per 


hour. 

498. If x is the width of the track, then the area of the sports ground together 
with the track, is equal to (a -f- 2x) (6 -f 2x) m 2 . And so we have the equation 
<« + 2x) (6 + 2x) = lab. 


Answer: [y (£Z + 6)2_j-4a6-(a + 6)]. 

•i 

499. Let x denote the number of chairs in each row; then the number 
of rows is . We get the equation 


( x + b ) (-j 

After simplifications we have 



1.1a 


Hence, 


1 Ocx- -l (a -f 10 be) x — 10a6 = 0 


— (a + 106c) ± V(a -f 106c)2 + 400a6c 

20c 


If the radical is taken with the minus sign, then x < 0; if it is taken with the 
plus sign, then x > 0. 

Answer: the number of chairs in each row is equal to 

y ( a -j- 106c)2 .j. 400a6c — (a -f 106c) 

20c 


500. Let us denote the speeds of the bodies (in m/s) bv r, and v 2 \ let v t be 
higher than v z . The first condition yields the equation' an 4- ar 2 = d; the 
second, 6r, — bv 2 = d. 

Answer: i j =— ^ j ; v 2 = — (-j . The problem is solvable only 

if a <6. 

501. Let us denote the speed of the motorcyclist (in km/h) by x, and that 
ol the cyclist, by y. We get the following system of equations 

o_ ■ o j d d . 

2-TT-2 y = d; -=/ 

U * 1 _ 

Answer: the speed of the motorcyclist is equal to d 1 ~ 4 + V 16 +iT km/h, 

_ ki 

and that of the cyclist, to d +km/h. 

502. If it takes the cyclist x hours to cover the whole distance, then the 

hiker requires (x-f-c) hours. Let us denote the distance AB (say, in kilomet¬ 
res) by y. The hiker covered km before he met the cyclist, while 
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the latter covered — km. We have the equation + ^ y + — = y. Since u = 

* x-f-c X * 

=#=0, we have = 0 r x2 _ (a-f 2fe - c) x-fec = 0. This equation has 

one positive and one negative root (since the product of the roots is equal 
to the negative number —fee). Here only the positive solution is suitable: 


_ a + 2fe _ c -f l/(a + 2fe- c)2 + 4fec 

2 


x = 


The distance y remains undetermined. The quantity x-f-c may be found either 

from the above expression, or from the equation a 4--- = i, nuttiii" 

x-f-c x 1 * 

x -f - c = z. We get the equation n ~^ h -—=1. We take only the posi- 

live solution. 

Answer: it takes the cyclist 

a + 2fe-c+T/(a-f2fe-c)2-f-4fer , 

-^- hours 


and the hiker 

Q -f-2fe-f-c-f-'\/(a-f-2fe — c) 2 -f-4fec _ (u -f- 2fe-f- c) -f- ~\/(<i -f- 2fe-f- c)2— 4 (a -f-fe) c 


- nours 


to cover the whole distance AU. 

503. Let us denote the distance (in kilometres) by x. By hypothesis, accor¬ 
ding to the schedule train A must catch up with train li in — hours after 

v 

departure. Actually, it caught up with train B after having covered (x — a) km, 
i.e. in —-— hours. Consequently, both trains travelled — hours less than 

required by the schedule before they met. Train B had to travel — hours to 

2 11 

meet train A, but actually it covered a distance of — x at a speed of r, and 

•J 

a distance of — x — a at a speed of — iq, covering the whole distance in 
t 2 1 


3 X 3 X a 


v 


l 


1 

Y v * 


hours. Consequently, 


x 

■7 


2 1 
3 X , 3 X “ 

T 


"l 


1 


a 

v 


Answer : the distance to the terminal station is equal to — —Yi km. 
The problem is solvable only if e,<2e. 


V 
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504. Let the interest be x%. Then the originally deposited sum was 
1500 - - - .... 1500 


roub. At the beginning of the second year the total sum was 


+ 


+ 15 + 85, i.e. ^ 1^5 +100 j roub. At the end of the second year this sum 
turned into ("~""~ + 10oj rou ^- Hence, we get the equation 

(l^+,00)(l+^)=420 
Answer : 300 roub., 5%. 

505. Let us denote the output of machines A, B, C by x, y, z, respectively. 
By hypothesis, 

*=i55 (,,+ * ) ’ »=i56 ( *+‘> 

We find x and ij in terms of z from these equations; adding them, we get 

100 (m + n) + htm 
X ~ ry ~ 10 000 — mn “ 


The required percentage is equal to 

10 000 — mn 


x ~\~ U 


• 100 . 


Answer : 100- — . . . 

100 (m + n) + 2mn 

506. Let us take for the unit of measurement the output for the preceding 
year. Then the output for the first year is 1+yyj-Q - - And compared with it, the 

output lor the second year is increased by q %, i.e. by 11 +^q j y^j . 10 l> e equal 


to 


( 1 + i5u) + ( 1 + l£o)l56-( 1 + K®) ( , + JL ' 


100 / 


If the output for the third year is increased by x%, the increase amounts 

10 ( 1 +Iro) ( 1 + ISo) 156 ■ By h yp° thcsis ’ 


—r——>- 1 1+ 

3 Lioo 1 \ ^ 


100 ) 100 + ( 1 + 100 ) ( 1 + 100 ) 100 ] 100 


3r p — q 


Answer: 


PQ 

100 


( 1+ iS)) i l+ m) 


O' 
. 0 


507. Let the prime cost of the total quantity of goods amount to rn 

If Id 

roubles. Then the prime cost of the first batcli sold makes of in, i.e. -y—y 
roubles. By hypothesis, the profit made by selling this batch is of this 
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Sum ’ ie * r ° ub> Tbe P rime cost °* tlie rest tlie goods is equal 

t0 " l “ 1M = m ( 1 —150 ) roubles - The P rime cost of the second batch sold 
amounts to b% of this sum, i.e. to m A roubles. The profit made 

on selling the second batch is q"' 0 \ consequently, this profit amounts to 
(t —jj-y) 100’TUO rou kl es - T,ie P ri me cost of the remaining goods is equal to 

b / . a \ / b 


rn 


rn 


100 "'l 1 100) ioo -m ( 1 “"Too) ( 1 — Tuu) vouh - 


Let the remaining goods be sold at a profit of x%. Then the profit made on 
their selling amounts to m ( 1 — roub - The total profit is 


rn 


[i^o - IUo + ( t— TDo) 


— JL 

101) * 100 




Bv hypothesis, the total profit must be r% of m roub, i.e. 
sequently, 


tnr 

1U0 


roub. Con- 


rn 


'JL JL /±_ JL ( 
.100 100 \ 100/ 100* loo ! \ 


— ) (i_ L\ JL. I _JJL 

loo/ \ 100/ loo J loo 


The quantity m is reduced. 




508. First method. Let us assume that each of the cut-off pieces weighs x kg. 
For the sake of brevity, let us call the first alloy (weighing m kg) "alloy A", 
and the second, “alloy B". Out of the two newly produced ingots the first one 
contains (m — x) kg of alloy A and x kg of alloy B , and the second, x kg of alloy 
A and (n — x) kg of alloy B. By hypothesis, the copper content in both alloy's 
is the same, which is possible only if the amounts of alloy A and alloy B. contai¬ 
ned in the new alloys, are proportional. We get the equation 


m — x 


x 



» 


, mn 

whence x = - 

rn n 


Second method . Let u kg be the weight of copper in 1 kg of alloy A , and v — 
the weight of copper in 1 kg of alloy B. Then the first ingot contains'^ — x) u + 

-F xv kg of copper, i.e. 1 kg of the first ingot contains — x) u xv ke of 

rn b 

copper. The weight of copper contained in 1 kg of the second ingot is expressed 
in a similar way. Equating the two expressions thus found, we get the equation 
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in three unknowns (x, u, v): 

n ((m — x) u -f xv ] = m [(« — x) v -f xu\ 


which may be transformed to 

(u — v) (mx -f- nx — mn) = 0 


By hypothesis, alloys A and B are of different copper content, i.e. the quan¬ 
tity u — v cannot be equal to zero. Consequently, 

mx -f - nx — mn = 0 


Answer : each of the cut-off pieces weighs —^— kg. 

TTi —j- Yl 

509. Let there be originally x, roubles in the first pile, x 2 roubles in the 
second and so on, and x n roubles in the nth pile. As is obvious, the first pile 
is treated in a special way, since at first an nth part of the money is taken from 
it and only by the last shifting operation an nth part of the nth pile is put into 
it, whereas each of the rest of the piles first is enlarged on the account of the 
preceding pile and then an nth part of it is taken away. Therefore, let us consider 
any pile, except for the first one. Let A designate its number. Originally, it had 
x h roubles, then some amount of y roubles of (A — l)th pile was put into it, 
and, finally, an nth part of the total sum y -f- x/, was taken from it. After this 


operation pile A had (y -{- x/ ( ) 


n —1 
n 


roubles. By hypothesis, we have the equation 





A roubles must remain in the preceding (A — l)th pile, if it is not the first 
(i.e. if A =£ 2) (the money in the first pile amounts to A roubles only after it 
is replenished from the nth pile). Hence, prior to the shifting operation it had 
A 4- y roubles. By hypothesis, the money taken from it makes an nth part of 
.•1 -j- y, i.e. 

y = -^(- 4 + y ) ( 2 ) 

Hence, 'J — A - Substituting it into (1), wo get x h = A. 

Thus, each of the piles, except, perhaps, for the second and first (previously 
excluded from consideration) originally had A roubles: 

X 3 = X 4 = ... = x n = A (3) 


The unknown x, may be found in the following way. By hypothesis, at first 


an nth part is taken out of the amount of x, roubles. There remains xj 


n — 1 


roub- 


n 


les. At the end of the shifting process a certain amount of money {y roubles) 
from the last pile is put into the first pile. We obtain the equation 
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Reasoning (conformably to the nth pile) in the same manner we find as 
before y = -—- A. Substituting it into (4), we get 


(n — 2) n 

^1 - . . .n A , 


(5) 


(n — l ) 2 

to find x 2 we have the equation 

(6) 

where i\ is determined by the formula (5). Solving the equation, we find 

n (n — 1) — (n — 2) 


Xo = 


(«-l )2 


A. 


Answer: 


n 2 — 2n 


„ 2 _ 2, 1 + 2 



x 3 - r 4 — • • 





PART TWO 


GEOMETRY AND TRIGONOMETRY 


CHAPTER VIII 

PLANE GEOMETRY 


510. Let a and b be the legs of the right-angled triangle and c, its hypotenuse. 
By hypothesis, a + b -f- c — 132 and a- + 6 2 -f- c- = 6050. Since a- + b- = 

= c 2 , then 2c 2 = 6050, whence c = 1/3025 = 55. Therefore a -f- b = 77. 
Squaring this equality and taking into account the relation ar + b 2 = 3025, 
we get ab = 1452. Consequently, a and b are the roots of the equation 

x 2 1 77* + 1452 = 0 

Answer : the legs of the triangle are equal to 44 and 33 respectively, the 
hypotenuse, to 55. 


B C 



Fig. 1 


B 



511. The altitude BK (Fig. 1) of the parallelogram ABCD is equal to 
20i\ = 2p. Since /_BAK = a, AB = -^B ~-. Similarly, AD — I^—. We find: 


sin a 


sin a 


S = AD-BK = 


4 mp 
sin a 

The diagonals are found by the law of cosines. 

4 mp 


Answer: S = 


BD = 


sin a 

2 p 2 + ni 2 — 2 mp cos a 


sin a 


,1C = 


2 ~VP 2 + m 2 -f- 2 m p cos a 
sin a 


512. By hypothesis, AC = 30 cm and BD = 20 cm (Fig. 2). The altitude AE 
may be found proceeding from the similarity of the right-angled triangles BDC 
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and A EC (having the common angle 6'), or, which is easier, hv comparing two 
expressions of the area .S’ of the triangle ABC. Namely, 


Hence, 


S = ^-AC-BD and S = ^-BC-AE 


AE = 


AC-BD 

BC 


30-20 




= 24 cm 


Answer-. 24 cm. 

513. From the triangle BDE, where BD= 12 cm and BE-VS cm, we find 
D£ = Vl32—122 = 5 (cm) (Fig. 3). Consequently, AD = AE— l)E = \ r AC— 


B 



DE— —‘ GO — 5 — 25 (cm) and DC = EC-\-DE = 35 (cm). The sides are found 

from the triangles ADB and DCB. 

Answer : AB= VTOO 27.7 cm, BC = 1/1309=,37 cm. 

514. Lot ABC he the given triangle 
(AC — CB = b). It is required to deter¬ 
mine the area S of the triangle 0 , 0 2 03 
(Fig. 4). 

We have ,S’=— 0.-0.|-0 1 6’, where 0/) 3 — 


AB and O t C =, AB. Ilencc, S = ~ AB 2 = 62. 

Alternate solution. The triangle O x () 2 C 
is equal to the triangle O x BC , since they 
have the common base O x C and equal 
altitudes. The triangle is equal 

to the triangle 0,AC (for the same rea¬ 
son). Hence, the triangle 0 X 0 2 0 3 is equal 
to the square () X BCA. 

Answer'. S — 6 ‘*. 

515. Ijy hypothesis, the line-segment 
AB — a is divided by the point M in 

tho ratio rn : n (Fig. 5). Therefore AM - ma 

same wav 



m -}- n 


and MB 


na 


BN = CK = DL = 


m a 


in 4- n 


and NC = K D — LA 


in -f- n 
na 


m 4- n 


In tli* 


1 1-01338 
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LM = MX = NK = KL = J/^ 


Consequently, 

m 2 a 2 a 2 a 2 a /—s -:—b 

(m-J- n ) 2 (m-F n ) 2 m-\-n 

Furthermore, all the angles of the quadrilateral LMNK are the right ones (since 
the triangles ALM and BMX are congruent, we have /LMA = /MNB= 90° — 
— /NMB’, hence, /.LMA + /NMB = 90°; therefore /LMN=90°). 
Consequently, the quadrilateral LMNK is a square. 

4 r a 2 (m 2 -}-n 2 ) 

Answer: .> ——--—— . 

(m + n ) 2 

Alternate solution. Subtract the total area of the four triangles from the 
area of the square ABCD. 


D 


K 



B K 



Fig. 6 

516. By hypothesis, Z LMA = W Z (Fig. 5). Consequently, 


Hence, 


AL = 1 ML and AM = X^- ML 

AB = AM + MB = AM + AL = (l 4- V$) ML 

•— 


Consequently, 

area ABCD: area LMNK = AB 2 : ML* = (i -f- "V 3) - : 4, 

i.c. 

area LMNK = (1 + y fp~ arca ^ gCP 
Answer: the ratio is -- =2(2— V 3 ) ^ 0.54. 

(t + V 3 )“ 

517. Let us denote AM (Fig. 5) by x. Then AL = MB = a — x. Consequently, 

area KLMN = Id/ 2 = AL 2 -\-AM 2 = (a -x) 2 -f x 2 

25 

By hypothesis, {a — x) 2 -fx 2 = ^a 2 . Solve this equation. 

, , » 3a . 4a 

Answer: the required segments are equal to y and y . 

518 . /i preliminary. It will become clear from the solution how to find the 
position of the vertices of the inscribed rectangle KLMN (Fig. 6). At the moment 
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SCh ™ a ‘ iCa11 ^ b ^innin g with the con- 

Solution. Find the line-segments MB = x and BN = y. Since A 5 = 4 

4 nr x# The triangles ZJZ,A' and BNM are congruent (prove it!); conse- 

2w> e «*m*’l DL ~ ~ y and LA = 3 — y. The triangles LAM and MNB 

are similar, since their acute angles AIM and NMB are equal (as angles with 

^ l X P er P e ndicular sides). And since, by hypothesis, ML is three times 
greater than MN, we have LA = 3MB , and, also, AM = 3BN, i.e. 3 - y = 3x 


and 4 —x = 3 y. Hence, x = A y = ^. Now we 
have 8 8 


n 


MN =V ( t ) +( t ) - 


9 \2 1 100 


8 


and 


A1L = 


3 1/106 


8 



Answer: the .sides of the rectangle are equal to 1.29 m and 


3 1/106 , 


8 


3,87 m. 


1 r>l JV l,,e y-* of t,)C e 9 uilatcral triangle ABC (Fig. 7) is equal to 

Y°'~ 2 ~ a = ~V a2 ' 1,10 trian « ,e ANL » in which, by hypothesis. AL^— a 

2 d 
and AN=ja has its angle A in common with the triangle ABC. Hence, 

their areas are in the same ratio as the products of the sides: \ ANL _ 


1 2 

— a • — a 

3 3 

a-a 


A BC 


. Therefore 


9 _ 1 2 c. 2 

ANL * 2 ^ABC— 77‘'ADC 


Hence, 


&NLAt — S ADC — 3.5 A .\ L = Y S A DC = 

., Not *l \ T if trian8,e LMN, as well as the triangle ABC , is an equilateral one 
W* r 10 melh< i d ma , y ,,e u * ed for determining the area of the triangle 

is 311 on. and 


Answer: 


a 


V3 


12 
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520. We have (see Fig. 8 ) a + b + c = 2p\ hence a -{- b = 2p — c and 
a- + 2 ab 4- b- = (2 p — c) 2 . But a- 4~ b- = c- and ab = ch (see solution of 
Problem 512). Therefore c 2 4- 2 ch — 4 p- — 4 pc 4“ c-, whence 


c = 



Now we have a-\-b = 
of the equation 


-P ib + p) an( j ab== 2 p b ' Hence< a ail( j b arc t j ie roots 

h4-2p h + 2p 


• 2 _ 


2 p(h^rp) 2 pVi 

h + 2p ' h-r2p 


= 0 


Answer: 


c = 


2p* 

h 4 - 2 p 


« = -rh 77 I h + p 4- V(P - * ) 2 ■- 2/» 2 1 

-j- 

b -j4W [A + P - V(P - *)- - a**l 
*4- 2/» 

The problem is solvable only if p > h (V- + 1 • 




521. Either of the sides AC and BC (Fig. 0) of the triangle ABC is equal 

to = p — a. Let x be the length of the line-segment CM (x = CM—CX ). 

The perimeter 2 p of the trapezoid AMXB is obtained from the perimeter 2P 
of the triangle ABC by subtracting CM -j- CX = 2.r from IP and then adding 
MX to the difference thus obtained. From the similarity of the triangles ABC 


and MXC we find 


MX = 


ABMC 

AC 


2 ax 

F^7i 


Hence, 


2P — 2x4 


2ax 


whence 


x = 


P — a 
(P-a)(P-p) 


= 2 p 


P — 2a 


Answer: CM~ CX = 


(P — a) (P — p) 
P — 2a 
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, ' )2 ^* 11 's required to determine the distance NP = x between the point N 

(Hg. 10) and the base AD = a\ and the distance NM = y between the point jV 
and the side AB^c. From the similarity of the triangles AMX and ABC 


B 



Fig. 10 



(where BC^b) we find i.e. and from the similarity 

of the triangles NPD and BAD we have =~ , i. e . L = 'Lzl. Then we 

solve these two equations. 

, ac ab 

Answer: x —-- ; // =- . 

« H' a + b 

523. Lot ABC (Fig. 11) is the given triangle. Since DE is a midline of 
the triangle and DE — CD, we have CD = ±AC. Consequently, £ CAD = 30>. 


8 


Therefore CD-^AlL^j} = 21/3 cm. 

Answer: 5 = 121/3 cm®. 

524. Put x BO, y — AO (Fig. 12). 

Then the area S of tlie rhombus ABCD 
is equal to 2 xy. By hypothesis, x-\-y = 

—; besides, from the right-angled 

triangle AOB, where AB = -^-2p = -^-, wc 

■ 2 

find x2 -f- y 2 = J 2 . Squaring both mem¬ 

bers of the first equation and subtracting the second one, we find 2 xy ^ 



Fi«r. 12 


•) •> 
ni' -/;- 


Answer : S - 


m 2 — « 2 


L 




era 2 , 


• The solution is independent of whether a is the larger or the smaller base. 
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525. Let x denote the altitude BE (Fig. 13). Then AE = x and FD = x'\/ 3. 


Since AD = AE + EF + FD, a = x-\-b + x ~\/3. Hence, x = 

(c-6) 0/3-1) 


a — b 


V3 + 1 


Answer: S = 


(a 2 — b 2 ) (V^3 — l) 


526. By hypothesis, AD = 44 cm and BC = 16 cm (Fig. 14). Hence, AE + 
+ FD = 28 cm. Denoting the length AF (in centimetres) by x, we have FD = 


B 


B 



\D 



Fig. 14 


= 28 — x. By hypothesis, AB = 17 cm and CD = 25 cm. Consequently, BEr 
= 17 2 — x- and CF 2 = 25 2 — (28 — x) 2 . And so, we get the equation 

I 72 __ x 2 = 252 _ (28 - x) a 
whence x = 8 (cm). Hence, we find the altitude h: 

h = BE = ~[/\7 2 — x 2 =15 (cm) 

xr f j o ( a + b ) h 

Now we find S = -^-. 

Answer: 5 = 450 cm 2 . 


B 



B 



527. Denote the side of the inscribed square (Fig. 15) by x. From the 

AC ■— CAS a — x , ».r y \ 
— 2- == —— - and LK = X ) 


■ • JL-T V »* W V V — -- ■^'3 

similarity of the triangles AKL | wherein AK — 
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and ^(wherein AE=± and = we get the equation a -^i, i- = 

_ / — — 2 


fl1/3 . . 

— x: —o— wherefrom we find x — 


ay 3 

J~yl = a V 3 ( 2 - VS). 


5 u =3# l (2 --V3)’ = 3(7-4 1/3) 

528. By hypothesis, >ll> = 36 cm and DC = 14 cm (Fig. 16). The areas 

3nd With 3 C ° mm0n a ' tiludc are the 

Si : 5 2 = 36:14 = 15 

1 

Consequently, Si=-g|s, where S = S t + S 2 is the area of the triangle ABC. 

13y hypothesis the straight line EC divides the area 5 into two equal Darts 
winch means that this line intersects the base AC between the points A and D 


B 



B 



to 2 5. Since the areas of the similar triangles AGE and ADB are in the same 
ratio as the squares of the sides AG and AD, then 


18 1 

— S-. T S = 362 ; AG 2 
AG = 30 (cm). 


whence we find 
Hence, 

GC = AC — AG = (36 -f 14) — 30 = 20 cm 
Answer : 30 cm and 20 cm. 

539. Sco the solution of the preceding problem. From the condition 
AD : DC - 1 : 8 we find that the area of the triangle DDC (Fig. 17) j s JL of 
the area S of the triangle ABC. Since, by hypothesis, BD = we have” 

EPi:l 0 =±S:ls 

Answer: EF~3. 

is haff- U^Ttlaf SgkfeKh're 8 *' tte^Ts 
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Answers and Solutions 


the triangle ABC. Since these triangles are similar, EB 2 :_DB 2 : AB 2 — 1 : 2 : 3. 

By hypothesis, AB=a: hence, EB = — l — and DB = . 

* 1/3 1/3 

Answer: the side AB is divided into the following parts: , 

^(VJ-O-nd^ (V3-V2). 

531. By hypothesis, the area of the triangle ABC (Fig. 19) is equal to S, 
and that of the triangle KBM , to q. Three vertices of the quadrilateral coincide 


G 



with the points A\ B, and M: and the fourth vertex L may he arbitrarily taken 
on the side /If. Indeed, the area S, of the quadrilateral I.KBM is the sum of 
the area q of the triangle KBM and the area of the triangle KLM. and the latter 
remains unchanged as the vertex L moves along the straight line AC parallel 
to the base KM. Let the altitude BE of the triangle ABC pass through the point 
E of the base .If. Placing the point I. at the point E. we get the quadrilateral 
KB ME. whose diagonals are mutually perpendicular; consequently, S t = 

= 4 KM-BE. And since q ~4 KM-BD. S x : q - BE : Bl). But since the 

triangle ABC is similar to the triangle KBM, we have S : q = BE 2 : BD ~. 
Consequently, _ 

o DE i/ N i/TT 

S ' = *T, 7T-’F T =V 9 

Note. If the point L does not coincide with the point E, the solution is modi¬ 
fied: find 

s , 4 ■ bd +4 km ■ xl =4 kai ( dd + nl )=4 • BE 


and then proceed in the same way as above. 

Answer. \' Sq. 

532. Let the line-segment EE = x (Fig. 20) divide the area of the trapezoid 
A BCD (AD a, BC = b) into two equal parts. Then 


(<i 4- x) EL (x -f b) EM 

o ■> 


i .e. (a -f j) FL — (x b) FM 
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The altitudes I'L and FM cannot he found separately (the length of one of them 
may be taken arbitrarily), but the ratio FL : FM is of a definite value. Namely, 
from the similarity of the triangles IIFD and CFK (wherein HD — a — x 
and CK = x — b) we find 

a — x x — b 

~rJ7 = TJr 


Multiplying this equality by the preceding one, we get 

fl 2 _ *2 = *2 _ £2 


whence 




Alternate method. Extending the nonparallel sides, we get the similar triangles 
BGC , EGF and AGO. Their areas S u A' 2 , S 3 are proportional to the squares of 



corresponding sides b, x, a so that S\ = qbS 2 = qx-, S 3 = qa-, where q is 
a certain coefficient of proportionality, whose magnitude depends on the alti¬ 
tude of the trapezoid. By hypothesis, S z — S\ — S — S 2> i.e. 


and since q U, 


q - 0-) = q (a- - x*) 

o to o o 

j- — (r = <r — x~ 


Answer: * = j/ . 

533. By hypothesis, BE—BF — a (Fig. 21) and EF — b. Hence, EG—— and 

“=/■*-( y) 2 - 

By the theorem on proportional lines in the right-angled triangle ( BDE) 


\\c find BI) = 


BE 2 


/‘HD 


. Now wo find the side of the rhombus 

h \ 2 


(AD). The isosceles triangles ABD and BEF are similar, since their angles 
(all of them are acute) are respectively equal (as the angles with mutually 
perpendicular sides). Consequently, 

AD : BD = BE : £/•’, 
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i.e. 


AD : 


a 2 


/ “ 2 -( 4 ) 


= a;b 


A 


wherefrom we find AD and then the area of the rhombus S = AD-a. 

Answer : - “ a . 

b y4a 2 _& 2 

534. Let AB = 27™ and AC = 29 cm (Fig. 22); then the median AD = 

-yb cm. Extend AD as long as DE = AD . The quadri¬ 
lateral ABEC is a parallelogram (prove it!) with sides of 

The area of the triangle ABC constitutes half the 
area of the parallelogram obtained, on the other hand, 
the area of the triangle ABE is also equal to half the 
area of the parallelogram ABEC. Consequently, the area 
inn *f ian S 1* ABC is equal to the area of the triangle 

Ar 1 ?}°“ Sldes are known ( AB = 27 cm; BE = 29 cm; 
At cm). Now the area of the triangle mav be 

computed by using Heron’s formula: 

S = V7(P — a) (p — b) (p — c) 

Answer: 270 cm 2 . 

535. By the law of cosines a 2 = &2 + c 2 — 26c cos A, and 
since .7 = lie Sind, i.e. sin A= 11 = 1 we have 

OC 0 

cos A = ± y 1 — Sin 2 A = ±— 

5 



Fig. 22 


a nrT^rf 6 if lut i° nS; *»th of them are suitable (in one case A is an acute 

angle, in the other it is an obtuse one). 

Answer: a = j/^6 2 + c 2 — y be or a=j/" b~ + c 2 -j--JL&c. 

536. From the triangle ABC (see 
Fig. 23) we have: 

nr = b- -f c- — 2 be cos B 

and since cos B = cos (180° — A) = 

= —cos A , then 

m- = b 2 -f c- -{- 2 be cos A 

From the triangle ADC we find 

nr — a 2 -j- d 2 — 2 ad cos D 

Equating this expression to the preceding one, we get 

2bc cos A -f 2 ad cos D = a- — 6 2 -f- dr — c- 



( 1 ) 
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In the same way, considering the triangles ABD and CBD , we get 

2ac cos A + 2 bd cos D = a- — b 2 — {dr — c 2 ) (2) 

Equations (1) and (2) yield cos A and cos D, and then we find nr and n 2 . Proceed 
as follows: multiply (1) by b, and (2), by a, and then subtract the first equation 
from the second. We get 

2 (a 2 — b 2 ) c cos A = (a 2 — b 2 ) (a — b) — (d 2 — c 2 ) (a + b) 

Dividing both members of the equality by (a 2 — b 2 ) [=^=0], we obtain 

o , t d 2 -c 2 

2c cos A — a — b - r- 

a — b 


Now we find 

, (£f2_ C 2)6 a(c 2 -b 2 ) + b(a 2 -d 2 ) 

m 2 = b 2 -f-c 2 -f-(2c cos A) b = c- -f- ab - a __l — = -- 


a — b 


Similarly, we find 


d 2 - 

2d cos D = a — b -)- 



and then 


n 2 = b 2 -{- d 2 + (2d cos D) b = 


a (d 2 — b 2 ) -f- b (a 2 — c 2 ) 
a — b 


Note. The line-segment AD — a is smaller than the broken line A BCD. 
Therefore the problem is solvable only if a < b -j- c d. But this condition 
alone is not sufficient, which is seen from the following. Let a > b and c ^ d 
(if these inequalities are not fulfilled then we can always change the notation 
to make the inequalities valid). Draw a straight line BL parallel to the side CD 
to complete the parallelogram DCBL. Now we find: BL = CD — d and l)L 
= CB = b. In the triangle ALB the side LA = DA — DL — a — b is larger 
than the difference of the sides AB = c and BL = d. Therefore another condi¬ 
tion should be satisfied, namely a — b > c — d. If cither of the conditions is 
not fulfilled, then at least one of the expressions obtained for m 2 and n 2 will 
turn out to be negative. 

The two conditions a < 6 -f- c -f- d and a — b > c — d are quite sufficient 
for the problem to be solvable. Indeed, the first condition may be written in the 
form a — b < c d. Consequently, we can construct a triangle ABL with 
the sides AL = a — b, AB = c and BL = d. Extending the side AL by LD = b 
and constructing a parallelogram DLBC , we get a quadrilateral A BCD, which 
is a trapezoid with the bases AD = a, BC = b and nonparallel sides AB = c 
and DC = d. 

, , a (c 2 — b 2 ) + b(a 2 — d 2 ) 

Answer : nr = —--;- 

a — b 


n 2 = 


a (d 2 — b 2 ) -f- b (a 2 — c 2 ) 
a — b 


537. For the notation in Fig. 24, where Z A 
BD 2 = AD 2 + A B 2 — 2-BA -AD -cos 60 5 

A C 2 = a 2 + b 2 ab 


60°, we have 
a 2 + b 2 - ab, 
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Since AC is longer than BD, the given ratio ^ is equal to ^ 
BD 2 \ 

to ) ’ From l ' ie equation 


BD 2 


( 


but not 


a 2 + b 2 + ab 19 
a 2 + b 2 — ab ~1 



19 

7 


we find ——— and — = Both of these values give one and the same 

parallelogram (we may alter the notation in Fig. 24, denoting AB by a and AD, 
by b). 

Answer: the sides are in the ratio 3:2. 

538. Let O be an arbitrary point within the equilateral triangle ABC 
(Fig. 25). Join the point O with the vertices. The sum of the areas of the triang- 


B 



les AOB, BOC and CO A is equal to the area of the triangle ABC. Denoting the 
side of this triangle by a, and the altitude, by h, we get 



(OK + OL + OU)^= a ± 

Hence, 

h = OK -f OL + OM 

539. By hypothesis, BC — 47 m and CA — 9m 
(Fig. 26; the drawing is made not to scale); hence, 
BA = 56 m. Consequently, AD -AE = 9 -56 = 504. 
Let AD = j-; then DE = .r-j- 72 and, hence, 
AE — 2x -1- 72. From the equation x (2x + 72) = 
— 504 we find x — 6. 

Answer: AE = 84 m. 

540. The problem is reduced to finding one of 
the legs of the triangle OAB (Fig. 27), given, the 


hypotenuse OA = m and altitude 


BD = —. Let us denote the larger leg by x , 


and the smaller one, by ij. The area of the triangle OAB expressed in two 
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different ways (see solution of Problem 512) gives the equation xy = a— , i.e. 

2 xy = am’, besides, x- -j- y- = nr. Adding and subtracting these equations by 
members, we get 

x -f y = lA/i 2 -p am 


and 


j: — y = ~[/m 2 — am 
Both x and y can serve as the required radius. 

Answer : — (~\/in 2 a in-\-~\/m 2 — am), or -r- ( y m 2 -}- 


urn 




Fig. 27 



541. Since the radius of the circle is equal to 13 cm and ,1/0 = 5 cm, then 
,1/0 = 8 cm. MC = 18 cm (Fig. 28). Let us denote MB by x. Then AM — 25 — x. 
Since AM MB = MD-MC, we have 


(25 — jr) a* = 18-8 
Hence *, = 1(5, a- 2 - 9. 

Answer: the segments are 10 cm and 9 cm 
long. 

542. From the triangle LBO-. (Fig. 29), 
wherein BE — — AB, we find 


R = 0 2 B = 


All 


2 cos 


a 

~2 



/ 


Fig. 29 


From the 
we find 


triangle ADO x , wherein /. D 


1 

r = O x D — AD-ian 14 


'A kB ^A-T)’ 

L. g °v 
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Since AD = AB .sin (from the triangle ABD ), we have 


cot 


R:r = 


( 45 °-t) 


cot 


Answer: — = 
r 


( 45 °-f) 


sin a 


sin a 


543. By hypothesis, a = BC = 13 cm, b = CA = i4 cm, c = AB = 
= 15 cm (Fig. 30). Denote OE = OF by /?. The area of the triangle ABC is 




Fig. 30 


Fig. 31 


equal to the sum of the areas of the triangles BOC and AOC. Since the areas of 

4l . • , . 13/? , 14/? . , 

these triangles are equal to —— and ——, respectively, then 

c 27/? 

^ A fiC 9 

On the other hand, by Heron’s formula 

Sapc= V‘21 (21 -15) (21 -14) (21 - 13) = 84 cm2 

Equate the two expressions for the area. 

2 

Answer: R = Q ~ cm. 

544. In the right-angled triangle OEB (Fig. 31) the angle EBO is equal 
to 60°. Therefore 

BO = EO-2—=:-¥L 

1/3 1/3 

Hence, 

DD=R u + j-\=jLiyp 2 ) 

v 1/3 / 1/3 

From the triangle ABD we find 

AB= ^IlSyi±^l and AD = R (V'A+ 2) 

1/3 
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hence, 


AC = 2R (1/3 + 2) 


Answer : AB = BC = 2/? ^> 3 + 2) AQ = 2/? /y 3 , 2 ). 

1/3 

545. From the triangle ABD (Fig. 32) we have 


Since 


then 


BD = ~\/BA^ — AD'£= 18 cm 


BCBD = BA 2, 


ZM 2 

"-T5- 50 cm 


Consequently, 


i4C = 1/Z?C 2 — BA 2 = 40 cm 


ylnsu-vr: the scmicircunifercnce is equal to 20 jt. 

546. Since the angles #, ZZ, and E of the quadrilateral ODBE are the right 
ones and DO = OE (Fig. 33), this quadrilateral is a square. The sought-for 


B B 




arc DE is equal to one fourth of the circumference of the circle. Let us denote 
its radius by It. From the similarity of the triangles ADO and OEC we have 

AD OE 
AO ~ OC 

Since 


AD= ~\/A0 2 —0D 2 = 1/152 — /? 2 , 

then 


1/152 _/< 2 


It 

20 


Hence, 7? = 12. 
A nswer: On. 


15 
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547. The area 5 of the quadrilateral ADEB (Fig. 34) is 

S — $ A nc — S DEC 

AC 


We have 


$ a nc = 


BD = 12 cm2 


To find S DEC , let us notice that the triangles DEC and DBC have the 
common vertex D and one and the same altitude (not shown in the drawing) 

and that S D/jC = — S^ nc = 6 cm 2 . Consequently, Sdec • & = CE : CB. The 


B 



B 



Fig. 35 


unknown segment CE is found proceeding from the property of secants drawn 

__ __ .. .. . CDCA .. 


/* j j ^ | 

from one point (C). We have CE-CB — CD-CA, whence CE — 


CB 


. Hence, 


c ..CE CU-LA .. ^-4 

DEC ; b 


.CD-CA „ 2-4 10 „ 

h - ,■ = 1 -2 cm- 

_--r b- 


( B CB 2 

Ansieer: S — 10.S cm 2 . 

548. The area S of the triangle ABC (Fig. 35) is equal to the product of 
its perimeter 2«-f 2 -j- U- and (r is the radius of the inscribed circle): 


On the other hand. 


S = {a + yaZ + h*) r 


S=~AC-BG = ah 


Equaling the two expressions, we find 


all 




a + ya 2 + A= 

The segment DE is found from the proportion 

DE : AC ^ BE : BC, 
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where 

AC = 2a, BF = h — 2r and BG = h 

Note. We may find r in a different way: the straight line AO i« the bisector 

Hnna? ? ng ,K A '■ , Hen U?J lhe , l,ne - s egments GO = r and OB = h - r are propor¬ 
tional to the sides AG and AB , i.e. 1 * or 


h — r 


V a 2 -f- /<2 


Answer: r — 


V fl2 + ^ 2 + a 

V<- 2 +^- a _ 2a(y&+r 2 _ a )* 

y a 2 + h2 + a h2 

549. Since OB-OA = OC-OD (Fig. 3G) and OB = OC, then OA = on 
The opposite sides AB and CD of the quadrilateral A BCD are equal to each 



Fig. 30 


Fig. 37 


Ci 'iT .‘.“S? 8 ( , r,m a ",t 2Am , ) bcl,, "8 10 ll,,! sid “ AO and BC 
(AU bin, BC ^.4m). The lines BC and AO cutting equal segments off 

J‘L-nT 0f , th ° parallel, which means that the quadrilateral 

BOcinA 3e!“ wf fL*" ' ^ ^ Fr ° m the simi,aril >* of t,,c> ‘"angles 

, BO:AO = BC:AD 

whence 


AO = 


BO AD 2 0 


BC 


= o =J,n 


hence, AB = 3 m. Now find the altitude of the trapezoid 

h=BK=yAlfi-AW = y ,r 3 2 — ( ) 2 = 2.4 m 

Answer: S = 10.08 m 2 . 

550. By hypothesis, AB = 0m, AC = 7m, BC = 9m (Fie 37) lot n 
B n and H c be the required radii of the circles with their centred at A, B Ldc' 


15 — 01338 
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Then R A + R B = 6, R c — R A = 7, R c — R B = 9, wherefrom we find the 

radii R A , Rn an d 7? c . 

Answer: R A = 4m, Rjf — 2m, Rq — Hm. 

551. Draw 0 2 E parallel to AB and 0 2 P parallel to DC (Fig. 38). By hypo- 

O 0 

thesis, AB =~CD. Denote CD by x. Then 0 2 P = x, 0 Z E = yx. From the 
triangles 0 X E0 2 and 0 X P0 2 we have 

0 1 0i = 0,£ ,2 + |-a: 2 and 0^ = 0^+ x 2 

Equate these two expressions and take into account that 

O x E = O x A — EA = O t A - O z B = 

= 5 — 2 = 3 cm 

and, similarly, 

0 j P = 0\C -f- O z D = i cm 

Then we get 

9 x* = 49 + *2 

whence x- = 32. Therefore 
O x O\ = 49 + 32 = 81 

Answer: 0\0 2 = 9 cm. 

Pig. 38 552. Since the distance between 

the centres of the circles is less 
than the sum of their radii, but exceeds the difference between them, the circles 
intersect each other; hence, they have a common exterior tangent and [no 


Fig. 39 

common interior tangent. Put O x C = x and 0 2 C — y (Fig. 39). We have 
x — i, = 0 X 0 2 = 21 cm and x : y = O t A : 0 2 B = 17 : 10 

Answer: 0\C — 51 cm, 0 2 C = 30 cm. . _ 

553. Two tangents to the circle O x (MD and MA) pass through the point M 
(Fig. 40). Hence, MD = MA. In the same way we prove that MD = MB. 
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Consequently, 

MN = 2 MD = A M -f MB = A B 

To find AB draw the straight line 0 2 C parallel to AB. From the triangle 0,0*C 
wherein 0 2 C = AB, 0& 2 = R + r and O^C — H — r, we get 

AB = y(I{-\-r)2-(R-rp 

or 


AB — 2~\/ Hr 

Answer: MN = 2~\/Hr. 

554. Let MN be a common tangent to the two circles (Fig. 41). Since AM = 
= MP — MB , MN is the median of the trapezoid A BCD. We have MN = 



555. Denote the radius of the required circle by x. Draw the straight lino 
MN \\AB through its centre 0 3 (Fig. 42). Since AB is perpendicular to the 
radii 0,A, 0 2 B and 0 3 D, then AM = BN = x, and, hence. O t M = R x 

and 0 2 .\ ^ r — x. Furthermore, we have 0 X 0 3 = It -f x and O.O , = r + x 
Consequently, - J “ 


M0 3 = V ( li + x)2 _ ( H ~ J)i = 2 y Hx 


15 * 
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similarly, 

N0 3 = 2 V7z 

And since MN = 2~[/Rr (see Problem 553), we have 

2 ~\/Rx -j- 2 ~[/ r rx = 2 ~\/~Rr 

whence 

yi=- y Tr 

y/j+t/r 

Hr 

Answer: the radius of the circle is -— 


1 


(V* + Vr) 2 ’ 


5of). Since 5 = —oftsinC, where C is the angle between the chords, the 


1 


1 


Problem has no solution for S^> — ab. If S <-^ab, then we find sinC = -^- , 

and there exist two triangles with the sides a and b and area S: in one tri¬ 
angle C is an acute angle, in the other it is 

L ^2 

1- -T- , 

a l b z 

in the second case cosC= —1/ 1 — ^1. 

f a-fi 2 

Hence, 

C“ = fl“ -j- &2 — 2 ab COS C = fl2 _}. 52 2 YaW — 452 
(the minus for an acute C, the plus for an 

j 

obtuse one). At S = — ab we get a right-angled 

triangle, so that c~ = a~-\-b-. The radius of 
the circle circumscribed about the triangle is 

found bv the formula /? = -—:—- . 

1 sin C 



Ansu 


n fl 6] / fl 2 + 6 2 T 2l/a262_/ l 52 1 . 

•er: /? =-—-. ror S > — ab there is no solu- 


45 


1 


tion, for 5 < —— two solutions (the minus sign if the angle between the 

chords is acute, the plus one if it is obtuse). At S ab we have one solution 

(the ehords’are mutually perpendicular). 

557. By hypothesis (Fig. 43), A\B\ = « 6 = /?, A Z B 2 = a^ = R ~\'2 and A 3 B 3 = 
= a 3 = /? 1/.3. The altitudes of the triangles OA { B l% 0A Z B 2 and OA 3 B 3 are 

OC,~ —i— - ,OCn=-——- ; OC 3 = —, respectively. Hence, we determine 

the areas of these triangles. Then we find the area of the sector OA { DBy\ it 
is equal to one sixth of the area of the circle; therefore 

S OAiDBi = 'q jiR2 ‘ 
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Similarly, S 0AzDB2 --jr JiR 2 and S OAi3DB3 = ~ nR 2 . Subtracting the area of 

each triangle from the area of the respective sector, we find the area of the 
segments: 

S > = m (t-t) 

The area of the portion of the circle contained between the chords A,D. and 
A 2 Dn is 1 

/j2 

i\-S t = ^ T {n+3V3-6) 

the area contained between A*13-, and 

A Jh is 


to 


A. 

Answer, the ratio of the areas is equal A 
n- 4-3(2—1/3) 



OK 


Fig. 44 


n-3(2-V3) 

.V)8. For determining the radius OK = r (Fig. 44) of the inscribed circle let 
us make use of the formula for the area of the triangle: S = /,r is the suniperi- 
meter of the triangle). By hyp othesis, A D = 14.4 cm, DC - 25.0 cm, therefore 

AC - 40cm. Hence A B = V AD-AC = 24 (cm), UC - \ DC-AC = 32 (cm). 
Consequently, \, — 48 cm and S = 384 cm 2 . 

Answer: the area of the circle is equal to G4 ji cm 2 . 

B 



, 5 ??* T'! L ‘ ' u y the points of tangency of the two parallel lines AD 

and CD (big. 45) is the diameter of the circle. Therefore the inscribed angles 
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LEN and LMN (and, similarly, the angles MLE and MNE) are the right ones. 
Hence, the quadrilateral LENM is actually a rectangle. ABD is an equilateral 
triangle (since AB = AD and A A — 60°); the line-segment LN (the altitude 

of the rhombus) is equal to the altitude of the triangle ABD, i.e. LN = — j^-. 


B 



The area S of the rectangle is 
equal to 

4-£A ,2 -sin z LOE = 

= 4-ZJV 2 -sin z BAD 

(the sides of the angles LOE and 
BAD are mutually perpendicular). 

Hence, 5 =\ (■ ** )~ 


Answer: S = 


2 

3a2 1/3 
16 


sin 60°. 


560. It is required to determine the area Si of the figure MCNF (Fig. 46) 
and the area S 2 of the figure KDNE (the areas of the figures KALG and LBMN 
are equal to Si and S 2 , respectively). Since, by hypothesis, AC = AR, then 

B C 



OC = 2-OM ; hence, Z OC3/ = 30°. Then we have / MON = 180 3 — 2-30°= 120° 
and /_ KON = 60°. The area of the quadrilateral CMON is equal to R 2 T/3* 

and the area of the sector MONF, to 4-n/f 2 . Hence, S l = R 2 ’\/H— ^ 5 -; 

O O 


similarly, S 2 =-^p 



nR 2 
6 ' 


Answer : = 


R 2 (3 1/3 — n) 


S ,= 


/?2(2 1/3-jt) 


3 ’ _ “ 6 

561. Since Z A = 30° (Fig. 47), the altitude BE = h of the trapezoid is equal 

to — AB. By the property of the circumscribed quadrilateral, BC-\-AD = 
& 
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= AB-\-CD — AB. Therefore 


„ AB + CD 
S = 2 



Answer: AB = ~\/2S. 

562. Given the area 5 = 20 ctn 2 and altitude BE = 2r = A cm (Fig. 48), we 
find the half-sum of the bases =5 C m. Consequently, AB = 5 cm 

(see the preceding problem). Now we find AE = y AB^-BE* = Z cm. But AE 


B C 



£ C 



is the half-difference between the bases of the trapezoid. Knowing the half-sum 
and the half-difference, we find the bases themselves. 

Answer ; AD = 8 cm 
BC = 2 cm 
AB = CD = 5 cm 

563. The area Q of the trapezoid ABCD (Fig.49) is equal to 

DC-j-AD BAJs= i BC + AD) R 
£ 

(B is the radius of the inscribed circle). Since this trapezoid is circumscribed 


2 R 

about the circle, BC A- AD = ABA-CD. But AB = - - 

sin a 

Therefore 


Q = 2/? 2 ( —r—-1— J-z- ) = 2RA i‘ n a + Sln P - 

\ sin a sin p / sin a sin P 


B 


and CD — 


M C 


211 


sin p 


. . a- P a —P 

4 R 2 sm —— 1 — cos 


2 


2 


sin a sin P 


Answer: R = - 


. n-—i / ft sing sin p 

2 1 / . a + P a-P 

V sill — -A- cos —~ 



5G4. Since the lateral side AB (Fig. 50), perpendicular to the bases, is equal 
to 2r, the inclined side CD is greater than 2r. Consequently, the least side of 
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the trapezoid, equal to |r, is the (smaller) base BC. To find the larger base 

4 n .1_ . *i.i. __ 


.® u luau 6 lt uuis we nna /JX(JU + / ODN = Q0° 

Cm,se q uently ZA^ = Z WO and the triangle OZ>A^ is simillrto the triangle 

06il/. We obtain the proportion AO : ON = OM : A/0, where ON = OA/ = r 

and A/C = y (by hypothesis). Hence, A'O = 2r, and ,10 = AN + AO = 
= r *+- 2r = 3r. 

9 r 2 

--Insider: 5 = Z—-. 

565 ' Tho trian 8 le 0MC is similar to the triangle OA'O (Fig. 50) (see the 

OO 4 o*i iVO n/V 

= - = 2, then -^- = 2 and -^- = 2, i.e. 


preceding problem). Since 


OC 


B 



OM -A/C 

AO= 20.1/ = 2r and A/C = 
ON 1 

— From the right- 

angled triangle OND we find 
r2 -r (2r)- = 4 2 , whence, 

r= W <cm) 


Now we find ,10 = .4A’-f A r 0 = 

12 . 
cm and 


= r-f 2r = 3r = 


1/5 


BC 


(1 


V5 


cm. The altitude 


2r — —— cm 


A/.V of the trapezoid is equal to 

S 

VB 

/l/isuw: 5 = 14.4 cm 2 . 

5ti(i. The centre 0 of the first 
, , .... .... . „ circle (Fig. 51) divides the alti¬ 

tude^ — h m the ratio BO : OA = 2 : 1. Consequently, the diameter A/.V is equal 

to — li and hence, BM—^h. The second circle is inscribed in the triangle 

BOB, whose altitude is equal to one third of the altitude h of the triangle ABC. 
Hence, tho radius r i — O t A/ is one third of the radius r — ON. Therefore, 


area of tho 


if S is the area of the circle 0 [s=n |j 2 = iLl" I t then the 

circle Oj will be 5, --^-5. And since there are three such circles, their total 
area Oi "ill he 

C, = |s 
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Reasoning in the same way, we find the total area of the next three circles 

1 1 

Q\ = -p- S and so on. 

Thus, we obtain an infinite sequence of addends 


•S’ - !'C'l-f (?2T (?3 


._s+is + -p-s+-i-s 


The terms of this sequence, beginning with the term (the addend S is 

u 

treated separately), form an infinitely decreasing geometric progression 
( fl i = 9 = —j , The sum of this progression is equal to 


•1 S 

_ ± o 

1 -q 8 8 


To get the required area the addend S should be added to the above sums. 
Answer: the required area is equal to ■ 77 ‘S=^na 2 . 

O vU 

567. To find the area of the trapezoid 
BMNC (Fig. 521 it is required to find 
the base BM and altitude MN , since CN 
is known. First determine CD — x. We have 


or 

Hence, 


x(BC-\-x) = AD 2 

x (5 + *) = 150 
CD = x — 10 (cm) 



From the similarity of the triangles 
HMD and CND it follows that 

DM CN BM 6 . „ 

~BI)~~CD 0r "Tb'^To’ whence = 9 (cm). The altitude MN is found 

from the proportion = ^ y, where ND = '\/ CD* — CN 2 . We get 

MN — 4 cm. 

Answer: £ = 30 cm 2 . 

568. Let Oj, On and 0 3 be the centres of equal inscribed circles and let r 
be their radius (Fig. 53). Since AO t and C0 2 are the bisectors of the angles A 

and C, each being equal to 60°, then z 0,/iZ) = 3O°; hence, AD = EC = r 1/3. 

Furthermore, DE = O i O z — 2r. Therefore 2r (l -f V3) = a. 

a(V 3-1) 


Answer : r = 


a 


2 0/3+1) 
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569. The required area LMN (hatched in Fig. 53) is obtained bv subtracting 
the total area of the three sectors 0\ML , 0*LN and 0 3 NM (which is equal to 
the area of a semi-circle of radius r) from the area of the triangle 0\0«0 3 , whose 


side is equal to 2r = 


a(V3-l) 


OiO'Os 


= r2 V3 = 


- (see the preceding problem); therefore 
5 fl 2 V3(V3-l) 2 


The total area of the three sectors is equal to 

xtr 2 na2(V3-l) 2 na 2 (2-y3) 
2 ~~ 32 16 


Answer: S = r 2 ^ "\/3 —— j — 


fl 2( 2 _V3)(2 1/3-jt) 
16 


570. Solved in the same way as the preceding problem (Fig. 54). 

a 2 (4 — ji) 

Answer: o =- r-r -. 

10 

Alternate solution. The required figure KLMX is equal to the one which is 
hatched in Fig. 54. The latter is obtained by subtracting two semi-circles from 
the square B^C^MK. 



Fig. 53 


Fig. 54 


571. Determine the radius R of the circular arc of the segment, whose peri¬ 
meter is equal to the sum of the lengths of the arc ACB and chord AB (Fig. 55). 
o 

We get nR-r R y 3 = p, whence 
• ) 

2n 3 Y 3 
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The area S of the segment is equal to the area of the sector less the area 
of the triangle OAB, so that 

„ 1 & 1/3 

S= - — 


Answer: S = 


3// 2 (4jt — 3 V^) 


4(2ji + 3V3 ) 2 ' 

572. To find the sides AB and BC of the triangle ABC (Fig. 56), it is suffi¬ 
cient to determine EB = BG = x, since AE — AD = 6 cm and CG — CD = 

B 

B 




= 8 cm. For this purpose let us compare the following two expressions fur the 
area of the triangle: 

S = rp and S = ~Vp (p — a) (p — b) (p — c) 

-where p is the semiperiineter of the triangle, i.e. 

i (EA + AD + DC + CG + GB + BE) = j (28 + 2x) = 14 4 -x 


We get the equation _ 

4(14 + x) = V(14 + x)-x.G .8 

Hence, x = 7 (cm). 

Answer: AB=\'i cm; BC = 15 cm. 

573. Let CD :DB = m:n (Fig. 57). Then BD : BC — n : (m-f- n). Consequently, 
<os B = 42- = = —— • Since Z? = 180°-2C, co.s2C = cos(180 3 -tf) = 


AB 

n 


rn -4- n 


BC rn -f- n 
. Hence 


cos C 

Answer: B = arccos 




4- cos 2C 




m 


2 (m-f n) 


n 


m-\-n 


C = arccos 


/ 7 


m 




(=±arcc„.(--^-)] 
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574. The circle is divided into four pairwise equal arcs: AB = BC and CD = 

=DA (Fig. 58). Let the arc BC be less than 90° we do not consider the simplest 
case m : n = 1, when all the arcs are equal to 90° each). Find the central angle 



Fig. 58 Fig. 59 


a = i'_BOC measured by the arc BC. By hypothesis, DE : EB = m : n. Taking 

DE 

the quantity — for the unit of length, we have DE = m and EB = n. Hence, 

m 


and 


Hence, 


and 


DB m-\-n 


OE = DE - DO = m - = HLJL 


OE m — n 
cos a = = —;— 

OC m -j- n 


a = arccos 


m — n 


rn -j- n 


The arc CD contains 180° — arccos ——— (degrees), i.e. 


m — n 
m — n 


n — arccos 


rn — n 


(radians) 


Answer: the arc smaller than is equal to arccos /; (m > n); the arc 

- ni —T— 7i 

i Jl . , . m — n n — m 

larger than — is equal to n —arccos-= arccos-. 

- m -j- n rn -f- n 

575. Let a (Fig. 59) be the angle of the parallelogram. Then 

/<i = BM = AB- sin a 


and 


/i 2 = BN = BC - sin a 
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Hence, h, -]• h 2 = (AB-\- BC) sin a = p sin a, whence sin a = ^'~^ 2 . If a is an 

h ' li t ^ 

acute (or right) angle, then a = arcsin -J-j-—Then the obtuse (or right) angle 
of the parallelogram will he n — arcsin . 

p 

Note. The problem has no solution if + /*_»> P■ If hi + h 2 < P> the problem 
is solvable (at h l -\-h 1 = p we have a rectangle). 


Answer: one of the angles is equal to arcsin 

• ^1 4 " ^ l 2 

n —arcsin-. 


h | -f h 2 


, the other, to 


576. By hypothesis, BD : BE = 40 : 41 (Fig. 60). Let us take ^ part of BD 
for the unit of length. Then BD = 40, BE — 41. Since the triangle ABC is 



a right one and BE is the median of the right angle, AE = BE = 41. BDE is 
a right-angled triangle, therefore 

DE = V ME 2 — BD- = 9 

Consequently, AD —AE — DE — 32. From the similarity of the triangles ABD 

, Anr f . . AB AD 32 4 

and ABC we find 


Answer: 


AB 

BC 


BC 

4 


BD 40 5 


577. Since AO (Fig. 61) is the bisector of the angle « = /_ CAD , ^ BAO = 
— ~ ■ In the same way we get Z ABO = ^ (90' — a) = 45° — ~ . From the 
triangles ,10/P and //O/P we have 

AD — OD cot ~ and DB = OD .cot ( 45° -) 

Consequently, 

c = AB = AD DB=OD j^cot — d-cot ^45°-^- 
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wherefrom we find r = 


cot T +cot ( 45 °' _ t) 


. The denominator may be- 


reduced to a form convenient for taking logarithms: 

cos 


cot 


~ cos (45°--^-) 

T+.°t ( 45 °-t)=— 

sm T sm ( 45 "T) 

cos ^ sin ( 45 0 — -|-) + sin ~ cos ^45° — 

sin Y sin ( 45 ° — t) 

Answer: r = c ~\/l sin sin ^45°—. 


sin 45° 


sin sin ^45° — 


Note. By using the formula r = S : p (S is the area of the triangle; p r 
semi perimeter), we could get a solution in the equivalent form 




c sin a cos a 
1 - 4 -cos a -f-sin a 


578. Let us denote the sides of the triangle by a, b and c, and let a = 7 cm, 
b = 24 cin and c — 25 cm. Since a 2 4- b 2 — c-, the given triangle is a right- 



c 

angled one. Consequently, the radius R of the circumscribed circle is equal to —. 

The radius of the inscribed circle is found by the formula r = — , where S is 

P 

the area of the triangle and p, semiperimeter. 

Answer: R = 12.5 cm, r = 3 cm. 

570. Bv hypothesis, z ZM£ = <p (Fig. G2). Consequently, = 

It is required to determine R^Ofi and r = 0 2 C. 

We have 


R-L r = 0\F -f FO* = O,0 2 = d 
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and 


R — r — 0<B — OfC = 0 \D 


From the right-angled triangle 0 { D0 2 , wherein 


we find 


Z OyO-iD — /_ BAOi = y 


0 1 D = 0 1 0 2 -sin -y , i.e. /? — r = cisin-5- 


From the two equations obtained we find 

d(l + sin|) 


/? = 


and 


r = 


(l —sin y) 


Substituting cos|90° —-yj for sinwe may transform these expressions 

Answer: R = d cos 2 ^ 45° — y j B 

r = d sin 2 ( 45° —j 
580. From Fig. 63 we have 


sin Z BAD = 


DE MN _ 2r 
AD " AD ~ a 



By hypothesis, MN • DC = Q, i.e. 2ra = () and. 
furthermore, nr 2 = S. These equations enable n 

us to determine r and a separately, but since it 

is sufficient to know the ratio —, it is better * ig ' ^ 

a 

to divide by terms the second equation by the first one. We get ^- = — , 

2 a Q 

k r 25 
a nQ 

4 S 

Answer : /_ Z?/1D = arcsin . 


581. The area of the inscribed regular 2n-gon is equal to nR 2 sin 


. 180° 


The area of the circumscribed regular n-gon is equal to nR 2 tan — 80 . n v 
, n } 

hypothesis, 

09 ( ta 180° . 180° \ n 
nR 2 ^ tan — -sin-j = P 


nR 2 ( 


tan 
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Hence, 


R = 


Vp 


Vn (tan a —sin a) 


180 


where a — -. The expression tana — sin a may be transformed in the 

following way 


a 


tan a —sin a = tan a (1 — cos a) = 2 tan a sin 2 — 


Answer: 


/? = 


v; 


i 


/, 180° . 180°\ . 90° 

tan-sin- sin — 

\ n n ) n 


1 


Pcot 


180 1 


n 




582. Regular polygons with equal number of sides are similar; therefore 
(Fig. 64) their areas (5j is the area of the inscribed polygon, S 2 , the area of the 


/J JJ B 



N 



Fig. 65 

circumscribed one) are in the same ratio as the squares of the radii 

S, :S 2 = OD 2 :OA 2 

But from the triangle OAD we have 

OD , nm ISO 3 

= cos Z DO A = cos 


Answer: S { : So = cos 2 


OA 

180 ° 

n 


n 


583. Let AB — a (Fig. 65) be the side of the regular n-gon. Then 

, 180° , , V1 ,, 90° 

Z BON = a = —-— , and Z NAM =~ = 


n z n 

(as the inscribed angle subtended by the arc a). The area of the annulus is 

Q = n (OA 2 - OM 2 ) = n • AM 2 = n ( -i ) 2 

The width d of the annulus may he found from the triangle NAM. 
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Answer : Q = 


JW 2 , a x 90° 

-7- ; cf = — tan- 

l n 


584. Denote the required radius by * so that (Fig. 66) 0 2 A = 0 2 B = x. From 
the right-angled triangle 0 { 0 2 A t wherein /_ 0 2 0 K A=~ and 0^ = 0^- 

0 2 B = It — x, we have 0 2 A = 0 { 0 2 sin , i.e. z = (R — x) sin ~ . 

£ 2 



585. The area 5, of the quadrilateral ABOC (Fig. 67) is equal to 2 -~OBx 

X AB = 7?2 cot a. It is necessary to subtract from it the area Sn of the sector 
COBD, whose central angle is equal to 

(180 —2a)°. We have G B _ F C 


c _ n9 180 —2a d *) 90 —a 

s '= nR — =nR -m- 


na 



360 

(a is measured in degrees). 

Answer: S = St-S 2 = R 2 ^cota-—-}— j 
where the angle a is measured in degrees, or % 

S = B 2 ^cot a'— 7 j--f a' J where a' is measured 
in radians. 

586 By hypothesis, the area of the triangle ABF (Fig. 68) is equal to one 

"-T “-1- 


Fig. 68 


1C—01338 
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Therefore 


AF 2 = AB 2 - BF 2 -2AB-BF cos (180° —a) = a 2 -j 




a 2 cos a 


Answer: AF — AE — -^- 12 cos a. 

587. Extend Bit/ (Fig. 69) to intersect the side OA of the angle AOB at the 
point R. From the triangle AMR, wherein /.AMR = /_AOB — 60" (as the 
angles with mutually perpendicular sides), we find MR = 2AM — 2a. Conse- 



Fig. 69 



quently, RB = RM + MB = 2a + b. Now, from the triangle ROB, wherein 
OR = 2 OB, we find (2 OB)- - OB 2 = (2a + b)-. Hence, 


OB = 


2 a-f6 

V3 


The sought-for distance OM is determined from the triangle OBM. 

A nswer : OM — — 7 — ’\ / a 2 - r ab-* r b 2 . 

\/ 3 

588. The problem is reduced to finding A ACB = 2a (Fig. 70). Extending 
AC and drawing BL || DC, let us prove (in the same way as in the theorem 
on the bisector of an interior angle of a triangle) that CL = BC — a. From the 

similarity of the triangles ADC and ABL we get BL — ^ a ~ r ^ - , and from the 

isosceles triangle BCL we have BL^2acosa. Consequently, 2a cos a — ^ — 

wherefrom we find cos a; then we find sin a and 

S = at sin a -- -7 bt sin a = 1 (a b) sin ct 

Alternate solution. The area ~ ab sin 2a of the triangle ABC is the sum of 
the areas -^-bts in a and 4- fl * sina of the triangles ADC and BCD, respecti- 
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vely. Consequently, absin a cos a = ^-bt sin a-f 4- at sin a whence we find 
cos a. 

Answer: S = - (a J^ 1 V4a 2 6 2 —(a- r b)2<2. 

589. Let the rays CD and CE (Fig. 71) divide the angle ACB into three equal 
parts: Z BCD = Z DCE = i'.ECA = a. 13v hypothesis, AC = CB = a and 
CE = CD = t. In the same way as in the preceding problem we find from the 


c 



c 




triangle BCE: cos a = = t -r£- ; then we find sin a. The required 

area is the sum of the areas of the triangles A CE', DCE', BCD. 

Answer: S -^(2a-\ /) l/(3a l) (a — /). 

590. In the triangle ABC (Fig. 72) CE is an altitude and CO is a median. 
Let us denote the required angle OCR by q. and the angles of the triangle bv 
A, B and C. From the triangles ACE, BCE and OCR we find the following 
expressions for the segments of the base: 

AE — EC-rot A 

BE EC- cot// 


and 


OE = EC-U\\ii 


Since AO = OB, we have 

A E - BE - (AO + OR) - (OB - OE) = 20E 

Substituting the expressions found for these segments, we get 

EC -cot A — EC ■ cot B 2 EC • tan q 
or 

cot A — cot B — 2 tan <| 

1 


Answer: tan q — (cot A — cot B) 
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591. The required area S (hatched in Fig. 73) is equal to the three-fold 
area of the figure EMFB. By hypothesis, OE = AB = ~ . In the right-angled 
triangle OED the leg OD (the radius of the inscribed circle) is equal to 

consequently, OD = OE^0. Hence, Z DEO = 60°. Similarly, Z KFO = 
= 60°. Since the angle EBF is also equal to 60°, OE\\BF and OF\\BE, and 


c 



Fig. 73 Fig. 74 


the quadrilateral OEBF is a rhombus with the side 4 and the angle 60° at 

o 

the vertex 0. Subtract the area of the sector EOF, equal to ji (y) 2 * 


C 



Fig. 75 Fig. 76 


from the area of the rhombus 
obtained by 3. 

o 

Answer: S = - 75 - (3 ~\^3 — Jt). 

IQ 



2 1/3 
2 


and multiply the difference thus 


592. It is required to find S = \- AB-DC (Fig. 74). The angle CFB is 
a right one (as an inscribed anglo subtended by the diameter). Consequently, 



DC — AF, and thus, S — — AB AF. But, by the property of the secant, we have 


ABAF = AE2=(^ r \ 


Answer : S = 


593. Since LDCA = /_OBC (Fig. 75) and i\BCO = /_OBC (for the median 
OC is equal to half the hypotenuse), we have i.DCA = /_BCO. But, by hypothe¬ 
sis, /.ACE = {_BCE. Subtracting the former equality from the latter one 
we get Z.DCE = i.OCE , i.e. CE bisects the angle DCO. 

594. The diameter 2R of the circle circumscribed about the right-angled 
triangle ABC (Fig. 70) is equal to the hypotenuse AB. The diameter 2 r of 
the inscribed circle is equal to 

MC -f- CK (since MOKC is a 
square). Hence, 

AC + BC = (AM + BK) -f 

(MC + CK) = (AL + LB) + 

-f (MC -f CK) = 2 B + 2r. 

595. In the same way as in the 
preceding problem, prove that 
a-\-b = 2 (r~ B). i.e. a-\ b= 


a + b = 2(r+R), i.e . 

more, a 2-|-fP = c 2 . 
Hence, 

3 

a = — c, 

0 


Further- 


l 4 / 4 3 \ 

6 = -c(or a= T r, 



Answer: sin A = , sin B = 4- ■ 1 1 ‘ 

596. Let us construct (Fig. 77) the triangles OEO x and 0F0 2 (E and F are 
the midpoints of the sides of the parallelogram). They are congruent. Indeed 
OE = EC, and, by hypothesis, FC = 0 2 F. Hence, OE = 0,F. Similarly wo 
prove that O x E = OF. The angles OEO x and 0F0 2 (both of them are obtuse)’ are 
congruent, since their sides are mutually perpendicular. From the congruence 
of the triangles OEO x and 0F0 2 it follows that OO x = 00 2 and / 00 X E = 

~ Ant * sinco ant * * orm a r *ght angle, the straight lines 00, 

and Opt also form a right angle. Hence, the triangle 0 X 0 2 0 is an isosceles right- 
angled one. The same refers to the triangles 0 2 0 3 0, 0-/) k 0 and 0.0,0, which 
means that the quadrilateral O x O,O z O k is a square. 
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CHAPTER IX 

POLYHEDRONS 

Notation (for this and next chapters): 

V = volume 

S or Sbasc — area °f the base 

Si a t — area of the lateral surface 
S to tai = total area 

a = side of the base 
r = radius of the inscribed circle 
R = radius of the circumscribed circle 
H = altitude of a solid 
h = altitude of the base 

If the above quantities are denoted otherwise, this fact is mentioned each 
time. In the accompanying figures invisible lines are presented by broken lines 
with short dashes, and auxiliary lines, by broken lines with longer dashes. 




C, 





C, B f 



Fig. 7S 


Fig. 79 


597. The projection of the diagonal A t C of the parallelepiped (Fig. 78) on 
the plane of the base A BCD is AC (the diagonal of the base). Therefore the angle 
a between A\C and the plane A BCD is measured by the angle A\CA. From the 
triangle .1.4 \C we find 

.4/lj = AC ■ tan a = \ a- b~ tan a 

Substitute it into the formu la Si a t = (2a 2b)-AA { . 

Answer: Si a t - 2 (a-f b) "V a~-~-b- tan a. 

598. From each vertex of the prism, say from Ai (Fig. 79), we can draw three 

diagonals (.'!,£. A { C). They are projected on the plane ABCDEF as the 

diagonals of the base (AE, AD , AC). Out of the inclined lines .1,£, AiD, AiC 
the greatest is the one having the longest projection. Consequently, the greatest 
of the three diagonals taken is A t D (the prism has other diagonals equal to AiD, 
but there is none longer than A t D). 
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From the triangle A X AD wherein / DA x A = a and A x D=d . we find 11 = 
= AA t = d cos a, .<47) = d sin a. The area of the equilateral triangle AOli is 

equal to 1.402.'V3. Hence Sb a *. = 6-1.042. V3 = 6-1 ) 2 V3. 

volume r = S-// = lli./17)2. / L4 1 . 

O 

, 3 V 3 .■» - 9 

Answer: —-—a 3 sin 3 a cos a 

.Vo/p. For graphical representation of a regular hexagon (the base of the 
prism) we may construct an arbitrary parallelogram 
BCIJO. Extending the lines DO, CO, BO and 
marking off the segments 04 = OD, OF = OC and 
OE = OB, we obtain the hexagon ABCDEF. The 
point 0 represents the centre. 

599. (a) Drawing. The square serving as the 
base is represented by an arbitrary parallelogram 
A BCD (Fig. 80). The point 0 of intersection of the 
diagonals represents the centre of the square. 

Joining the midpoint F of the side AB with the 
vertex of the pyramid E, we get the slant height EF. 

(b) Solution. We have 


r-l* 2// 



B 


where x is the side of the base (AB in Fig. 80) and 
//, the altitude of the pyramid (OE). The angle a is /_EBO (see solution of 
Problem 597). From the triangle EBO we find II -= m sin a; from the 
triangle OAB, 

x = 0B-~\/2 =m]/2-cosa 


Answer : l’ = -jj- w 3 cos 2 a sin a 


m 3 sin 2a cos a 


600. Denoting the required lateral edge by in, in the same way as in the 
preceding problem, we find 

m 3 sin 2a cos a 


1 = 


3 


whence we determine m. 

. 3 / 3T 

Answer: m = 1 / —:— -. 

V sin 2a cos a 

601. Let us introduce the following notation: AB = x\ EF=y (Fig. 80). 
Then we have S = 2.ry. From the right-angled triangle OEF, wherein OE =11. 

we find -f II 2 . Eliminating ij from the found equations, we get 

x* + 4/Ar2_ £2^0 

This equation has two real solutions , but only one of them is positive. 

Answer : x = \f S 2 — 2// 2 cm. 
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602.* Joining the midpoints M and N (Fig. 81) of the sides BC and FE, 
we obtain the graphical representation AIN of the diameter of the inscribed circle 

so that AIN = d and OAI = —. Since OAi is the altitude of an equilateral 








triangle with the side a (= BC = OC 



The altitude II = OS is found from the triangle SCO: 


whence a = 



// = ~\/cs*~ OC*= y/2_ fl 2 = j/ 12 

The slant height m=SAI of the pyramid is found from the triangle SCM: 

m =Y 

Answer: V = ~V3r—d\ S lat = y \2V-dT-. 

603. (a) Drawing. The base may be represented by any triangle ABC 
(Fig. 82). The centre of the base is represented by the point 0 of intersection of 
the medians**. 

(b) Solution. We have V = -^-Sb ase -II = —. — d 2 ~\/3 II. The relationship 

between a and II is found from the triangle AOD, wherein AD = a , and AO 
is the radius R of the circle circumscribed about the base; thus a = R 1/3. 


* For graphical representation of a regular hexagon see Note to Problem 598 
on page 247. 

** Then two of these medians, which are of no importance for solving the pro¬ 
blem, may be erased, leaving only the point 0 on the median A E as is done in 
Fig. 85 on page 250. 
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,2 


We have II 2 = AD 2 — AO 2 = a 2 -— = — a 2 . Substituting 

1/3 

expression of V, we get l' — ——// 3 . 



into the 


0 / \ 

Answer : H = 2 \ —— . 

y V'i 

604. (a) Drawing. As distinct from a rectangular parallelepiped, all the laces 
of which are rectangles, the base of a right parallelepiped is a parallelogram, 
only the four lateral faces being the rectangles. But in drawing a rectangular 
parallelepiped (see Fig. 78 on page 246) we are forced to represent the base also 
in the form of a parallelogram. Therefore the drawing of a right parallelepiped 


A c < 




does not essentially differ from that of a rectangular parallelepiped, which crea¬ 
tes additional difficulties for reading such drawings: it is necessary to remember 
that the acute angle of the parallelogram shown in the drawing corresponds to 
the actual acute angle of the figure represented. For the sake of clarity it is 
recommended to make this angle too acute, as in Fig. 83, and mark it obligatory 
with a letter (in the given case—with tin; Greek letter a). 

(b) Solution. In a right parallelepiped the diagonals (four in number) are 
equal pairwise: A t C = AC, and HD, — B,D (in Fig. 83 AC, and DU, are not 
shown). Let z DAB = « be an acute angle of the base A BCD', then Z ABC = 
= 180° — a is an obtuse one and AC > BD. Hence, BD, is the smaller diagonal 
of the parallelepiped (since BD\ = //* + BD 1 , whereas ,1,6' 2 = H 1 -\- At" 1 ; 
hence, Bl)\ < A,t'-). From the condition BD, — AC we may find II. Namely, 
from the triangle BUD, we have 

ll- = BD\ - BD- = A C 1 - BD- 
From the triangle ABD we find 

BD- = a- + b- — 2 ab cos a 
and from the triangle ABC we find 

AC- = a- -I- b- — lab cos (180° — a) 

Consequently, 11 1 — 4ab cos a. 

Answer: V — 2 sin a V( afj ) 3 cos a - 

605. Let us denote the larger side of the base (AB in Fig. 84) by a and the 
smaller one (BC), by b. By hypothesis, a -j- b = 9 cm. To find a,' b, and the 
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acute angle a, let us compute the diagonals of thejbase. As has been proved 

in the solution of the preceding problem, the smaller diagonal [BD X = V.33 (cm)] 
of the parallelepiped is projected on the plane of the base as the diagonal BD. 
Therefore 

BD'- = BD\-DD\ = {y 33 ) 2 _42 = i7 (cm2). 

In the same way we find .-1C 2 = 65 (cm 2 ). And so wo get the following two 
equations: 

a 2 ■ b 2 — 2 ab cos cc = 17: a 2 -f b 2 2 ab cos a = 65 


Adding them, we find 62 = 41 , which, together with a : -6 = 9, yields a = 5, 
6 = 4 (we have denoted the larger side by a). Subtracting, we find 4a6cosa = 

= 48, i.e. cos cl = ——-—— = 0 . 6 . Consequentlv, 

Sbaae = ab sin a = 4-5-0.8 = 16 cm 2 
Answer: 1=64 cm 3 , 5( O f a / = 104 cm 2 . 

606. (a) Drawing, l-'or constructing the point O see Problem 603 (Fig. 82). 
1° construct the plane angle of the dihedral angle at the edge BC (Fig. 85), join 





the midpoint /•' of the segment BC with the points 1) and A ; since CDB and 
CAB are actually the isosceles triangles. DC and AE are perpendicular to BC, 
i.e. _ DC A q is the required plane angle. The altitude of the pyramid DO = 
h lies in the plane DBA. 

(!') Solution. Wo have tan if =jyjr . where OD — h, and OE- ^-AO (the 

medians an* divided in the ratio 1: 2). .10 is found from the triangle AOD, 
wherein .!/> = /. 


26 

Answer: rr a retail- - . 

1 l--i> 2 

607. The angle a is measured by the angle OliE (Fig. 86 ), because OB is 
the projection of the edge BE on the plane of the base. To construct the plane 
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angle q of the dihedral angle at the edge Ah, join the midpoint F of the 
side Ah with 0 and E (see the explanation to Problem 606). Since S base = 

= a 2 = 4ri to compute 1' we have to find II —OE and d = hD. From the 
triangle OhE we find 7/ = -^-tan a, and by hypothesis, —// =S. Multiplying 


\\ 


I 1 

I X / 


/ \ / 
' \ i i 


\ ‘ 
\ ' 

\ ' 

\ / 

\ / 

\ \ / >* 


D 

(<*) 


bL-J- 


As' 


\ i S 
X \/S _ 




(b) 


Fig. 87 


these equations and then dividing them termwise, we find 


7/2 = 5 tana and 


( 4) 2 


.S’ cot a 


Hence, 


.1 i 

| = j-Sbatr lf COt “ a 


The angle cp is determined from the triangle OFE, wherein 

a (I 


or 

2 2 \'2 


tan q 


OE 

OE 


II: -1—^L= ys tan a : — \=r Vs cot o. \'2 tan a 

V2 2 V2 


a 

Answer : 1 = 5” cofa; tan <f = 1^2 tan a. 

• ) 

608, (a) Drawing. The base of the pyramid is a regular pentagon (from the 
equation 180 c (« — 2) - 540° we find n - 5). And in the regular pentagon 
ABODE (Fig. 87 a) each diagonal (say. /1/7) is divided by each or the other diago- 

1/5—1 

nals (for instance BE) in the extreme and mean ratio, so that D M —- -—AD « 
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~ 0.6 AD. Furthermore, each diagonal is parallel to one of the sides (for instance 
AD\\ BC). The centre 0 is the point of intersection of CM and EN. Therefore, 
the drawing of the regular pentagon may be constructed in the following way. 
Construct an arbitrary triangle ABD (Fig. 876). Divide the sides AD and BD 

by the points M and N in the extreme and mean ratio—approximately in the 
ratio 

A M : MD = 2:3 

for this purpose it is sufficient to divide one side and then to draw MN\\AB. 
Draw A E || BD to intersect the extension of the line BM at the point E. Point C 

is constructed likewise. The centre is 
represented by the point 0 which is the 
point of intersection of CM and EN. 

(b) Solution. From the triangle COF , 
wherein /_OCF = a and CF = l. we find 
H = OF = l sin a; OC = l cos a. The area of 

the base S = 5 -~ OC OD x sinz_COD = 

= -!--0C 2 -sin 72° — -^- £ 2 cos 2 a sin 72°. 

Answer: F SH =-^- l 3 sin 72°X 
X cos 2 a sin a. 

609.* The angle a is determined from 
the triangle COF (Fig. 88), wherein 
FC — CB- a (by hypothesis, the triangle CBF is an equilateral one). And the 
side OC (the radius of the circumscribed circle) is expressed in terms of a 

from the triangle COU , wherein the angle COU is equal to 36° and CU = ~. 



Fig. SS 


a 


We have OC — -rr —-—* hence, cos a — 


OC 


2.sin 36° . CF ~ 2 sin 36 J 

The angle cp is determined from the triangle OUF, wherein FU = 

A 

a cot 36° 


a V3 


(as the altitude of an equilateral triangle with the side a), and OU = 

mi 

(from the triangle COL ). We have 

OU a cot 30 3 a "]/3 cot 36’ 


cos (p 


FU 


Answer: a = arccos 


1 


(p = arccos 


2 

cot 36° 


V3 


2 sin 36° ’ ... yg * 


610. We have (see Fig. 88): IiC = a, Ot7=^-cot — 

tL IX 

180° 


The area of the base 


„ no a 180 

S = — • -rr cot- 

2 2 n 


n a 2 


cot 


n 


* For graphical representation of a regular pentagon see the preceding pro¬ 
blem. 
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From the formula V = — SH we find 



121 ' 


tan 


180 3 
n 


Denoting the required angle OCF by a, we have 


where 


tan a = 


H 

OC 



a 


2 sin 


180° 

n 


Answer: 


a = arctan 


24 V sin 


180° . 180° 

-tan- 

n n 


na 3 


Preliminary Notes to Problems Gil through GIG 

If all the lateral edges of a pyramid form equal angles with the base, then (1) 
all the lateral edges are equal; (2) a circle can he circumscribed about the base; 
(3) the altitude of the pyramid passes through the centre of this circle. 



Proof. Let the edges SA, SB, SC and so on (Fig. 89) form equal angles with 
the plane ABCDE. Consider the right-angled triangles AOS and BOS (OS is 
the altitude of the pyramid). They have a common altitude, and the acute angles 
OAS and OBS are equal to each other (since they measure the angles of inclina¬ 
tion of the edges SA and SB to the base, respectively). Consequently, AS = BS. 
Likewise, we prove that BS = CS and so on. From the same triangles A OS and BOS 
wo find AO = OB. Likewise, we prove that OB = OC arid so on. Hence, the circle 
of radius OA and with 0 as the centre will pass through the points B , C, and so on 
611. As has been proved, the altitude EO passes through the centre of the 
circumscribed circle, i.e. through the point 0 of intersection of the diagonals 
(Fig. 90). The area of any parallelogram is equal to half the product of the 
diagonals and the sine of the angle contained between them. Therefore S b — 
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= —ft 2 since. From the triangle AOE we find: 

II = AO -tan P = -^- tan p 


Answer: f = ^-6 3 sin a tan 



612. (a) Drawing. According to the Preliminary Notes, the altitude of the 
pyramid must pass through the centre of the circle circumscribed about the 
isosceles triangle ABC (Fig. 91). Since the angle a = ± CAB at the vertex 



remains arbitrary, the centre 0 may be represented by any point of the line- 
segment AE (E is the midpoint of BC) and even of its extension (in the latter 
case the actual angle a is an obtuse one). 

(b) Solution. The altitude DO is determined from the triangle ADD. wherein 
OAD — p, and AO -- B is the radius of the circumscribed circle. According 
to the law of sines the side BC is equal to the product of the diameter 2 B of 

BC 

the circumscribed circle bv the sine of the opposite angle a, so that /f —- . 

2 sin a 

The quantity — BE is found from the triangle ABE | — = asin j . Hence 

a sin lan P 
H — R tan P = — 1 


sm a 


The area of the base 


1 


S = — a 2 sin a 


a- sin — tan P 

Answer: 1 —---. 

b 

613. (a) Drawing. In the parallel projection a circle is represented as ail ellipse. 
The ellipse may be constructed in the following way. Draw the diameter MN 
of the circle (Fig. 92) and from an arbitrary point P of the circle draw the straight 
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line PP' perpendicular to MX. Let R be the point of intersection of PP' and 
MN. Shorten the line-segment RP in some ratio (say. to half its length) and lay 
off the shortened segment RQ on the same line PP' to both sides of R (RQ — 
= RQ'). Proceed in the same way with a number of points on the circle to get 
a number of points for the ellipse under construction. 

The ellipse is symmetrical about MX (the major axis) and about the straight 
line UU' drawn through the centre 0 perpendicular to MX (IT' is the minor 
axis of the ellipse.) The point 0 is called the centre of the ellipse. 

To depict a circle circumscribed about a rectangle it is convenient first to 
draw an ellipse A BCD representing the circumscribed circle (Fig. 93). It is 
good practice to arrange the major axis of the ellipse in an inclined position*. 


J)i c< 




One side of the rectangle may be represented by an arbitrary chord AB of the 
ellipse. It is ad visible to draw the chord horizontally. Draw straight lines BD 
and AC through the centre of the ellipse. The quadrilateral A BCD thus obtained 
is the graphical representation of the rectangle. 

(b) Solution. The inscribed angle CAB contains a . since it is subtended 
by the arc BC containing (2a)\ From the triangle BA C we have AB ^ 2 R cos a; 
BC — 2R sin a, and so 

S = 2 (AB -(- BC) II = 4/f (cos a -|~ sin a) U 

Hence, 


4 R (cos a -f- sin a) 


We now find V — AB-BC-II. The condition that the arc (2«) c is subtended by 

a smaller side of the rectangle is an unnecessary one. 

, ,, .S//cos a sin a .S’/? sin 2a 

Answer: V —-:- ; ~r~p -—- • 

cos a -j sin a yycos (45 ; — a) 

G14. The area of the base S ■- -J-a 2 tan a (Fig. 94). By hypothesis, 

4 

Slat---- 25=:y a 2 tan a 

• In Fig. 93 the major axis of the ellipse coincides with the diagonal AC of 
the rectangle. This simplifies the drawing, but is not obligatory. 
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On the other hand, 


Slat = 


2 - 


a 

1 


2 a cos 2 


a 


H = 


cos a / cos a 

Equating the two expressions for S lat we find 

sin a 


H 


'-f 


a? a 

Answer: V = — tan a tan - 77 - 

o 4 


cos 2 


a a 
a = 2 lan T 


615.* Join the midpoint M of the side AD with 0 and S (Fig. 95). 

^ The angle OMS is the plane angle of the 

dihedral angle a (see explanation to Problem 
606). Hence, 

OM = SM cos a = m cos a 

From the triangle AOM, wherein Z AOM = 
= 30°, we find 



M-J-QoM- 3 


V3 


m cos a 


Then we find 

^ = 6 (|) 2 1/3 


and 


a 


s lat = 


a 


Substituting the found expression for —, we get 

stotal = S base + at = 2 mZ COS a (1+ COS a) 

Answer: S tota i = 4 cos a cos 2 -£• . 



Fig. 96 


616. By hypothesis, the inclined lines AC and CB (Fig. 96) are equal to 
each other! Hence, their projections are also equal: AD = DB. The angle DEC 
(E is the midpoint of AB) is the plane angle of the dihedral angle a. 


* For graphical representation of a regular hexagon see Note to Problem 598. 
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Since the triangle ACB at the vertex C is a right-angled one, CE = AE — 


- 7 J-. Hence, ED=~ cos a. Finally, 


AD = BD = yAE*-- EDi * yyz 


cos 2 a 


Answer: S ADD = 


c 2 cos a 


= c (1 "l^l -cos 2 3 a) 

Preliminary Notes to Problems 617-704 

If all the lateral faces of a pyramid are inclined to the base at one and the 
same angle a, and the altitude passes through some point 0 on the base of the 
pyramid, then: 

(1) the slant heights of all the laces are f 

equal; 

(2) a circle can be inscribed in the base of 
the pyramid with point 0 as the centre; 

(3) Sbase = Si al COS a. 

Proof. (1) Draw (Fig. 97) the slant height 

PM of the lateral face BFC and join M with 
O. The line-segment OM is the projection of 
PM on the plane ABCDE. Consequently, it is 
perpendicular to BC (“the theorem on three 
perpendiculars"). Hence, the angle OMF is the 
plane angle of the dihedral angle a. From the 

/\ n 

triangle OMF we have FM= ——; OM = 


sin a 


-OF -cot cc. If we draw FL, FN and the slant 
heights of other lateral faces, we find likewise 

OF 

that all of them are equal to 


sin a 



(2) The line-segments OL , OM. etc. are 
perpendicular respectively to the sides . 1 B, 

BC, etc. and are equal to OF- cot a. Therefore, 
if a circle of radius OM is drawn from O as the 
centre, it will be inscribed in the base A BCDE. 

(3) As has been proved the point 0, which is the foot of the altitude of the 
pyramid is the centre of the inscribed circle. 

s onc =y DC ‘OM =^BC (F.l/cosa)=^-~ BC • FM j cos a = S Fnc cos a 

Likewise we find that S 0AD = S FAn cos «, and so on. Adding these equa¬ 
lities, we get Sp n , r = S lnt cosci. 

617. The altitude FO of any pyramid (Fig. 97) is projected on the lateral 
lace BFC as a line-segment lying on the straight line FM. Therefore, 
Z OFM = (p. Hence. ct = 90°—<p, i.e. all the faces are inclined to the base at 
one and the same angle. As has been proved 


S lat ~ 


Q 


cos '! 


SHI w 


17-0133K 
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Answer: S lat =-7 


sin (p 


Stotal-Q( 1+ sin cp ) 


2<? cos’“ (45°— 


sin (p 


618. From the triangle DOE (Fig. 98) * we find 


We have 


// = OE • tan cp = • CE • tan cp = - - 

O O M 

^a.c = j« 2 V'3 and 5, a( = ^ 


tan cp 


(see the preliminary note to the preceding problem). 

a 3 tan cp 


/insider: 1 = 


24 


total = 


o -i /Tj | . a- \ 3 cos 2 -~ 

o- \/,i (1 —cos «p) 1 2 


2 cos cp 


4 cos ({ 

.V otc. The general expression for the total surface area of a pyramid, whose 
faces are inclined to the base at one and the same angle cp may be written as 

follows: 

^ total — ^basc"T ^ lot = 



~ Sbase ( 1 + T^7r) - 


-•^base cos " 2 
c| / cos cp 

619. Make use of the formula St 0 t a i = 
(I 2 y 3 COS 2 -Tp 

, found in the preceding problem. 

1 


2 cos cp 
Answer: a 


cos 


-I 


r IS COS C L 

l 3 


Fig. 98 


620. (a) Drawing. The straight line, joining the 
points of tangency L and .V of the opposite sides 
of the rhombus (Fig. 99a) passes through the centre 
of the circle. Therefore, first draw an ellipse 
(Fig. 99 b), representing the circle**, and then the straight lines NL and KM 
passim' through the centre 0. To complete the parallelogram A BCD representing 
the rhombus draw straight lines tangent to the ellipse at the points N, L, A, M. 

(b) Solution. To determine S has , . find the altitude DF and the side AB of 
the rhombus. From Fig. 99a we find DF = 20K = 2r; from the triangle AFD t 
wherein /.A = a, we have 

. ^ Dr 
a —AD = 


2r 


sin a 


sin a 


* For representation and construction see Fig. 82. 
** For construction of an ellipse see Problem 613. 




Then we find 


S base — AB ■ UF = a-2r = 

sin a 


// is determined from the triangle ONE (Fig. 99b), wherein ON = r and 

£ ONE — p. For determining Stotai make use of the Note to the preceding 
problem. r 6 


D M 



F H 

w 


M\ 

// / i| > 

/ / / 11 

//Ml 

//Ml 

/ £/ ! 1 M 

a 7/0j- 

"A 


(*>) 


Fig. 90 


Answer : F = 


4r n tan P 
3 sin a 


total — 


Sr 2 cos 2 -If 
sin a cos 6 


m 




621. Use the Note to Problem 618. 

Answer : (p = arccos — . 

a 

622. (a) Drawing*. The section figure is the parallelogram A\D X CB 

(Hg. 100). To depict the plane angle formed by the cutting plane A X D X CB and 
the plane of the base draw the straight » 

line DM representing the altitude of the 1 ^ 

rhombus ABCD. Since DM and DD t arc 
actually perpendicular to the edge AD, _ 
the plane DD\NM is perpendicular to 'v 
AD, and, hence, to BC. This plane inter¬ 
sects the cutting plane along the straight 
line MD X , and thus ^D X MD = p. 

(b) Solution. The lateral surface con¬ 
sists of four equal rectangles (since the 

base is a rhombus). The area of the late- a a 

Ml face A,DMA is S, - A,D,-DD„ and ° 

the area of the section figure is Q = '£• 

— AiDt -D X M. From tho triangle DMD X we have DD X = D t M -sin p, there- 
loro = (/ sin p. 

Answer: Si al = \Q sin p. 

623. Tako into consideration the Preliminary Notes to Problem 617. Bv hvDO- 
thesis, EO = a (Fig. 101). Point E (the midpoint of the hypotenuse ND of the 

* For graphical representation of a right parallelepiped see Problem 604. 


17 * 
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A 

triangle NOD) is the centre of the circle circumscribed about the triangle NOD. 
Therefore, ND = 2-ED = 2- EO = 2d. From the triangle DON, wherein /_OND= 
— ©, find the radius ON = r of the circle inscribed in the base: r = 2d cos <p. To 
find St, ase determine BN (half the base of the isosceles triangle ABC) and AN 
(its altitude). The centre 0 of the inscribed circle lies on the bisector of the angle 

ABC equal to a, i.e. /'_OBN = . From the triangle BON we find BN = 


D 




=r cot-y . From the triangle ABN we find AN = Z?A^»tana. Consequently, 

Ld 

Sb a se — 4- BC • AN = BN■ AN = BN 2 • tan a = r 2 cot 2 — • tan a = 

= 4d2 cos 2 cf cot 2 -y tan a 

wherefrom (see Note to Problem 618) we find: 


Stotal — 


2 S b 


ase 



COS <p 


Answer: St 0 t a i = 8d 2 cos cos 2 -^-cot 2 tan a. 

L* Lt 

624. Take into consideration the Preliminary Notes to Problem 617 *. The 
altitude of the pyramid is found from the triangle ONP (Fig. 102): /7 = rtan<p. 
If flj, < 2 o, etc. are the sides of the base, then 

Sbase = SAOB-^ $boc^ • • • = y AB-OM -f — BC-ON ... = 

111 1 

= — fl i r +y flar+ ■■■ = Y r ( a l+ fl 2+ • • •) =J r ' 2 P= r P 

* For construction of the ellipse representing the circle inscribed in the base 
see Problem 613. 
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. .. r 2 p tan ® 

Answer: V = —^—— . 

625. (a) Drawing. Having drawn the regular triangular pyramid DA BC 
(Fig. 103)*, let us construct the triangle A X B,C,, whose sides are parallel to the 
respective sides of the triangle ABC. The triangle A X B X C, depicts the upper base 
of the frustum of the pyramid. The centre 0, of the upper base is found at the 

point of intersection of DO and one of the 
medians A,E, of the triangle A,B X C X . The 
line-segment A X M (parallel to 00,). whose 
foot lies on the median AE , represents the 
altitude of the frustum, dropped from the 
point A i (the line-segments DA,. DB ,, DC, 
and DO, may be erased). 


D 

A 



2 , 


C, 



(b) Solution. The volume of the frustum of a pyramid 

<7 r YQq) 




where Q and q are the areas of the triangles ABC and A X B X C\ respectively, 

so that Q = ^ a 2 ; q = b 2 . The altitude H = A\M is found from the 

4 4 

triangle AA X M, wherein Z. MAA x ~a and AM = AO — A\O x . Hut AO and A x O t 
are the radii of the circles circumscribed about ABC and A,B,C X . Therefore, 

AO = —° and A x O, = —. Hence, 

1/3 1 1 1/3 


A M = 


Consequently, 


a — b 

1 7T 


a — b 

II =-— tan « 


1 


V/3 


Answer: V = —-(a 3 —t 3 ) tan a. 


026. (a) Drawing. The frustum of the pyramid is represented as in the pre¬ 
ceding problem. To depict the plane angle of the required dihedral angle draw 
A,E and B,P (Fig. 104) parallel to 00, to intersect the diagonals AC and IID. 


* For graphical representation of a regular triangular pyramid see Fig. 82. 
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Th ? n *? r ^ E/ \ parallel to AB t0 intersect the edges AD and BC at points M 
and iv. The plane MA X B { N is perpendicular to the edge AD , since it passes 
through A y E and MN which are perpendicular to the edge. Consequently, 
/.EMAy — (p is a plane angle of the dihedral angle at the edge AD. 

(b) Solution. From the trapezoid MA { B t N we obtain ME = —The 

2 

altitude of the truncated pyramid is found from the triangle AEA { , where 
AE = — ^ . We have 


1/2 


H = A { E - a tan a 

V2 


The volume is found by the formula 1 =-^-( a 2 + afe ^_ b2) . The requ i re d angle 
y=/EMA t is found from the triangle A t ME, where ME = -^zl 


trapezoid MNB { A { ). We have 


(from the 


t'.r, it\ AyE a—b L a — b 

,,in9 “37r = -j7r tana: -2- 


Answer: t‘ = 


(« 3 —fc 3 ) tan a 
3 T/2 


tf = are tan C\/2 tan a). 


027. See the Preliminary ISotes to Problem 611. The altitude of the pyra¬ 
mid must pass through the centre of the circle circumscribed about the base. 

But in the right-angled triangle ABC (Fig. 105) 
the centre lies in the midpoint of the hypotenuse 
AB at the point E. Consequently, AE , BE and 
ar £ ,es P octive projections of the lateral edges 
AD, ISD and CD on the plane of the base, and 
thus DAE £ DBE= £ DCE = $. The volume 
of the pyramid is found bv the formula F = 

1 AC • CB ^ 

— "3 o- DE. From & ABC we have: AC = 

= c cosa, BC = c sina; from A ADE we find 
£ 

DE= - y - tan p. Let us denote the plane angles at the 

vertex: Z ADB = Q t , / BDC = 0 2 and Z ADC = 6 :i . 
Since these triangles are isosceles ones, their alti¬ 
tudes DE , DM and DN pass through the midpoints 
of the corresponding sides of the base. From A ABD 
we have Z0 1 = 180 3 -2p: from A DBC we have 
. 0-. MB , , fi¬ 
end from A ADC we have sin - = 



Fig. 1U5 


sin —— — 


AN 

AD 


BD 


From A ADE we find AD = DB = - 


.... BC c . AC c 

MU = —— - — sin a and .-1A = = — cos ct. 


2 cos B 


and from A ABC we find 


O 
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Answer: v_ ^sin2gtang 

24 

0 1 = 18O 3 -2p 

02 = 2 arcsin (sin a cos 0) 

03 = 2 arcsin (cos a cos 0) 

628. It is required to find the volume of the pyramid C { ABC (Fig. 106). 
bmce its lateral edges are of the same length, they are inclined to the base at 
one and the same angle (this theorem is converse to the theorem proved in the 
Preliminary Notes to Problem 611), and the altitude 6 \U passes through the 
centre 0 of the circle circumscribed about the triangle ABC. Since this triangle 



Fig. mo 


Fig. 107 


is right-angled one. the point O lies at the midpoint of the hypotenuse AB (see 
the explanation to the preceding problem). The angle ODC t (l) is the midpoint 
of the leg AC) measures the inclination of the lateral face .1( 6’,.I, to the base. 
The legs BC and ,1 C are found from the following two equations: 

BC-\-AC — m and BC = AC-taa a 


wo got 


AC = 


in 


m cos a 


1 -f- tan « sin a cos a 


BC = 


m sin a 


sin a 4-cos a 


Then we find £(, as< > = ^-BC-AC. The altitude II is found from the triangle 
DOC t , where OD = BC fas a midline of the triangle). 


Answer : l' = 


1 m 3 sin 2 cc eos a 


tan 0 = 


in 3 gin 2 a cos a 


tan 0. 


12 (sin a-f cos ap .'' 24 Y‘Z cos 3 (a — 45°) 

629. Point O is the centre of the circle circumscribed about the base ABC 
(fig. 107) (see the Preliminary Notes to Problem 611). OA = R is the radius of 
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this circle. The volume of the pyramid 

T . 1 BC-AE 1 AE-DO l „ 

V =3— I— D0 =l - j-BC~jQ.BC 


(si 


since 


AE-DO 


= (?j . The side BC is found by the law of sines: 
BC = 2 R sin (ISO 0 - 2a) = 2 R sin 2a 


A ADO ~ A ABE (since Z ADO—/, ABE = a); we have the proportion 
AO OD * 

, wherefrom AO-BE = AE-OD. 


AE 


BE 

E 



Substituting 

AO = R, BE = 
we get 


BC 


AE-OD = 2Q 


R-BC 


= 20 


Eliminating R from the found formulas, we 

_ i « • 


Fig. 108 


BC = ~\/8Q sin 2a 

3 

Answer: V = —. (2 Q) 2 sin 2 2a. 


630. II the faces ADE and CDE (Fig. 108) are perpendicular to the plane of 
the base, then the edge DE is the altitude of the pyramid. The angle DAE is 
a plane angle of the dihedral angle EABC , since the plane DAE is perpendicular 
to the edge AB (prove it!). Consequently, /DAE = a; 
likewise, /DCE = (3. From the triangles ADE and 
CDE, where DE = li, we find AD and DC and sub¬ 
stitute their values into the formula 

V=jAD-DC'H 


1 

Answer: V = — II 3 cot a cot p. 

631. From the triangle BDE (Fig. 109), 
Z EBD = p (prove it!) we find 


where 


Hence, 


DE = l sin P and BD=leosfi 

AD = — = icos P 



DE The angle (p of inclina- 


1/2 1/2 _ 

From the triangle ADE we find AE=\'AD'- , __ . Y V1 luvllua - 

tion of the edge AE to the plane of the base is z DAE (prove it!). From the 

D 

triangle ADE we find tancp=-yrr-. 

* As is obvious, Fig. 107 (where AO < AE) does not correspond to this rela¬ 
tionship. But a drawing depicting the condition of the problem (<p = 90° — a) 
more accurately would be obscure. 
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Answer: DE = l sin P; 

qp = arctan (~[/2 tan p), AE = CE = lf/ L±* d2 P. 

632. The greatest area belongs to the face ADB (Fig. 110), since its height 
DE is larger than the height DC of the other two lateral faces, the bases of all 





D 



Fig. Ill 


the faces bei 


ng equal to a. From the triangle ACD we have 


AD — —^-7- and 7/ = atanP 
cos p v 

We then find from the triangle ADE 

de=Yad?=ae2=j/ 

The angle CED is the angle tp of inclination of the face ADB to the plane 
of the base (prove it!). Wo have 

II 

taD V = -EC 


where EC = 



Answer: 


S — 


4 cos p 



<p = arctan 


2 tan P 

~VT* 


633. The area S of the section is equal to — •AB-NM (Fig. 111). From the 
right-angled triangle ACN % where Z CAS -=30°, we find 





a 
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From the triangle NCM we have 

MN 


-K (t)‘+(4)' 


where 11 = a tana may be obtained from the triangle ACD. 

1/3 


Answer: S 


4 cos a 


, p ^;.J a ) Drawing*. To depict a section perpendicular to the base ABC 
(fig. 112) and bisecting the sides AB and AC of the base draw the midline MN. 
*'r°m the point /•’, where MN intersects the median AE, draw FK parallel to 



the altitude OD. AMh is the required section. Indeed, the plane NMK passes 
through the straight line I K perpendicular to the plane ABC (hence, the plane 
Ail/A is perpendicular to the plane .4 BC). The dihedral angle a is measured by 
the angle AED (prove it!). 

1 he plane AED passes through KF, since the points K and F lie in the 
plane AED. 

r }y\? ol “J ion - Lol c lls take the triangle AMN as the base of the pyramid 
A A A M . The area A constitutes one fourth of the area of the triangle ABC, 

i e - $ — -jg- ° 2 V'A. Let us express the altitude KF through OD making use of 


the fact that A AFK is similar to A AOD. Since AF is equal to AO 
( f°i AF = -y AE . and AO = — .1£‘j , KF = — OD. The line-segment OD is 


found from the triangle DOE , where OE = — - V 3 and / DEO = a. 


Answer: V'= 


a 3 tan a 
128 


63o. The straight line M A (Fig. 113), along which the cutting plane 
intersects the base, is parallel to BC. To construct the angle cp draw OF\\AB 


* For depicting a regular triangular pyramid see Problem 603. 




and join the point K , at which OF intersects AIN, to E. Then /_ OKE = <p 
(prove all this). The area of the section figure S =— MN-KE, where MN = a 

and KE = — ^ ^ . The altitude 11 is determined from the triangle EOF, where 

OF =~ and FE = cot (from the triangle EBF). We get 


2 sin — 


Answer: S = -° 2 T“ s g . 


4 sin — sin (p 

03G.* The section figure is a triangle DK.X (Fig. 114). As in Problem 634, 
let us prove that the plane A El) is perpendicular to the side DC. Hence, it is 
perpendicular to the midline A'.Y as well. Conse¬ 
quently, i_DA1E is a plane angle of the given 2) 

dihedral angle a. From the triangle OMI). where 

OM = L A E=±^. we find M\ 


DM = 


a }/ 3 
12 cos a 






The section area 


.?_! rv nw 1 a ° V 3 l - 1 " 2 II - -‘ ~ 

4- T .XAr.D,w^ T . T . T5 -_ = 15 -^- 

The area of the base of the pyramid DA A A 
ls one fourth of the area of the base of the pyramid Pig j j 4 

DABC, the two pyramids having a common alti¬ 
tude. Therefore the volume F| of the pyramid I)AKN is equal to F, where 
F is the volume of the pyramid DABC. Consequently, the volume of the pyramid 

DKNBC F 2 = 4 - F. The volume l is equal to I — — ' base .H = 4 . -i - 3 x 
_ ^ 3 3 4 

V 2 a 

x a —-tana. 


mm 


Fig. 114 


Answer: S — 


V3a2 
48 cos a 


‘'•=w tana 

a 3 

F* = TT tan a 


•For depicting a regular triangular pyramid see Fig. 82. 
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637. By hypothesis BE : EA =2:1 (Fig. 115). The section figure is A DEC. 
Find its area S. The triangle DEC is an isosceles one, since EC = ED as cor¬ 
responding sides of congruent triangles A EC and A ED (AC = AD; AE is 
a common side and z CAE = Z DAE = 60 c ). Draw its altitude EN; then 



Fig. 115 


Fig. 116 


a • EX 


s - —— • To determine EN first find EC from the triangle ACE (by the 
law of cosines): 

EC- = AC- + AE 2 - 2-.-1 E •.-! C -cos 60° = L a 2 
Now from &E.XC we find 


n 


EN = y ec- - NC 2 = y -1 «2 _ r. = f. y\9 

Denote the section angles L ECD = z£Z>C by a. Then L CED = n - 2a. 
From the triangle CE.X we have 


cos a = 


C.V 


2 y 7 


1/19 a 2 1 

.4/i^er: 5 =- - -; a = arccos—p = n-2arccos 

- V • 


21/7 


bases DC - ^ !nd kV*- " G) , is 3,1 isoscelps trapezoid with the 

bases DC - a and B,L, - b (a > b) and angle a at the base a. The line-segment 

D uv, r; in*. — b 


D j.V is its altitude. We find D { N — 
EN = —rr——-, we find 


~ ta «> *. From the triangle B t NF t where 


U - B t F = y.Yfif - F.Y=±=± ^ w a t 


The volume 


v --x (“ 2 -5" 62 + a6 ) = VSHSSri 


* F 


For depicting a truncated pyramid see Problems 625 and 626. 
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Note 1. If the acute angle a is less than 45°, the radicand is negative. But 
the angle a cannot be less than 45 c . Indeed, the sum of the plane angles DC6 ', = 
= a and DCC X = a of the trihedral angle C always exceeds the third plane angle 
BCD ; but z BCD = 90°, the refore 2a > 90°, i.e. a >43". 

Note 2. The expression ytan 2 a—1 can he transformed to the form 


.. / "sin 2 a — cos 2 a _ — cos 2a 

\ cos 2 a cos a 


Since 2a is more than 90 s (but less than 180 c , since a is an acute angle), cos 2a 
is always negative. Hence, the radicand (~c'os 2a) is always positive. 

Answer: V = • V - cos 2a = l 7 cos < 180 - 2a"). 

b cos a o cos a 

639. The projection of the diagonal BD t (Fig. 117) onto the lateral lace 
BCCiBi is BCi. Therefore ^C X BD ,=a. From the triangle B(. X D X . where 



D X C X = b, we find BC X = b cot a. From the triangle 5 i C,# we have 

__. .-— 6 ”l/cos 2a 

II = V DCi - B x Ci = y b- cot 2 a — b L =-^ a 


Then 


V = fc 2 // = fc 3 


y cos 2a 
sin a 


Aofe. The radicand cos 2a is always positive here (see Note 2 to Pro¬ 
blem 638), since a <45°. Indeed, 


tan a = 


D,C 


i°i 




iw 


56 ’ 


BC 


But B X C\ is a leg, and BC X is the hypotenuse of the triangle BB X C X . There¬ 
fore tana<l, i.e. a <45°. 

„ y cos 2a 

Answer : V = 0° —— • 

640 If 6’Z> (Fig. 118) is the altitude of the triangle ABC dropped onto the 
hypotenuse AB = c (CD may be drawn inside the angle ACB arbitrarily), then 
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ACDCi = P (prove it!). We have 


1 


and 


CZ) = i4Z?-sin acosa=-y c sin 2a 


H = CC X = CD • tan P 
Substitute these expressions into the formula 


r~isH.^cCD.H 


1 


Answer : V = ^ c 3 sin 2 2a tan p. 

641. One of the portions of the prism is a triangular pyramid B^ABC 

1 

(Fig. 119). Its volume V, = y V, where V is the volume of the prism. Hence, 

D 




the volume V 2 of the other portion (of the quadrangular pyramid B X A X C X CA) 
is equal to y 1'. Find V. 

By hypothesis BC + AB = m, and from the triangle ABC we find BC = 
= AB-cosci. Consequently, 

BC _ m cos a m cos a 


1 -r cos a 


2 cos 2 


o Ct 


•> 


The area S of the prism base is equal to 

S =~-AC-BC=l r -BC2 -tan a 

The altitude II = BB { is determined from the £\BCB ,, where /_BCB { = P 

(prove it!). We get II = BC -tan p. 

, .. m 3 cos 3 a tan a tan p .. m 3 cos 3 a tan a tan P 

A nswer: V j =-— ; f 2 --— . 

48 cos 6 ~ ’ 24 cos 6 -£• 

— •— 

642. According to the Preliminary Notes to Problem 617, Sbase = S cos cp = 
== .S' sin a. On the other hand, Sb a sc = -■ ■■■ ; na . Equating these two expressions. 


4 



Chapter IX. Polyhedrons 


271 


we get a = 2 \ S cos a. Point O (the centre of the circle inscribed in the triangle 
ABC , Fig. 120) lies at the point of intersection of the bisectors of the angles 
of the triangle, hence, 

LOCE = -L 

and 

OE— EC-tan tan y 

from A DOE we find 

// — 0 £-tan 9 

3 

1 ~ ct 

Answer: l’ = y (Ncosa)" tan — 


s total — s (1+costp) = 2S cos- ( 45® —— ) 


643. In Fig. 121 OA = OC = are radii of the circle circumscribed about 
the isosceles triangle ABC (AB — AC — a). By virtue of the condition a > 45° 
the centre O lies inside the triangle ABC (at 
a <45° the angle A = 180° — 2a would be 
obtuse, the centre of the circumscribed circle 
would lie outside the triangle ABC , and 
then the plane drawn through the altitude of 
the pyramid and vertex C would yield no sec¬ 
tion). The altitude of the pyramid passes 
through the centre O (see the Preliminary Notes 
to Problem 611). 

From the triangle AOD we have II = 11 tan (1. 

Since by the law of sines AC = a = 2 II sin a, 

D = —tan p. 

2 sin a 1 

Let us find the base CE of the section figure 
from the triangle ACE, in which i m CAE = 

~ — 2a and ACE at the base of the 

isosceles triangle AOC (AO = OC = R) is equal to 

/_ CA O = ~ £ CA E — 90' — a. Hence, A EC = 

Q jn 

= 3a — 90°. By the law of sines 



Fig. 121 


a 


CEr= 


sin (180° — 2 a) 

a sin (180° — 2 a) _ 
sin (3a — 90°) 


sin (3a —90 3 ) 


whence 


a sin 2 a 


sin (3a —90°) 


Note. We may write (—cos 3a) in the denominator; but the angle 3a is 
contained between 135° and 270°, since 4.V < a < 90°. Thus, (—cos 3a) is 
a positive number. Therefore, when performing computations with the aid of 
tables, it is more convenient to deal with the angle 3a — 90 c contained between 
45° and 180°. 

Anwar S = — C0S * tan P . 

2 sin (3a -90°) 
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644. (1) Find the area Q of the base of the prism (Fie. 122).We have: Q = 
= Si S z , where S\ is the area of the right-angled triangle ABC, and S 2 
is the area of the right-angled triangle ADC, 


and 


S,= 


AB-BC (sin a-/cos a 


S o = 


l 2 sin 2P 


/ 2 sin 2a 
4 


Hence 


Q = £(sin2a + sin 2|l) = P,ln < g - 


(2) Find the altitude H of the prism from the condition S = BD-II. Since 
in the quadrilateral A BCD the sum of the angles at the vertices B and D is 



equal to 180°, it can be inscribed in a circle of diameter equal to the diago¬ 
nal AC because the latter subtends the inscribed right angles. From the triangle 
BCD, inscribed in the circle, we find (by the law of sines) 

BD = AC - sin / DCB = / sin (a -f P) 

Hence, 

H-±-= _ i _ 

BD l sin(a--p) 


Answer: Y = -S-l cos(a —P). 

G43. The faces ADE and BCE (Fig. 123) are isosceles triangles. The plane 
EMN {M and .V are the midpoints of the edges AD and BC) is perpendicular 
to BC and AD and passes through the altitude EE of the pyramid (prove it!). 
By hypothesis the exterior angle a — _F.ML of the triangle E.\I A is an acute 
one. Therefore, the altitude EF intersects the extension of MX. 

To determine V find the side AB of the square A BCD. We have 

AB = MN = NF - MF = II (cut p - col a) 
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Hence, 


= -itf3 (cot p_cot a) 2 


Let us now construct the plane angle <p of the dihedral angle, at which the 
face ABE is inclined to the base. To this end intersect the dihedral angle by 
a plane EFK , which is perpendicular to the edge AB. To depict it draw FK\\ AD 
to intersect the extension of the edge AB (prove it!). From the triangle EFK 
we find 

. II 2 H 2 

tan (p = —— =-— -— _ 

FK AB cot ft —cot a 

Answer: F = 2-7/ 3 (cot ft — cota ) 2 = 

-1 sin 2 (ct —ft) 

3 sin 2 a sin 2 ft 


<p = arctan 


cot ft —cot a 
= arctan 


2 sin a sin ft 



Fig. 124 


sin (a —ft) 

646. The altitude EF of the pyra¬ 
mid (Fig. 124) lies in the face CED 

which is perpendicular to the base. The plane, drawn through EF and perpen¬ 
dicular to the edge AB, intersects the baseof the pyramid along MF\\BC and the 
lateral face AEB— along ME perpendicular to AB (aEMF = ft). Since , 1 Z> 
and BC are perpendicular to the plane DEC , aBCE = 90° and ADE = 90 c 
(all this should be proved). 

Let us find the altitude II = EF. By hypothesis EF-\-EAl = m\ furthermore 

p* pi . 

EM =1—1 —. Therefore EF ( 1 -j— : —— \ =m, whence 

V sin ft / 


sin ft 


II = EF = rn: ( 1 +-J—) = m : ( 1 +) = 

\ sin ft / \ cos a / 

Then from the right-angled triangle DEC we find 

EC II 


in cos q 

o *> a 

2 cos 2 — 


a = DC = 


cos a sin a cos a 


Finally, we find 
Hence 


b — BC = MF — II cot ft = II tan a 

tuna 7 f 3 


F = l// fl i = l//3_. 

3 3 sin a cos a 


3 cos 2 a 

The sum S, -f S 2 of the areas of the lateral faces BEC and A ED is equal to 

II 


^BC-EC+^ AD.ED = ?-b(EC + ED) = ~b ) 

* 2 2 2 \ sin a cos a / 


18-01338 
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, T , m 3 cos a 

Answer: V = - 

24 cos 6 ~ 

0 , c m 2 (sin a + cos a) m 2 cos(45° —a) 

1 ~ Oo = *-” — • 

8 cos 4 -y- 4V2cosi-|- 

647. (a) Drawing. Construct the altitude EF (Fig. 125), joining E to the 
midpoint F of the side DC. Join the vertex E to the midpoint M of the side AB. 
Then cp = /FEM represents the angle between the faces ABE and DCE^(\)io- 
ve it!). 





Fig. 125 Fig. 126 


(b) Solution. The triangle BCE is a right-angled one, in it /_ BECi= a 
(prove it!). Hence, BC = 6 sin a. From the triangle ABE we have AB = 
= 2b sin a and ME = b cos a. From the triangle MFE, where MF = BC = 
= b sin a, we find 

FE = yMEt-MF- = b V cos 2 a - sin 2 a = b V cos2a 
Note. The radicand cos2a is always positive here, since 2a<90 3 . Indeed, 

the sum of two face angles of the trihedral angle at the vertex B ^ £ ABE = 
= and ^ CBE = %° — a j exceeds the third one (/_ABC= 90°), 


i.e. 


180 ° ) 2a -f-(90°-a) >90°, since 2a <90°. 

It is best of all to find the angle cp by its sine. 


2 _ 

/insider: F = — b 3 sin 2 a V cos - a ', cp = arcsin (tan a). 

O 

648. The plane BCE (Fig. 126) is drawn through the side BC perpendicular 
to the edge .15. The dihedral angles between the lateral faces (all of them being 
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of the same value) are measured by the angle BEC = <p. The triangle BEC is an 
isosceles one. 

To determine the area S of the section figure and the angle it is sufficient 
to find DE ( D is the midpoint of BC). For this purpose we consecutively find BS 

(from the triangle BSD, where BD — ^- and / BSD = ^ ) , then BE (from 

the triangle BSE , where /.BSE = a), and, finally, DE = BE- — BD 1 . 
We get 

DE = a Y cos*-!—i 
Now we find 


S Hr M = x/ C ° s: f-T 


and 


. <p BD 
Sin 2 ~~EB 


1 


2cos t 


Note 1. The sum of face angles at the 
vertex S is always less then 360°. Therefore 

^ < 120°. At this condition 2 cos ~ > 1, 

- < 1 and, hence, the equation 


i.e. 


2 cos 


sin i= 


1 


2cos t 


always has a solution. 



** vu.uoi; vuu, men uiu auuuuo dl. oi me mangle nsv lniersecis me extension 

of the base, and the plane BEC gives no section of the pyramid. Nevertheless 
the formula 


c al i/" 2 a 1 

S =—y CO S 2 t _ t 


yields a definite value of S even with an obtuse angle a (less Ilian 120°, see 

1 ). 

Answer : <p = 2arcsin (^T sec ^r) 

S = J/^ cos2 -f T = T“ J^ sin (®°+t)» ( co "-t) 

649. All eight faces of the octahedron are equilateral triangles, thus 

AT rt 0 1/3 

- 2 — (Pi?* (27). The quadrilateral ABCD is a square. The piano it is 

contained in divides the octahedron into two equal regular pyramids so that 

18 * 
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V = 2•■^■a 2 ’OE where 

u 


OE = yEN*-ON 2 = y r . 


3a2 


a- 


_flV2 


All the dihedral angles of the octahedron are equal. The angle a= /BMD 
(M is the midpoint of CE) measures the dihedral angle at the edge CE 

(prove it!). From the triangle OMB we find 


M 



. a OB a 1/2 al/3 / 2 
m 2 ~ BM~ 2 : 2 ~V 3 

in]/}. 


Answer: V = 


T/2 a 3 

— —-- • n — 


a = 2 arcsin 


BN 

ABN we have sinp = —— (a 


steles triangle BNF we find BN = 


650.* The isosceles triangles BMA and FMA 
(Fig. 128) are congruent. Therefore, their alti¬ 
tudes dropped from the vertices B and F pass 
through one and the same point N on their com¬ 
mon side and are equal to each other: BN = 
D = FN. The angle BNF is equal to q? (prove 
it!). The angle (5 = /.BAM is expressed through 
the required angle a = /BMA by the formula 

(1 = 90 °—~ 

First we find the trigonometric function of 
the angle (J. From the right-angled triangle 

is the side of the base). From 
BK 


the iso- 


sin 


9 


But BK = a ^ t j 10 a iytude 


of the equilateral triangle ABO). Consequently, 

V3 


sin P = 


2 sin 


9 


i.e. 


sin (90°—^-) = 


V3 


2sin T 


Note. The dihedral angle at the edge of a regular hexagonal pyramid always 
exceeds /FAB (compare the triangles BNF and BAF), i.e. it is more than 120°. 

-1/3 

Therefore the quantity ——— is always less than unity. 


2 sin - 2 . 


* For drawing a regular hexagon see the Note to Problem 598. 
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Answer : a = 2 arccos 



651. The faces AMF and A MB (Fig. 129a) passing through the edge AM 
(perpendicular to the plane ABCDEF) form right angles with the plane of the 
base. Find the total sum of the angles formed by the faces EMF and CMB with 
the plane of the base. Drop a perpendicular AG from A to CB (this line should 



Fig. 129 


be parallel to CE, see Fig. 1296). Then fi = A ACM (prove it/). We have tan f) = 
= ~^G' "’h ere AG=CK = — 7 /“ (Fig. 1296). But from the triangle AMD we 

have tan a = ~ ; hence, 

la 



4 tan a 

V3 


Since AC \_DC (prove itl), v = A.ACM is the plane angle of the dihedral angle 
at which the face DCM (as also DEM) is inclined to the plane of the base. From 

the triangle ACM we have tan y = ■ , where AC = a 1/3 (Fig. 1296). 


Answer: (J = arctan 


4 tan a' 
1/3 


Y = arctan 


2 tan a 

1/3 


652. Through a straight line we can draw a plane perpendicular to another 
straight line only if these lines are perpendicular to each other. Let us prove 
that BC _L AS (Fig. 130). Draw a plane A SO through the edge AS and altitu¬ 
de SO. Since A and O belong to plane A SO and at the same time to the plane of 
the base ABC, these planes intersect along a straight line AO, i.o. along the al¬ 
titude AD of the isosceles triangle ABC. The triangles OCD and OBD are 
congruent (prove itl), therefore OB = OC, consequently the inclined lines SC 
and SB are also equal to each other and, hence, SD being the median of the 
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isosceles triangle BSC also serves as its altitude. Since, as has been proved, AD 
and SD are perpendicular to the edge BC, then the edge BC is perpendicular to 
the plane ADS and, hence, to AS lying in this plane, which completes the proof. 

To draw through BC a plane perpendicular to 4S it is sufficient to drop 
a perpendicular DE to 4S. The plane BEC is perpendicular to the edge AS, 
since two straight lines lying on it (DE and BC) are perpendicular to AS. Cutting 
the dihedral angle the plane ADS which is perpendicular to the edge BC yields 

an angle ADE (the plane angle of 
£ this dihedral angle). 

The triangle A SD is an isosceles 
one (since the altitude SO passes 
through the midpoint of the base 
AD). Consequently, 

/ASD = 2 /ASO = 2a 

(/ASO = /ADE = a as angles 
with perpendicular sides). The ratio 




Fig. 130 


Fig. 131 


of the volume F, of the pyramid SBCE to the volume F of the pyramid ABCE 
(these pyramids have a common base BCE) is equal to the ratio of their 
altitudes, i.c. F, : F = SE :AE. From the triangle DSE we have 

SE — DE> cot / ESD = DE -cot 2a 
from the triangle AED we find 


Hence, 


AE = D£.tan a 


Fj: V = cot 2a : tan a 


Answer: V\ = F cot a cot 2a. 

G53.* To draw a section bisecting the dihedral angle at the edge AD (Fig. 131) 
it is necessary to have the plane angle of this dihedral angle. Such is the angle 
BDC, since the plane BDC is perpendicular to the edge AD. Indeed, in any regu¬ 
lar pyramid the lateral edge AD is perpendicular to the opposite side BC of the 
base (proved as in the preceding problem); furthermore, in the given case the 
edge AD is perpendicular to FD. Indeed, by hypothesis the triangle AFD is a 
right-angled one, and since its angles at the vertices A and F are necessarily 


* For drawing a regular triangular pyramid see Problem 603. 
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1 1 

acute, /_ADF is a right angle. Since OF = OA = — R, 


OD = ~[/OFOA = 


R 


V2 


|where /? = The angle <p = Z.AFD measures the angle of inclination 

of the face BCD to the plane of the base. We have 

. OD R . R ,/s 
ta n q) = —= _ : t = V2 

Note. The lateral edge AD forms a right angle with the edge BD (and the 
edge CD); since the pyramid is a regular one, the edges BD and DC also form 
a right angle. 


Answer: V — 


1/2 

' • -- 


24 


; <p = arctan V2. 


654.* The only quantity which remains 
unknown and is necessary to compute the total 
surface area of the pyramid is the slant 
height ND. It is determined in the following 
way: first find the line-segments ^ljt/and MD 
(Fig. 132) into which the edge AD is divided 
by the perpendicular NM (N is the midpoint of 
BC). Then from the triangle A NM, where 


rQ 1/3 


AN = 


, find MN, and finally, from the 



triangle NMD find ND. 

From the given condition it is not clear 
which ratio — AM : MD or MD : A M - is 
oqual to m : n, therefore we may put MD = mx, MA = nx, so that AD = 
= (m n) x. From similarity of the triangles A MN and ADO we have 

AM AN 


where 


and 


AO AD 

an= ±¥A 


AO*A N = l¥i 

O •) 


Wo get the equation 


where 


nx (m -{■ n) x — 


<7 1/3 q 1/3 


2 


3 


Q 

V2 n(m-\-ri) 


z — 
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so that 


A1D = 


mg 


Furthermore 


~\/2n (m -f- n) 


and AM = 


~\/2n (m -f n) 


and 


Now we find 


MN 2 = AN 2 - AM 2 = 9 ] ( ” + 3m) 

4 (m-j-n) 

ND 2 = A/D 2 MN 2 = JP ( nJ r 2m ) 

An 


stotal= 


_ q 1 1/3 3q-ND 


Answer: 3(n^2™)j 


655. We have (Fig 133): /BZM = a and /BD.C = a (prove it!). The 
triangles £Z),A and DDjC are congruent (prove it!). Consequently, the base 



Fig- 133 Fig. 134 


A BCD is a square with side a = d sin a. Then we find 

AD { =d cos a 
and 

H = V ~AD\ — AD 2 = ~[/d 2 cos 2 a — d 2 sin 2 a = djV C0S 2a 
The plane ACD { forms with the plane of the base the angle 

~_ / r<nn . *_ DD* a 


<P=/.DOD l ; tan <p = -^J- = // ; 


1/2 ‘ 


Answer: V = d 3 sin 2 a Vcos 2a; ® = arctan ( V 2 cos 2a \ 

\ sin a / 

656. The angle EOC = a (Fig. 134). To construct the angle P fonned by 
the line-segment OE with the lateral face BB^CiC draw OF 1 BC. Then FE is- 
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the projection of OE on this face, and so /OEF = p. Let us introduce the follow¬ 
ing notation: AB = a, BC = b and CC X = c, then V = abc and S lnl = 
— 2(a-f c) b. From A OEF we have 


a 


from A OEC we have 


— = OF = m sin P = m sin 2a 
FE = m cos P = m cos 2a 


— = EC = m sin a 


from A FEC we have 

y = FC = yFE2-EC* = m Vcos2 2a-sin 3 a 

Reduce the radicand to the form convenient for taking logarithms: 

1-j-cos4a 1—cos 2a cos4a- i -cos2a 


cos 2a -sin 2 a =- - - - -=- - -- cos 3a cos a 

Hence, 

b = 2m ^/cos 3a cos a 

Note. The angle P = /.OEF is less than /OEC = 90° — a (compare their 
sines!). And since by hypothesis p = 2a, then 2a < 90° — a. Hence, it must 
be a < 30°. 

Answer: V = 8m 3 sin 2a sin a ~f cos 3a cos a 

Slat = 16 m 2 sin -- cos ~ ~\/cos 3a cos a 

657. (a) Drawing. The semicircle is represented by a semiellipse (AB a 
diameter of the ellipse; Fig. 135*), DC is drawn parallel to AB. Straight lines 
perpendicular to AB, are represented by 
straight lines parallel to the tangent 
bnes AM and BL. 

r i/b). Solution. Let us introduce the 
l?l! ow ‘ n & notation: AB = a\ DC = b\ 

OF = CE = h\ then 

F =±±Lhll 



\L 


By hypothesis a = 2/?; the side b is 
^ l be law of sines from the triangle 
b^D, in which /DBC is measured 

by half the arc 'DC = 2a; we have b = 

2/i sin a. From the triangle ODF, where OD = R and /AOD is measured 

by the arc AD = - i8Q °~ 2a = 90° - a, we find 

2 J 

h = FD = B sin (90° — a) = R cos a 

j.j. The altitude II is found from the triangle A t AD, where /A X DA = a (prove 
ll ) and AD c an be determined from the right-angled triangle ADB, where /ABD 

• For constructing an ellipse see Problem 613. 
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subtended by the arc AD is equal to (45°-— j . We get 

H = 2R sin (45°--^-) tan a 

Consequently, 

V = 2/? 3 (1 + sin a) sin 1 45° — ) tan a cos a 


After a number of simplifications we get 


1 -f sin a — 2 cos 2 


and so on. 

Answer : V = /? 3 sin 2a cos 




658. The projection of the diagonal D t B on the lateral face AA X D { D (Fig. 136) 
is A Du therefore i'.AI) { B = f}. The angle a between the cutting plane DBB^Di 



and the face ADD^A { is measured by the angle ADB (prove it!). From the triang¬ 
le .-I D,B we find AB and AD X \ from the triangle ABD we find AD. DD { = II 
is determined from the triangle AD\D 

II = AD\ — AD- — Y d 2 sin 2 a —d 2 cos 2 a cot 2 a= —— ~\J sin 4 a — cos 4 a = 


sin a 

.Vote. The angle p is always less than the angle a (compare their tangents!) 
Since by hypothesis p = 90° — a, we have 90° — a < a, hence, a > 45°. 
From the inequality 

45° < a < 90° 

it follows that the angle 2a belongs to the second quadrant, and so cos 2a < 0, 
and —cos 2a > 0. For computation purposes it is convenient to substitute the 


"]/—cos 2a 
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expression cos (180° — 2a) for —cos 2a, since the angle 180 s — 2a belongs to 
the first quadrant. _ 

Answer: V = d 3 cos a cot 2 a V cos (1*>0° — 2a) 

659. The drawn lines are A t N and /i ,M (Fig. 137). The quadrilateral A t BtNM 
is an isosceles trapezoid (prove it!). From the isosceles triangle MKX, where 


Z.MKN = a and MN = y , we have 


KD = T cot f 


From the triangle A^KB^ we find 


KD t = cot 4 


a 

2 


Adding these equalities, we obtain 


= ~T' c°t " 7 " 



from the triangle DEI) V where 


DE = CE 




JI = ED i = ~ j/cot 2 — y - /cot 2 — — col 2 60° = 



Ansa*/-: F = —/— /sin ( 60° -J- ) sin J . 

8 sin y 

660. To construct the angle formed by the diagonal AB { and the lateral 
lace BB { CiC we have to find the nrojection of AB t on this face (Fig. 138). The 
point A is projected into the midpoint D of BC (prove it!). The projection is 
B\D , hence /_AB X D = a. From l\B^BI) we find 


// = BB l = '\/ B x lJ 2 — BD' £ 

BiD is found from the triangle AB { D. The expression obtained for II is trans¬ 
formed in the same way as in the preceding problem. 

Antuitr: |f|a| - 3^y S in(UU- + c,) S in(CU--a) 


sin a 
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661. The projection of the diagonal AB t on the face AAtCX is AC * 
(Fig. 139), hence, £ B±ACi = $. The altitude of the prism 


CCj = y ACl-AC* 

where ACi is determined from A^j/ICj; we have 
CC\ = ~\/b 2 tan 2 a cot 2 P — 6 2 = 6 cot P "|/tan 2 a — tan 2 p = 

= cos a sin p Vsin (a + P) sin (a~P) 


An$Wer: V = 2 cos a sin p Vsin (a + P)sin(a-P) 



662. By hypothesis a 2 -~-2a-ME = S (Fig. 140). But from the triangle BME 
we have ME = ~ cot SL ; hence, 5 = a 2 ^ 1 -f cot JL J ; whence a = 

. From the triangle OME we now find 


1 


1 — cot 


a 



a 


The expression cot ——1 can be transformed as follows 


cot — 1 =cot — — cot 45° = 


sin (45° — 7 p) V2sin (45"--?-) 


sin 45° sin 


sin 


a 
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Answer: II = 



S sin ( 45 °—~ j 
2V2sin-y 


663. From the triangle AOM (Fig. 141), where 

180° 


Z AOM = 


n 


, a 180 3 

we have OM = — cot- 

2 n 


hence, 


na 2 


S base =—4 


cot 


180 


n 


From the triangle EOM we find 


II = yME 2 -OM 2 = \y cot2 -^--cot 2 — 


n 


The radicand is transformed as in Problem 659. 

, , 180’ ./ . ( 180° a \ . / 18U S ^T\ 

“ cot— V sin ( —- y ) sm —■+ T 


Answer: V = 


0/ . a . 18(J 3 

24 sin — sin - 


n 




664. Denoting (Fig. 142) OD = OA by x, we get 


and 


OD t = AO-col ~rr = x cot-^- 


II = DDi = VOD\ - OU 2 = x jXcot 2 |— 
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The total area S of the pyramid D^ADC is equal to 

S = D0-A0 + AD-H-\-A0-0D { = xZ-\-xV2x j/" cot *\ — l-fx-xcot -2L, 

whence 



The total surface area of the prism 

Stotal = 4* 2 + 4-*V2.// = 4x2 

4 S (sin “-f-l/ 2 cos a 

Answer: S total = ---—- - 

sin —h cos -2-+1/2 cos a 

665. The altitude DO passes through the centre 0 (Fig. 143a) of the circle 
circumscribed about the triangle ABC , where AB = AC = 21 sin and [BC = 




Fig. 143 

* R * 

= 2fsin 4r • The point 0 lies on the perpendicular KO to the side AB 
drawn through the midpoint of AB. Therefore, from similarity of the triang¬ 
les AOK and ABL we get proportion AO: — AB = AB: AL, whence 

tmd 

*A* 2Vsm n ~ 

AL f ft r 

y 4f 2 sin 2 — l 2 sin 2 —- 
* See the Preliminary Notes to Problem 611. 
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Then from the triangle AOD we find 


II = ~\/l 2 -A0 2 = l 1 / 


/ 


and 


sin 2 a —sin 2 


/ . •> Cl • n P 

4 sin 2 — -sin 2 -ij- 


V = ~ BC.AL-II = ~l* sin i |/sin 2 a - sin 2 


The radicand may be transformed in the same way as in Problem 656. 

Alternate method. Let the face BDC (Fig. 1436) be the base of the pyramid. 

Its area is Si )ase = y / 2 sin (1. The face BDC is perpendicular to thej plane 


ADL (prove itl) and, consequently, the altitude of the pyramid AO t lies in' this 
plane. Draw 0\E perpendicular to BD. From similarity of the triangles 0 { DE 

and BDL we have , where from the j) 

LlJ UL 

triangle ADE 


P 


hence 


ED = l cos a, BD = l and DL = l cos-| 


O x D = 


l cos a 

F 

cos T 


From the triangle ADO it we find 
H = AO { = ~[/ AD 2 — DO j = 

i i/ ~ 

y cos 2 -^—cos 2 a 



cos 


£ 

2 


Fig. 144 


Answer : V = -i- Psin-y y sin (a + sin j . 

n 666. Since the triangle ABC (Fig. 144) is the projection of the triangle 
Vot, DA is perpendicular to the base. The area of the triangle ABC is 


. 1 2 

The area of tho triangle BCD is 


Si = 4- ab = ~ a 2 cot a 


1 


By hypothesis 


S<^ — y a 2 cot P 
-y a 2 (cot p — cot fx) = S 


whence a = 1/ 2,s ' 

V cot P —cot a 
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The area of the face DAC is S 3 =-^- bll, and that of the face DAB, 5 4 = 
1 

= —c//. Consequently, 

«md 

1 1 

5 4 _ S 3 = H (c—b) = aH (esc a —cot a) 

The altitude H is determined from the triangle ACD : 

H = \' DC 2 -AC*=-\/ a 2 cot 2 P — a2 cot2 a 

Hence, 

5 4 — 5 3 = a 2 Vcot 2 p — cot 2 a (esc a — cot a) = 


1 


25 


2 cot P —cot a 


Vcot 2 p—cot 2 a (esc a — cot a) = 


5(1—cos a) cot 2 P —cot 2 a a cotp-fcota 

— K (cot 8—cot a) 2 — 311 2 r cot 8 —cot a 


sin a 


The lateral faces ADC and ADB form right angles with the base. The face 
BUC forms with the base an angle which is measured by the plane angle 

n DC A = <p 

AC cot a 
C0S<P- "Z Tc~ cot p * 


„ o a -i / sin (a + P) . 

C Answer: S,-S 3 =Stanly sin (a _ p) -• 



/ cot a \ 

■p= arccos lw) - 


667. All the lateral edges of the pyramid 
are equal as sides of isosceles right-angled triang¬ 
les (Fig. 145), therefore the altitude DO of the 
pyramid passes through the centre 0 of the circle circumscribed about the base; 


Sbase 


= -^- &2sin a 


From the triangle DOC we find 

H = yDCZ-OC* 

where DC = —^ and OC = R is the radius of the circle circumscribed about 

V 2 

the triangle ABC. Since the triangle ABC is an isosceles one, Z BAC = 90°— 
—and, hence, by the law of sines 



Chapter IX. Polyhedrons 


289 


whence 


OC — R = 


2 cos — 


Answer: F = -^- 6 3 sin ~\/c 


cos a. 


G68. The altitude passes through the centre of the circle circumscribed 
about the base* (Fig. 146). The bisectors of the angles AED and BEC are also 



medians of the isosceles triangles AED and BEC. The area of the section 


/if /V ii/ /\r rt 

MEN is equal to —^— OE and ^ - = AK = / sin . From the triangle 
COK we find 


OE = yEK* — UK* 

where EK = / cos and OK = BN = / sin , thus 


OE=l j/"cos 2 *^—sin 2 -y 


Answer: 



669. Through the vertex A x (Fig. 147) draw planes A\EO perpendicular to 
AB and A x FO perpendicular to AD. These planes are perpendicular to the base 
(prove ill), and the line A x 0 along which they intersect is the altitude of the 
parallelepiped. The right-angled triangles A X AE and A ,A F thus formed are 
congruent (since they have a common hypotenuse AA t = c and equal angles 
£A X AE = £A X AF = a). Consequently, A X E = A X F and therefore, the trfan- 
gles A x OE and A x OF are congruent; and hence, OE — OF and AO is the bisector 


* See the Preliminary Notes to Problem 611. 
1»—0133S 
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of the angle BAD. We have H = ~\/A i E i — OEr. Since A EOF is a square, OE = 
= AE. AE and A X E are f ound from the triangle AAj£; we get II — 
= c Vsin 2 a — cos 2 a = c~f —cos 2a. 

Note. In the trihedral angle at the vertex A either of the two equal face 
angles is equal to a, the third being a right one; consequently, the sum of two- 
face angles 2a must be more than the third one (90°), i.e. 2a > 90° or a > 45°. 
At this condition —cos 2a > 0, and, hence, H has a real value. The lateral edge 
A A i forms an angle ZA,A0 — <p with the base, since AO is the projection of 
the edge on the base 



cos a 


Answer: V = abc Vcos (180°—2a); S lat = 2c (a-i- 6 ) sin a 
«p = arccos (V 2 cos a) 

670. The construction here is the same as in the preceding problem. The 
bisector of the angle BAD is the diagonal AO of the rhombus (Fig. 148) 


A c, 



Sbase = a “ sin a 

From the triangle AA { E we find 
H = V AAj-AE* 

where AAj = a; to determine AE first 
find AF from AAjF, and then AE from 
the right-angled triangle AEF. We get 

AE = gC0Sa 
a 

cos - r 


whence 



Answer: V= 2 a 3 sin — 

Art 

671. The problem is solved analogously to the preceding one. We can use 
the same figure (148), introducing the notation: BAD = a and /'.A,AD = <p 
instead of a =/,A x AB. 



Answer: V = 2a^b sin ~ f/ sin (<p—— ) sin 


672. The base A BCD is a rectangle (Fig. 149). To construct a plane angle 
of the dihedral angle D { ACD draw a plane through the edge DD i and perpen¬ 
dicular to AC. The lines along which this plane intersects the faces of the 
dihedral angle D X ACD form the plane angle D { ED = cp. We have 


cos 9 = 


DE _ h t 

DiE ~ h 
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Let us introduce the following notation: 

AB = DC = a 

BC = AD = b (a > b), DDi = II 
D,E = h, DE = h t 

In the isosceles triangle AOB the sum of interior angles at the ba^e AB 
iVTnd t0 thC eXteri ° r ang,C 2a> he,,ce » lDAC = a - From the triangle ABC 

a = 2R cos a; b = 2R sin a 

From A DEC, where /.A CD = a, we find 

hi = a sin a = 2R cos a sin a and EC = a cos a = 2 R cos 2 a 

From AD x EC we find 

h = EC *tan p = 2 R cos 2 a tan P 

From ADiDE we find 

77 = VZ)j£2 — Z)£ 2 = y }fi - h\ = y 4 R 2 cos‘ a tan'-s p - 4/f2 sin'-* a cos2 a = 

= 2/f cos 2 a Vtan 2 p —tan 2 a. 

Transform the expression tan 2 p — tan 2 a as in Problem 659. 



Answer: S tat = 8 R 2 cos a cos (45° — a) sec p. 1/2 sin (P+cc) sin (P — a) 

5, ec = 2R 2 cos 2 a tan P; <p = arccos f tan “ ) 

\ tan p / 

pn „5! 3 ; J/ the lc K AC (Fig. 150) subtends the arc equal to 2p, then /ABC is*. 
tffiris - 0 P 8 ? a J? * nscribed “"K 1 ,® having the same arc. The plane passing through 
IS ®- 81 BlC Pedicular to the face BB X C X C must pass through 
fiTrn f 18 FJPend'cular to this face; the plane angle of the dihedral angle 
> A 9 B x *^ B ' cb = P* The hypotenuse AB is the diameter of the circumscribed 
circle and, hence, AB = 2 R. Let us denote: BC = a, AC — b and AB = , 

?ir2 Ua ru angu . ,ar P> Tan,id BiAAiCiC is cut off the prism by the plane ACR ’ 
nee the volume of the pyramid BiABC is equal to one third ol the volume 


in* 
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of the prism, the volume of the remaining portion, i.e. of the quadrangular 

2 

pyramid ByAAyCyC is equal to-~- of the volume of the prism. If we denote the 

O 

volume of the pyramid ByAAyCyC by Vy, and the volume of the prism by V , 
then 




abff 

3 


From the triangle ABC we find a and b, and from £ByBC, H. For the lateral 
-surface area we get the following expression: 

Si al = (2 R cos P -f 27? sin p + 2R)-2R cos P tan P = 4 R z sin p (cos p -f sin p-f-1) 

The expression in parentheses can be reduced to the form convenient for taking 
•logarithms: 


cos P 4- sin p -f 1 = (1 + cos p) -f sin p = 


= 2cos 2 -2- + 2sin -2-cos -2-=2cos -2- |cos -2-4-sin 4~) = 

= 2cos-2- j^sin (90°—- 2 -j 4 -sin-|-j = 

= 2 cos-2-.2 sin 45 ° cos ^ 45 ° —2-J = 2 

Answer. Si at = 8 V21? 2 sin pcos -2- cos ( 45 °— -2- 

Vj = R 2 sin psin 2p. 

074 . The altitude EO (Fig. 151a) passes through the centre 0 of the circle 
circumscribed about the trapezoid ABCD*. The arcs AD, DC and CB (Fig. 151 h) 





Fig. 151 

are equal (since by hypothesis the sides AD, DC and CB are equal), 
and ^B — ISO 0 — a is measured by half the arc ADC. Hence each of the arcs 


* See the Preliminary Notes to Problem 611. 
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AD, DC aud CB contains 180° — a; consequently, the arc AmB is equal to 
360° — 3 (180° — a) = 3a — 180°. From the triangle AOB, where AB = a, 
we find: 

AO = R = - “ " 


2 sin 


3a-180° 


2 cos 


3a 


^ the quantity cos is negative, since a is an obtuse angle and so 135°< 


< 


3a 


< 270° j . From the triangle ODC we find 


DC = b=2R sin 


180°-a 


a cos 


a 


cos 


3a 


From the triangle ADF , where AD = 6 and Z_A = 180° — a, we find the alti¬ 
tude of the trapezoid 

a 

a sin a cos — 

DF = h = h sin a =- 


cos 


3a 

T 


From the triangle BOE (see Fig. 151a) where OB = R and z OBE = p, we find 
II = R tan p. The area of the base 

„ / 3a a \ a 

a- ( cos —^-cos- it- cos — sin a „ . , 

c 1 . . ., . \ 2 i 1 l a 2 sin 3 a 

s = y ( a + b ) h = - 


2 cos 2 


3a 


2 cos 2 


3a 

2 


Answer: V — — 


a 3 sin 3 a tan P 


a 3 sin 3 a tan P 


12 cos 3 


3a 

2 


12 cos 3 (l80° — 4?-) 


675. The altitude EO passes through the centre O of the circle circumscribed 
about the trapezoid A BCD* (Fig. 152). The angle ACB = 90° must be subtend¬ 
ed by the diameter as one inscribed in this circle. In other words, the centre O 
lies on the side AB. The trapezoid A BCD, being inscribed in the circle, is an 
isosceles one, and thus Z DAB = Z.CBA. 

Let us introduce the following notation: AB — a\ DC = b\ Z. AEB = q> = 2a. 

By hypothesis, -^-aII = S 'and from the isosceles triangle AEB we have a = 

— 2// tan = 2// tan a. 

From the two equations we find 


II — S cot a and a = 2 yS tan a 


* Soe the Preliminary Notes to Problem 611. 
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The side b = DC is determined from the triangle ADC inscribed in the circle 
of the diameter a. In this triangle 

Z.DAC = Z DAB - Z CAB = z CBA ~ z CAB 

Since the triangle ACB is a right-angled one, /CBA = 90° — /.CAB. Hence, 

/DAC = 90° - 2 z CAB = 90° - 2a 

and we have 

b = a sin (90° — 2 a) = a cos 2a 

Finally, 

CN = h = /IC-sin a = a cos a sin a 

Now we get 

y — “jj" • —^— hH = -jr a 2 (1 -f cos 2a) cos a sin all = 

= -i--4S tan a2 cos 2 a cos a sin a ~\/S cot a = . sin ^ 2a . ’]/s i coi a 

The face ABE forms a right angle with the plane A BCD. To determine the 
angle <p, formed by the face ADE and the plane A BCD drop a perpendicular 




B 


Fig. 152 

from 0 onto AD (it is depicted by a straight line OK parallel to the diagonal BD 
so that the latter is perpendicular to AD\ the diagonal BD is not shown in the 
drawing; Z EKO = <p,). In the triangle AOK the angle OAK is eaual to 
/ABC = 90° - /CAB = 90° - a. Therefore 


OK = AO -sin (90° - a) = cos a 

m 


and 


, II 27/ 

tan (01 = —— =- 

r OK a cos a 


2II 


1 


2/7 tan a cos a 


sin a 

To determine the angle tp 2 formed by the face DCE and the plane ABCD, draw 
OL _L DC] Z ELO = (p 2 . Since OL = NC = h, we have 

77 _ ' 77 1 

h ~~ 


tan (p 2 


a cos a sin a 


2 sin 2 a 
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Answer : V= Sm * 2a ys* cot a 
[91 = arc tan (esc a) 

92 = arc tan ^-^-csc 2 a^ 

676. It is required to determine (Fig. 153) the sum of the areas of thetriang 
les ABC, ABD and ACD. The area of the triangle ABC is equal to 

Si = y AB-CE=~a^ 1/3 

The area of the triangle ABD is equal to 


1 1 CF 
S, = ~ AB-DE =AB --±—— 

2 2 cos 9 


cos a 


the area of the triangle ACD is equal to 

111 

<S 3 = — AC CD — — AB-CD-— AB-CE>\.ai\ q = 5j tan 9 
Consequently, 

c e • c 1 e fl2 4 . . 

Siat = Si-rS« + S z = ~-- os ^ ■ (1 -rcos 9 + sin q) 

The expression in parentheses is transformed as in Problem 673 to be equal 
to 2 1/2 cos cos ^45—If in the denominator of the formula for 6 ' /a , we 

D 




Fig. 153 

substitute sin (90 — 9 ) for cos q. then the expression for S[ al can be reduced by 

cos ( 45° —) 


Answer: S lat = 


«2 T/e 


cos 


JL 

2 


4 sin ('&—%•) 


677. Since the plane of the base ABC (Fig. 154) passes through AC, and the 
cutting plane A X BC\ through A X C X parallel to AC, the edge MX of the dihedral 
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angle p is parallel to AC and A\Ci. Therefore to construct the plane angle draw 
ha\e' AC an ^ BDi -^ AlCi ^ an( * Di are the midpoints of AC and A^Ci). We 


S lal = (2 AB + AC)-DD X = (2 AB + AC)-BD -tan P = 

= 2 a 2 (1 -j- cos a) sin a tan £ 

The volume V, of the quadrangular pyramid BA CC X A , is equal to ~ of the volu¬ 
me V of the prism (see Problem 673) and, hence, 



V t =~-S.DD i 


where 


1 4 

S = Y a2 sin ( 180 ’—2a) = — a 2 sin 2a 
Answer: S/ a / = 4a 2 cos 2 y sin a tan p; 

a 3 

l / i = — sin 2a sin a tan p. 

678. As in Problem 630 let us prove that the 
face DCE (Fig. 155) is inclined to the base A BCD at 

an „i p ..n-, . an ang !f. a an( ^ the ^ ace BCE at an equal 

angle a - Z ABE , both faces are right-angled triangles {{_CDE = /CBE = 90°) 

Ihe area of the triangle ADE (asalso the area of the triangle ABE) is equal 

to Si = y AB-AE. From the triangle ABE , where BE = 27?, we find 

AB = 27? cos a; AE = 27? sin a 
and thus S\ = 27? 2 sin a cos a. 

The area of the triangle CDE (as also of the triangle CBE) is equal to 

*^2 = _ 2 ‘BC'BE == — AB-BE= 27? 2 cos a 

We have 


iota/ — -S’ -r 2*^1 + 25 2 = 47? 2 (cos 2 a -f cos a sin a -f cos a) = 

= 47? 2 cos a (cos a -}- sin a -f 1} 

The expression in parentheses is transformed as in Problem 673. 

Answer: S total = S 1/27? 2 cos acos-y cos ^45°—yj . 

679. The cutting plane ECD (Fig. 156) parallel to the hypotenuse AB inter¬ 
sects the face ABB X A { along a straight line ED which is parallel to AB. Drop- 
perpendiculars CM and CF to AB and ED to get a right-angled triangle CMF 
m which /_CFM = p (prove itl). Consequently, 

A CMF = AC MB 

U^yhave a common leg MC and Z CBM = 90° - a and by hypothesis p = 

JU — (x ). 
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It is required to find the volume V of the pyramid CABDE , whose base 
ABDE is a rectangle, and the altitude is equal to CM = a sin 0 = a cos a. 
We have 

V = -L.AB-MF-CM = 1-.AB-MB.CM = BC 2 -CM = -^r-a 3 cos a 

O O O 

(the leg BC is a mean proportional between AB and MB) 

Then we have 

S lat = (BC + AB + AC)H = aH ( 1 + -J—fcot a) 

here aH is the area of the face CBB\C\ y which by hypothesis is equal to the area 
6’, ec of the triangle CDE. Consequently, 


*2 


Hence, 


aH = S sec = A. AB■ CF = A. AB■ CB = —4— 

- - ^sina 


• Sfa, = '2^r( 1 +HFT' rCOtg ) = 2 sin 2 a ~ t sin a + 1 ~r cos <*■ 
The expression in parentheses is transformed as in Problem 073. 




Fig. 157 


For the plane CDE to intersect the face ABB t A x it is necessary 'that 'the 
line-segment MF = MB = a sin a be less than the line-segment MN = I/ = 

a* a 


_ a 
2 sin a ’ 2 sin a 


. From the inequality a sin a <- 

2 sin a 


we find 


sin 2 a <-L, i.e. 


Hence the angle cc must be less than 45 c . 


3 1/2*2 cos iL C0S l 450 _ “ \ 

Answer: V = fl3c ° 3a ; 5 /at = —_£_ 


3 


sin 2 a 


a < 45°. 


G80. (Fig. 157). The lateral surfaco of the pyramid is 

c _ // 2 cot a , //2 cotp , //2 cot fi , //2 cot a 
2 H 2 + ~2^r-+ 2sin p 
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Hence, 


n •* 

Slat = 2 sin a sin ft (cos a sin P + sin a cos P + cos P -f cos a) 


The expression in parentheses can be reduced to the form convenient for 
taking logarithms, taking into account that cos a sin 6 4-sin a cos B = 
= sin (a + P) and H 


We get 


cos p -f cos a = 2 cos - -~^P cos a - ^ 

- ~ 


sin (a + p) + 2 cos cos = 2 sin ®±t. CO s iL+JL + 


-f 2 cos-^j-5--cos -^-P-= 2cos-^-5- 1 sin — 2 ^ -f cos 

«-P \ f. a — P __ 


a —P 


Substituting sin ^90 3 -^ or cos ~ 0 ^ and transforming the ex¬ 

pression in parentheses, we get 

4cos -^-J-cos |45° — -|-J cos ^45°—[j-J 

2«2cosiiii-cos (45°cos ( 45° —) 

Answer. S lal - ---'- ^11 -I- tl . 

sin a sin p 

681. Let r = OS be the radius of the circle inscribed in the base of the pyra¬ 
mid*. From the triangle DON (Fig. 158) we have DO = H = r tan a. Since 


Answer: S( a t = 


0 r / o CZ -f- P 

2r/-cos —^-cos 



Fig- 158 Fig. 159 

the centre 0 of the inscribed circle lies at the point of intersection of the bisectors 
of the angles A and #, Z OAM = and 

L OBS^ ^ L ~ a = 45°--%- 


* See the Preliminary Notes to Problem 617. 
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Since the angle C is a right one, the quadrilateral MCNO is a square and MC = 
= CN — r. Hence, 


and 


AC — 6 = AM -f MC = r (cot-^+1) 
CB = a = r{ cot ^45° ~y) -f-1J 


The bracketed expression is transformed as in Problem 662 and we get 


$base -- Q b= — 


1 V^2 r cos —■ 1/2 t sin (45°-f-yj 

sin ^45 c —j sin 


= r 2 cot-^cot (45° — 


Consequently 


V = y Sbasc'H = ~J r3 tan a cot y cot ( 450 — y ) 


This expression can be simplified if we take into consideration that 


tan a = 


sin a 


sin a 


. a a 
2 sin — cos — 


cos a sin (90-— a) 


2 sin ^ 45° — j cos 145°- - j 

The lateral and total surface areas can be found bv the formulas 


a 


c Sbase . o 


2Sbase'OS 2 — 


Answer: V = 


, , a 

r J cos- — 


3 sin 2 ^45 -~t) 


\ Slat — 


cos a 


r 2 cot -|- 


2 sin 2 




a 9 a 

<24 


Stotal = 


r 2 cot — cos 2 — 

Sin 2 (45° — 2 .) 


682. The plane cuts from the prism a pyramid B^ABC (Fig. 159), whose 
altitude passes through the centre O of the circle inscribed in the base of the 
pyramid; therefore all the lateral faces are inclined to the base at one and the 


• See the Notes to Problems 617 and 618. 
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same angle a, consequently, 


2 Sbase cos 2 


a 


total 


cos a 


We find 


„ BC-AD 

Sbase -n- = DC -AD, 


From A OCD, where OD = r , and /_OCD = ^- t find DC =r cot — 

^ A 


From 


a 


A ADC find AD = DC-tan a = r cot— tana. Hence 

A 


a 


S base=r* cot 2 —tana and S total = 


2 r 2 cot 2 tan a cos 2 -y 


2 cos a 

The obtained expressions may be simplified by representing tan a in the form 

J) 



sin a 


0 . a a 
2 sin -J 7 - cos - 75 - 


cos a cos a 

The volume of the prism 

V = S base -H 

where 

H = r tan a 
(from A#i 0 £)* 


/Insider: S total = 


4 r 2 cos 4 cot 


cot 2 a 


a 


F = r 3 cot 2 - 7 T- tan 2 a. 


Fi". 100 


683. From A BMC (Fig. 160), where 
Z MCB = 45°, and Z MBC = 180°— 
— (45° -j- a) — 45° = 90° — a, according to the law of sines, we have 


BC 


m 


sin (45° -j- a) sin (90° — a) 


Hence, 


BC = a = 


msin (45° 4- a) 
cos a 


* See the Notes to Problems 617 and 618. 
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From A ABC we find 


*r u , m sin (45°4-<x) 
AC = b = a col a = - - -- 


From A DCM we find 


sin a 

II = m tan a 


The angles DAM/ and DKM are plane angles of the dihedral angles DACB 
and DBCA ; they are equal to each other, since the following triangles are con- 
gruent pairwise: MKC and MXC (by hypotenuse and an acute angle), D l/A 
and DNM (by hypotenuse and a leg). Let us denote them by (p; then tan <i = 

—\nr• wliere MN = y?, ■ 

sin2 (4o--i-r X ) 

; <p = arctan ( f/2 tan a), 


Answer: V = -~m 3 

o 


6 cos 2 a ’ r ' • “ 11 

684. Let ABE (Fig. 161 a) he the first, and ADE the second lateral face, 
uy hypothesis they are inclined to the base at one and the same angle a. Con- 

£ 




Fig. 161 


sequent ly .the point O , through which the altitude passes, lies on the diagonal 
'* 0 . Indeed, if we drop perpendiculars OM and OX* from O (Fig. 1616) to the 
sides AB and AD, then Z.OME = a and z OXE = a (prove it!); hence. 


and 


OM = //.'cot a 


OX = n i/'cot a 


'.e. 0 ^/ == ox u encet the point 0 lies on the bisector of the angle BAD, i e 
on the diagonal AC of the rhombus A BCD, 

ami ei *L also havc 0At ' = 0N i ( 0M « a,,d ON i aro extensions of OM 
11a N)> whenc ® il fellows that the triangles OM,E and 0N,E are congruent 
and, consequently, z ON,E = /OM,E, which completes the proof. ° 


shm., dra 'y ,n S 161a) one of these perpendiculars, say OM, niav be 

a mi it a ?. n . arb,trar y straight line, but the second one is then constructed in 

onBii 10 de f ,n . lte manner, since MX must be parallel to the diagonal BD It is 
easily proved in Fig. 1616. 
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From the triangle OME we find OM = II cot a and from the triangle OM x E 
we have OM t = II cot p. Consequently, the altitude of the’rhombus is equal 
to h = = II (cot a -{- cot P). 

Hence, 

F=-|- Sb asc H = — ahH = -^-aII 2 (cot a -f cot p) 

S total— $ base 47 25 ABE + 25 BEC = a {h-\-ME-\-N\E) 

where 


H .. „ H 
ME = —;-, N±E = — : 


sin a 


sin P 


Then 


Stotal = “H (cota+-4—+cotp+^L-l=aff (1±^ 

\ sin a sin p / \ sin a 


14 -cos a 1 -fcosPj 


sin p 


) 


a , p 


Expressing the numerators and denominators through — and ~ and redu¬ 
cing the fractions, we get 

P 


Stotal ^= aI1 (cot-y + Cot-|-) 


Answer : 


V = -L all '* (cot a + cot p) = 4" OH 2 

o o 


sin(a-t-P) 
sin a sin p ’ 


St 0 tat = aI1 (^t -y + cot y) = 


aH sin 


a-j-P 


. a . P 
sin — sin -j 


685. Let ZA (Fig. 162) he the acute angle of the rhombus, so that AC is the 
greater diagonal and zOAD = • Draw MK 1 AC and MNj_BD*. Let 9 

M 

be the angle at which the plane EAC is inclined to the base. Then Z.MKE = 9 
and Z.MNE = 9 . To determine H express MK and MN through H\ we obtain 
MK — II cot 9 and MN = II cot 9 ; substitute these expressions into the rela¬ 
tionship 

■ n lift 1 1 n E it/ A 

a = AD = AM 4- M D =-- 

. a a 

sin — cos — 


We get 


a = II 



* In Fig. 162 MK should be drawn parallel to BD, and MN parallel to AC r 
since the diagonals of a rhombus are mutually perpendicular (see the footnote- 
overleaf). 
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Answer: V= 


a 3 sin a 


cot <p cot ip 


a 3 sin 2 a 


sin 


a 

~2 



6 (cos ~cot <p-fsin -^-cot j 


where the larger diagonal of the rhombus serves as the edge of the dihedral anele 
<p and the smaller one, of the dihedral angle \j?. 

686 . The line-segment AB (see Fig. 163) depicts the hypotenuse of the base, 
lo construct the plane angle a we have to intersect the edge BB X by a plane per- 
pendicular to this edge. In this case such a plane can he drawn through the leg 
al. lo prove this, we have to prove that AC j_ BB ,. 



nL h W h ?? is t,ie , vertex B t is projected into the point D (the midpoint 
tk u W HC 1 ies 0,1 t ie ,0 R Consequently, if a straight line KL is drawn 
rnrough B and perpendicular to BC , then KL is also perpendicular to BB, (the 
neorern on three perpendiculars). And hence AC || KL, AC ±BB lt which comp¬ 
etes the proof. * 

Through AC draw a plane A EC perpendicular to BB t . The lateral surface 
area of the prism is equal to the perimeter CE -f AC -f A E of the perpendicular 
section figure multiplied by the edge BB t . From the right-angled triangle BCE 
llnf^ f CBI 1 P (prove it!) and BC = a, we find CE = a sin p. The straight 
one kl, and hence, the line AC which is parallel to it are perpendicular to the 
lace BB X C X C. Therefore the triangle ACE is a right one at the vertex C. Hence 

AC = CE tan a and AE = ~ , thus 

cos a 

C£-f/lC , -F/1£ , = asinP (l -flan a A -^^ 

\ cos a / 

From the triangle BDB lt where BD = ~ we find the edge BB t . We get 

hence ’ 

Slat = (CE + AC + AE).BB X = —( 1 + tan a + - 1 ) 

z \ cos a / 






304 


Answers and Solutions 


Transform the expression in parentheses in the same way as in Problem 673, 
and cos a in the same way as in Problem 681. 

a 2 tan P cos — 

Answer: S[ at = -----' 

1/2 sin (45°- 

687. As in the preceding problem, let us prove that the edge AA X J _BC 
(Fig. 164), and hence, BB X _|_ BC and the face BB X C X C is a rectangle. /_A X AC = 
= aA\AB = 2a (for the proof see Problem 669) and, consequently, the face 
A A j C\C = AA X B X B. Point E is the midpoint of the side AB and EO J_ AB (0 is 



Fig. 164 Fig. 165 


the centre of the circle circumscribed about the triangle ABC): then A X E 1 AB 
(by the theorem on three perpendiculars). According to the law of sines we have 


then 


AB = 2R sin (90° - a) = 2R cos a; 


5 base = -Jr i452 ' sin 2a = 2 R z cos 2 a sin 2a. 


From the triangle AA\E we have 

AA , AE 
1 cos 2a 

From A AA x O we find 


AB 

2 cos 2a 


R cos a 
cos 2a 


H = V l 2 — R 1 = -^— ~\/ cos 2 a — cos 2 2a 

cos 2a 

(Transform the radicand in the same way as in Problem 656). The side BC.= 
— 2BD = 2-/lZ?*sin a. Hence 

= Si ase • II = 2 R 2 cos 2 a sin 2a ——— Vcos 2 a — cos 2 2a = 

COb mCC 


= 2 R 3 cos 2 a tan 2a ~/ cos 2 a — cos 2 2a 
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and 

S,at = 2$ AAiBltt + S BBiCiC = 2l-AB -sin 2a + 2/- AB .sin a = 

— 20 AB (sin 2a -(-sin ct) 

Answer. V = 2/?3 cos 2 a tan 2a Vsin3asina: 

8 Pi 2 cos 2 a sin - cos-^- 

= cos2a * 

the altitude OM in the triangle OCE (Fig. 105); then / BMD = H 
(prove it!). Denote OC — Q B by x an d find x from the formula OC- = CE-C.\l, 

where CE = l and CM = \' x z-OM-. From the triangle OMB we find 


lienee 


OM — OBcot^ — x cot -ji 


CM = x J ^l_col 2 l 


Substituting into the formula OC^^CE-CM, we get the equation 

x 2 = U ^ l-col 2 l 

T lie root x —0 does not obviously meet the given condition and we have 


Consequently, 


Now we find 


/" I* 

x = OC = lf/ l-cot 2 ^ 


// = yCE* - OC^ = V/2 - .r 2 = l cot 1 


V = 4-2x2// 
«> 


hole. The quantity of cos fi is negative, since > 45 0 (as tan 

_ oc 2 

OM 

hence tan ^ 


P OB_ 
OM 


• but the inclined line OC is longer than the perpendicular OM, 
£> f )- 


P 


•) ft , ft V o cot — COS ft 

Answer: V = ~ l* cot f 1 — <o12 T ) = “ ^ /3 - 1 

u in! 


2 P 


sin^ 

F£- 9 // Fr . 0ni th ? , lria, '8 le 1 i lE (F'K- ICG), where z.A x FE = a. we find 
//cot a and from the triangle A t CE, where A x C^=d, we find EC = 

20—01338 
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= 1/ d 2 — H 2 and, consequently. 




d 2 -// 2 


1/2 

Now we find the sides of the bases 

AB = a = EK+EF 

and 

A l B l = EG = b=EK-GK = EK 
So that for the quantity 

a 2 -f- ab -f- 6 2 


-EF 


entering the formula for the volume of a truncated pyramid we get the fol¬ 
lowing expression: 

(EK -f EF) 2 + (EK -f EF) (EK - EF) -f (EK - EF) 2 = 3£A' 2 + £/• 2 

ytnsuvr: F = 4" (3-^ 2 + EF 2 ) = l 3 (d2- // 2 )~ 2// 2 cot 2 a). 

690. We can use the same drawing (Fig. 166) as in the preceding problem, 
introducing the following notation: AA\ = l and /. A X AC = 0. From the right- 



angled triangle AA^C we find AC = 



me 


Fig. 167 


l 


cos p 


, lienee a — FK — 


l 


\'2 cos p 


. From 


the triangle AA\E we find //= / sin p and /l£ = /cosp, hence FE — 


l COS p 

yi 


— * 


consequently, 

b= EG = FK — 2FE — 


1/2 cos P 


(1-2 cos 2 p)= - 


l cos 2 p 
l/2 cos P 





Chapter IX. Polyhedrons 


307 


Now we get 


V = *T ( ° 2 + ab + /;2 > = ^" 2 1 ( 1 - cos 2 P + <*»s 2 2p) 


If both the numerator and denominator are multiplied by (1 -f co.s 2 p) (applying 
the formula for a sum of cubes), we get a somewhat simpler expression. 

Note. The angle p must exceed 45°, since / A > 2 PE. Therefore, cos2p <0. 

Amw ' r '- v =4Si<'- cos 2 P-i cos’-2p,^i!£!2M±^L. 

691. From the triangles AA t E and EA { C (Fig. 167) * we have 

AE = II cot a and EC — II cot P 
The lateral surface area is equal to 

Slat = 4•—-—.djA =2 (a-\-b)>A,N 


The slant height A t X is found from the triangle A { EN, where 

EX 

We get 


AE ll 
—— = —— cot a 

12 y-> 


A t X = ll J/^ 1 -f y cot 2 a 

The sum 

a - 1 - b = AB + A l D [ = 2/1,5, | 2 AN = 2• A B = EC . V 2 = //. > 2 col p 
Consequently, 


S lot = 2H 1/2 cot p// |/"l | y cot 2 a 


Answer: S int = 2 // 2 cot P 1/2 -1 cot 2 a. 

692. In the triangle A^EN (Fig. 167), where 



A-.V AN AU * (1/3 

we find 


II — A{E = — ( ‘[/Ti— 1 ) tan y 

and 

a,n *<ys-o 


2 cos y 

We obtain now 



V = ^-(3oJ+«2H ct V3) ^-(1/3-00-1 V3)lar, v 

* For depicting a truncated pyramid see page 261. 
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and 


S,. < = 2Mfl + 4,fi,M,.V = MV3 + )). ° ( 2 1 2 s ., 1) = ^ 


Consequently, 


Stotal = S lat-T 3 a 2 -r fl 2 = 


2 a 2 (1 -f- 2 cos v) 
cos y 


The expression in parentheses can be reduced to a form convenient for taking 
logarithms 

a 3 (3 1/3 —l) tan v A - o . 

Answer-. V = —-—-— z 0. ia 3 tan y; 

o 


^total — 


2a 2 (i -f- 2 cos y) 
cos y 


8 a~ cos 


(h 


30° I cos 


cos v 


(i- 


30° 


093. Let us denote the side of the cube by x (Fig. 10S). From the simi- 



Fig. 


ION 



109 


larity of the triangles EO i K i and EOC we have 

EO { 0 ,/v, 

EO ~ OC 

Here 

EOi = EO — OO t - II —x, EO- II, O,A*, = -~r , OC^ \ M 2 -// 2 
Conscquently. 

II — x x 
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694. From the triangle EOF (Fig. 169), where 01—— arid OFF = a, we 
have // = y cot a. Consequently, the volume of the pyramid 

V = 4- a 2 // = -£- a 3 cot a 
3 b 

Let us express the side a through the edge of the cube x = M.\l i We have 
a = 20F = 20M + 2AIF=KM + 2MM v lana = x 1/5-r 2 * tana 

Consequently, 

x 3 (V^-l -2 tan a ) 3 cot a 


1 = 


o 


Here x 3 =V t is the volume of the cube. 

Answer : — = .(V^2 lai» a) 3 c ottt 

F, 6 

695. (a) Drawing. Let us first depict the section (Fig. 170) con¬ 

taining the “upper” face of the cube KiLiMiXi (this is a right-angled triangle 
with the right angle at the vertex Mi). Since 
the vertices K u Z,,, Al it A'i lie on the lateral 
faces, they are found on the sides of the triangle 
AiMiBi (Mi coincides with the vertex of the 
right angle; A/, K\ represents the bisector of the 
right angle, since M t X\ = M\L\). Now const¬ 
ruct the cube KLMNK t L t MiN t . Inside the 
quadrilateral KiL x M x N t take an orbit rary point 
Oi depicting the point of intersection of the 
altitude DO and the face KiL\MiN\ and join 
•t with the point O situated likewise in the 
quadrilateral KLMN. Draw 0,A,, O x B„ 0,71/, 
and then OA , OB, OM parallel to them, res¬ 
pectively. The points A , B, C of intersection . 

DA u DB u DMi and OA, OB, OM (respect i- q 
v ely) are the vertices of the base of the pyramid. 

(b) Solution. By hypothesis, AC - 6 ; Fig. 170 

BC = 8 ; DO = 24*. Denote the edge of the 

cube bv x. Then OO t = x and DO i — 24 — x. B y the projierty of sections 
parallel to the base of the pyramid we have B t M, : BC DO : DO, i.e. 

: 8 (24 — x) : 24, whence 





8(24 — *) 24-* 


24 


3 


Since the triangles A",/?,/., and ABC are similar, we have 

A ,A, :Zy,L, = 6:8 


• The figure is drawn not to scale. 
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here 


94 _r 24 —4 J 

KiL^x and B i L l — B l M l — M i L i = —— -z = ———. 

o <3 


24 4x 

Hence, z : ——--= 6 : S, whence z = 3. 

0 


A nswer : 3. 

696. The section BCC^B^ (Fig. 171) is a trapezoid (prove it!). Draw the plane 
MNE {M and N are the midpoints of the sides AD and BC) to intersect the plane 
BCCiBi along NK (A is the midpoint of /?,£’,). We have /.NME — /.MNE = 
= a and £MN E = p (prove it!). The altitude KN of the trapezoid BCC\B X 



Fig. 171 


Fig. 172 


is found from the triangle KNM, where MX — a and /.MEN = 180° — 

- (a + P). By the law of sines = , i.e. KN = S f ln ^ . 

sin a sm(a + P) sin(a-fp) 

Now we find the upper base of the trapezoid (£,(7,); since the triangle ADE is 

similar to B { CiE , we have 

a -EE a-EE 

B ' Ci= -jrr=HvT 

KE 

The ratio -^=r is found from the triangle EXE, where £ ENE = a — P and 
Z NEE = a-\-$ (as an exterior one for A A AM/). We get 

EE _ sin (a — p) 

NE sin(a-fP) 

hence, 

o ^ a sin (a —P) 




The section area 


sin (a-i-P) 


c _ 

1 sec — 


, a sin (a —p) 
sin (a-fP) 


a sin a 


sin(a + B) 
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Answer: S sec = 


a 2 sin 2 a cos P 


sin 2 (a-fP) 

697. (a). Drawing. On constructing the pyramid EHPGQ (Fig. 172) draw 
the line MN of intersection of the planes. It is parallel to the side HP and inter¬ 
sects the axis OE at the point B. The end points M and N of the line-segment 
MN lie on the slant heignts EP and ED. Draw PN and GN, JIM and QM to 
depict the planes intersecting along MN. Mark the points A , and C t of intersec¬ 
tion of AB and CB with the slant heights EA and EC, respectively (.4 and C 
are the midpoints of IIP and QG). The angle ABC is the plane angle of the ob¬ 
tained dihedral angle. By hypothesis, i[ABC = 90°, i.e. the triangle ABC is 
an isosceles right-angled one and 


a 


BO = AO = ~2 


(b) Solution. From the similarity of the triangles EMN and EDF, where- 

E B 

in DP = a, we have MN — a • -p— . The angle OAE is the plane angle of the 

EO 

dihedral angle a, hence EO = AO tan oc = 4 ‘an a. Furthermore, EB = EO — 
— BO = y (Un a — 1). Consequently, 

MN = a • tan a —- = a (1 — cot a) 


tan a 


Answer: MN=a (1—cot a)-- 


V 2 a si n (a—45°) 


sin a 



698. (a) Drawing. Draw the straight line 
CM (Fig. 173) depicting the perpendicular 
dropped from C to AE. Through the point O t 
of intersection of CM and EO draw KN parallel 
to BD. The quadrilateral KCNM represents the 
section. The proof follows from tfie solution 
below. 

(b) Solution. Since the plane KCNM is 
perpendicular to the edge AE, the sides MK 

and MN, as well as the diagonal CM of the section KCNM, are perpendicular 
to AE. Since the diagonal CM lies in the plane of the isosceles triangle 
ABC, it intersects EO which is the altitude of this triangle. On the other 
hand, the diagonal KN contained in the plane of the triangle BED (and, as we 
are just going to prove, is parallel to the base BD of this triangle) also intersects 
EO which is the altitude of the triangle BEI). And since the plane KCNM and 
the line OE have only one common point O t , the diagonals KN and MC intersect 
at this point. 

The plane KCNM is perpendicular to the edge AE\ therefore the angles 
EMK and EMN are the right ones. The right-angled triangles EMK and EMN 
are congruent (prove it!); consequently, MK = MN and EK = EN. It follows 
from the last equality that A'A’|[ BD and that KO t — O t N. Hence, the diagonals 

MC and KN are mutually perpendicular and S <m . — ~ MC ’KN. 


2 
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The diagonal MC is found from the right-angled triangle >1,1/6', wherein 
AC AM = rp and AC = a VI We get MC = a V 2 sin <p. 

The diagonal KN is found from the isosceles triangle KEN, wherein 
AEKN = qp. We have KN = 2-O x E cot <p, where O x E = OE — OO x . The 
line-segment OE is determined from the triangle AOE (or BOE)\ we find OE = 

a V2 

= —g— tan Th e line-segment OO x is determined from the triangle OCO x . 

wherein /OCO x = 90° — /MAC = 90° — (p. We find 

00 j = 6>C • tan (90° - q) = cot tp 


Now we get 
KN = 2-O x E cot (p = 2 



cot ([ = a 


12 (1 — col 2 (p). 


Hence, 

5 SSC = T • A '^ = ° 2 (1 - c 012 <p) sin <t = - -° 2 cos 
* sin <p 

iVo/c. For the plane KCNM , which is perpendicular to >1£, to yield a section 
of the pyramid it is necessary that the point M of its intersection with>l£ lie 



Answer: S 


see 


on the line-segment AE itself (but not on its extension), for which purpose the 
angle A EC must he acute, i.e. /AEC = 180° — 2<p < 90 c . Consequently, 
q > 45 , and therefore cos 2<p is a negative quantity. 

a 2 cos 2 (p a* cos (ISO 0 — 2 <f) 

sin <f> sin cp 

699. The quadrilateral AMKN (Fig. 174), yielded by the section of the late¬ 
ral surface of the prism, is always a parallelogram (prove it!). For the section 
figure to be a rhombus it is necessary that AM = AN. Since the triangles ADN 
and ABM are congruent (prove it!), DN = BM. Hence, MN is parallel to BD 
ami to the plane A BCD as well. Consequently, the line EF of intersection of 
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the planes AMKX and A BCD is parallel to the diagonal MX (as well as to the 
diagonal BD) and, hence, perpendicular to the other diagonal ,1A of the rhombus 
(and also to the diagonal AC). Therefrom it follows that rj — /_CAK is the 
plane angle of the required dihedral angle. The line 00,, joining the centre of 
the rhombus 0 , with the centre of the base of the prism is perpendicular to the 
base (prove it!). 


A B, 



From the triangle , 100 , we find 

,10 OB 

COS<P== 707 = 


01 . 1 / 


,10, ,10 


, a 
tan — 


Note. The plane drawn through the straight lines AM and AX intersects 
the edge 00, only if 00, > CK. i.e. if the altitude of the prism is not less than 


o ~[/2 tan 9 = 


_ a ]/2 V 1 — cos 2 (( _ 

COS (f 


a I 1 — tan 2 ~ ,, T - 

f 2 a V1 cos a 


a 

tan — 


sin 


OL 


Otherwise the required section can be drawn neither through the point , 1 , nor 
through any other point on the edge , 1 , 1 ,. 

Answer: 9 = arccos tan • The problem is solvable only if I! > —1. c a 

* .a 

sin — 

700*. (See the solution of the preceding problem.) Since MN= AC (Fig. 175) 

and BK>BIJ, and by hypothesis, BK—MX, we have ,10 > BD, i.e. ,10 is 
the greater diagonal of the rhombus, hence, /. ABC is an obtuse aimle, and 
L BAD , an acute one. 

The angle 9 = ^ 0 Z? 0 , is the plane angle of the required dihedral angle. 
!rom the triangle 00 ,/i we have cos 9 = -^-^-, where 0 Z? = 0 .l.tan — 


* For drawing a right prism see Fig. 83. 
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0\B -tan 


a 


And since OA = OjA/ — 0 { B , then cos ip =--= tan . Here tan < 


<3, since a is an acute angle. 


a 


Answer, rp = arccos tan ; the problem is solvable only if 


DD ,> 


50 "(/cosa 


sin 


a 


701. Cf. the preceding problem. The area S sec of the rhombus BN KM 




S sec = -i-. MN’BK = 2A/O t ■ 50 t 


From the triangle MO { B, wherein £ AIBOi=~, we find: 

4 


a 


Hence, 


BOi = MO t cot -J- 


S sec = 2• MO\ cot = 2.402 cot -j 


a 


AO is found from the triangle .405, wherein AB = a and /_ ABO—-^-. We 


get 40 = a sin 

Answer: S scc = 2a 2 sin 2 cot — . 

M 4 


702.* Let the cutting plane be drawn through the midpoint M (Fig. 177) 
of the edge A B and parallel to the edges AC and BD. The eage AO is contained 


* For drawing a regular triangular pyramid see Fig. 82. 
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■in the plane ABC. Therefore, the plane drawn through M and parallel to AC 
intersects the face ABC along MN parallel to AC. Hence, MX is a midline of 

the triangle ABC (^MX = y AC = yj , i.e. X is the midpoint of the edge BC. 

The edge BD lies in the plane BCD , and the cutting plane is parallel to this 

edge.Therefore, XL \\BD ^NL = y BD = 4") an< * ^ ls *he midpoint of the 


«dge CD. Similarly, we prove that MK = y , 

•and that K is the midpoint of the edge AD. 

Consequently, 

KL ||i4C and KL=^- 

Hence, the section MXLK is a rhombus- 
Furthermore, the angle XMK is a right one- 
Indeed, the edge BD is contained in the plane 
BDE ( E is the midpoint of AC), which is per¬ 
pendicular to the edge AC. Consequently, 

BD]_AC. But, as has been proved, MK || BD 
and MN || A C, hence. MKJ_MX, wherefrom it 
follows that MNLK is a square with the 

side T' 

Answer: S, ec = ~ . Fi S- 178 

703. Let CD (Fig. 178) he the lateral edge perpendicular to the base. Since, 
'by hypothesis, i m DAC — /DBC = a. we have AC — CB, i.e. the triangle 
ABC is an isosceles one at the vertex C of the pyramid and. hence, by hypothe¬ 
sis, £C = 90°. 

Any section of the pyramid perpendicular to the base ABC is a quadrilateral 
NKLM with two right angles (/_XKL and i'.KLM ). For this quadrilateral 
to become a square the following condition should be satisfied: KX — KL — 
= LM — x. From the congruence of the triangles A KX and BLM (prove it!) 

*t follows that AK — BL, hence, KC = CL, and KC — = p rom the 

V 2 '/2 

triangle AKX we find AK = KX cot ci = x cot a. Since KC + A K = AC = 
— a, we get the equation 



—— 4- xcot a —a 

1/2 


whence 


X — 


a 1/2 


1 + y 2 cot a 


2 a* 


Answer: S tec = x* = , 

(1 4- \/2 cot a Y 


704. The section yields the trapezoid MA t B t N (Fig. 179) equal to the lateral 
lace DD t C t C (prove it!). In the cut-off portion A MXCD we have A t D , = 
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= B\C\ = NC = MD (as the segments of parallel lines contained between* 
parallel planes). The obtained solid is an oblique prism with the base CC X DJ). 
Draw the plane FGQQi through the slant height FG of the frustum of a pyramid 
and the apothem OG of the base; we get z'.FGL — a. (prove itl). The perpendicu¬ 
lar LK dropped from L to GF is the altitude of the prism (prove it!). From the 

triangle LKG , wherein LG = QiF = a t 
we have LA' = a sin a. From the triangle 

FLG we find FG=-^- = -?—. The 

cos a cos a 

volume of the prism is computed by 
the formula 


V= -± Ci -~ DC .FG-LK 

Now we find the total surface area S 
C of the solid AMA { B X NB cut off by the 
plane A X B X NM. The face AA i B l B is equal 
to the section MA X B X N (prove it!). Each 

of these faces has an area S { = ~' . QQ { , 



where QQ i = FG = 


a 


cos a 


Either of the 


S. 


AM-A { P 


faces AA\M and BNB j has an area 


, where AM = AD — MF = 3a — a = 2a and A t P=FG = 


a 


area of the face .1 BNM is S 3 = AM ■ AB = 2a-3a. We have 

S = 2Si + 2S z +S 3 . 


cos a 


The 


12a“cos- 

Answer: V — 2a 3 tan a; S — -— . 

cos a 

Preliminary Notes to Problems 705 to 708 

When solving Problems 705 to 708 use should be made of the following the¬ 
orem. 

If a polygon ABCDE... contained in a plane P is orthogonally projected on 
a plane P t as a polygon A then the area S of the polygon ABCDE... 

and the area 6’, of the polygon AiBiCiDiEx . are related in the following way 

Si = S cos a, 

where a is the angle between the planes P and P,. 

Proof. First consider the case when the projected figure is the triangle ABC 
(Fig. 180a), whose side AB is parallel to the projection plane P x . Draw the 
plane Q through AB and parallel to the plane P, (E is the point of intersection 
with the projecting line CC,). We get the triangle ABE congruent to the triangle 
AiBiCi. Draw the altitude CD of the triangle ABC; ED is then the altitude of 
the triangle AEB, and the angle a = Z.EDC is the plane angle of the dihedral 
angle CABE equal to the angle between the planes P and P,. From the triangle 
DCE we find DE = CD cos a. Consequently, 

S x = — AB* DE = — AB • DC cos a = S cos a 
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Then consider the case when the projected figure is the triangle LMN 
<Ftg. 1806), whose sides are not parallel to the plane P x . Such a triangle can he 
divided into two triangles of the type considered above. For this purpose it is 
sufficient to draw the plane Q parallel to P x through one of its vertices M which 
should be neither the closest to. nor the remotest from the plane />,. This plane 
tntersects the triangle LMj\ along the straight line KM parallel to />,. II S' 




Fig. 180 

and .S’* are the respective areas of the triangles KMX and LMK , and S[ and SJ, 
the areas of their projections (i.e. of the triangles A', M t AT and A,;)/,A,), then, 
as has been proved, 

5j = 5'cosa and S x = S" cos a 

And since S = S'-\-S" and S l = S[-\-S'i. we have 

S x = Sj-f SJ = S' cos cc -f S" cos a = (S' S") cos a = S cos a 

If the polygon has more than three sides, then we divide it into triangles and, 
reasoning in the same way as in the above case, prove the general theorem. 

Let us draw our attention to the fact that this theorem holds true for the 
areas of curvilinear figures as well. To prove it we have to inscribe a polygon 
jn the given curvilinear figure and pass to the 


705. We have (Fig. 181) S base = 


and 


M BB X = BD -f DB\. From the triangles BED 
and B X E X D (E and A’, are t he midpoints of A C and 
A i^i) we have 


and 


BD= BE tan a = tan a 


Z/iD = i^l\anP 


Hence, 

V~ v. // 3a 3 . _ 3a 3 sin (a -j f)) 

~~ ^base'll =—7r- (tan a -j tan (!) = —- -r- 

8 ' r 8 cos a cos ft 

._The section ADC is projected on the plane of the lower base as the truing 
"C. As has been proved (see the Preliminary Notes) the area S of the section A D 



le 

DC 
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is related to the area of the triangle ABC , i.e. to the Sb ase , by the formula 
Sbase — S cos a, hence, S = . Proceeding in the same way (i.e. pro¬ 

jecting the section A t DCi on the upper base), we find that the area of the section 

AjDCt is S' = Sbn . Consequently, 

cos p 


S ' — Sbase ( C03 a "^ cos p ) 


Answer : V = 


3a 3 sin (a + P) 
8 cos a cos p 


a 2 V^cos — 


P a —P 
“ cos 2^~ 


& 


Ml 

a™ 


o n/o , o u K r i-us ^ 

Sj S’ - a “ v ^ cosa + cosp _2_ 2 

' 4 ’ cos a cos P — 2 cos a cos P 

7UG. (a) Drawing. Join the midpoints K and L (Fig. 182) of the sides AB 
and AD. Through the point E of intersection of KL and AC draw the straight 

line EN (the angle NEC depicts the plane angle of 

D f b _ Ci the dihedral angle a). Through the point 0 2 of 

0, intersection of EN and the axis 00\ draw PM 

/ | o /AN parallel to BD. The pentagon KLMNP represents 

n *31 the section. The proof is obvious from the solu- 

1 { j tion below. 

I (b) Solution. Since KL || BD, the plane KLMNP 

I ^ (passing through KL) intersects the diagonal plane 

I DBB { D t (passing through the diagonal BD) along 

I' tho straight line PM parallel to KL and BD. The 

/ axis 00x of the prism lies in the diagonal plane 

M DBB t Di and, hence, intersects PM. The plane 

f KLMNP intersects the diagonal plane ACC\A\ 

"/ (passing through the diagonal A C) along the straight 

n / line NE {E is the midpoint of KL), which also 

N L 3 intersects the axis 00\. But since the plane 

KLMNP, containing PM and EN, intersects the 
Fig. 182 axis 00 { only at the point 0 2 , both EN and MP 

pass through this point, i.e. the point of intersec¬ 
tion of PM and EN lies on the axis OO t . The lines EC and EN are perpendi¬ 
cular to KL (the theorem on three perpendiculars); hence, z CEN = a. 

The area 5 of the pentagon KLBCD is equal to the area of the square A BCD 

b- 7 

less the area of the triangle AKL, thus, S = b 2 - 5 - = — 6 2 . The area S sec 

o o 

of the pentagon KLMNP is determined according to the theorem proved in 

7 

the Preliminary Notes to Problem 705. We have —b 2 = S scc cos a, i.e. 

O 

s - 712 

sf,c_ 8 cosa 






V-Jc 


Fig. 182 


Comparing the triangles M0 2 N and BOC (BO = MO 2 and MN > BC) r 
we make sure that Z MNO z < /.BCO', and since /_BCO = 45°, Z MNO z < 
< 45° and, consequently, the angle q> = /.MNP is acute. All the rest of the 
angles of the pentagon are obtuse (the acute angle z NMO z = 90° — z MNO ? 





Answer : S 8ec = -~ -; <p = 2 arctan (cos a). 

o C OS CL 

707. (a) Drawing. First draw separately the base of the prism (Fig. 183a). 
then construct an ellipse (Fig. 1836) depicting the circle about which the base 
is circumscribed*. Draw a diameter (MN) of the ellipse and through its ends 



Fig. 183 


d f av y tangent lines CD arid AB representing the straight lines on which the bases 
the isosceles trapezoid lie. Draw some line KL parallel to CD and AB to 
ntersect the ellipse at points A and A. Through these points draw tangent lines 
• an( l BC to the ellipse. The quadrilateral A BCD depicts the isosceles trapezoid 
.proscribed about the circle. Then complete the drawing of the right prism 
i , DA l B i C i D l . The cutting plane passing through the side AD and vertex B { 
fu/» CrS u Cts face AA,B,B along the straight line AB, and the face DD,C,C 
nii!!i -i ls P ara ^el to AA,B,B) along DC parallel to AB,. The section yields the 
Huaurilateral AB,GD. From the point B draw the straight line BE parallel to 

seni«k US OK joining the centre U with the point of tangency A'. The line repre- 
-/he. Perpendicular dropped from B to AD. Consequently, the angle BEB, t 
Ptcts the plane angle a. 

For constructing an ellipse see Fig. 92. 
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. . De P 1 C /nS°» w . l ^ e tnan S le yielded by the cutting plane P. One side of ihu 
triangle (56,) is known, we have only to find the opposite vertex i e the point 

;“5 er !t Ctl0n . °/ tbe P ,an , e P x and the edge AA t . For this purposed is sufficient 
thn J n * t t h ^ P °^ n i t E ' wh,ch BK ln tersects the extension of the edge AC with 

vertex!* 1 ' ThB *°' nt F at which C ’ 7 ' intersocts the A A x is fhe required 

Let us prove it. Since the point E lies on the line BE of intersection of the 
planes P and ABC , this point belongs to the plane P. On the other hand, the 



Fig. 185 

Ee life on t , he 4 1 . ine of intersectiou of the planes A CC, A, and ABC. 
o r C P,aDe 1f C \i 1 (it - is finally situated on the extension 

section , . i4|) * Consequently, the point E must belong to the line of inter- 

Jo the ifni e f P - la . neS 7 . an3 A t CCxA x . By hypothesis, the p°oint 6 ', also belongs 
ACC A ° f ^,P la °<*- Consequently, the planes P and 

sid P rV ?o along tbe stra *K ht hne C,A. i.e. on this line is positioned the 

sec iin'c c .' he „ T:r f r nd ,T ,he CC ' A 'C »“«•«* t .? 

c i an< * 1 10 e( ^6 e AA\ is the required vertex. 

con A Li ? 1 ■??’ S i ,,ce thc trian S le ABC is the projection of the triangle FBC, 
contained in the plane P, on the plane of the base, then K *’ 


S sec — 




a sc 


— u 2 sin 2 a 


cosp cosf) 

lateral* 1 surface La^ 50 ^'' 5 ,rianB ' C ADC ' **«“"• “ = thr °“8 h “>e 

S = (2AC -r BC)-CC t 

where /1C = a, BC = 2a cos a and CC, = 56-tan 0 = 2a cos a tan p. Hence, 
S ~ 4a 2 cos a ^ cos a) tan P = 8a- cos a cos 2 ~- tan p. 


Answer: S aec = 


S 

10 


sin 2 a cot p 


S tan 


a 


cos p cos a cos 2 


4 sin p 


lJ,°?; Drawing. Extending the line-segment BC (Fig. 185) deoictine 
Cg ° f the base b >- a le "B lb CD = BC. we get the point Z>, which is acluaHy 


a 

21 — 0133 # 
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symmetrical to B about the leg AC. Let us take the point M in the middle of the 
edge AAi and draw the section of the prism by the plane P passing through the 
points Bi, M and D. To this end join B x with D by a line to intersect the edge 
CC\ at the point N. The triangle B^NM is the required section. Indeed, the point 
D lies on the line BC and, hence, belongs to the plane CBB^C X (D is situated 
on the extension of the face CBB { C X ). But the point D also lies in the plane P, 
therefore it is positioned on the line of intersection of the planes P and CBB X C\. 
The point B { is also found on this line. Hence, the planes P and BCCyB t inter¬ 
sect along the straight line B y D. The point N at which BJ) intersects the edge 
CC\ is one of the vertices of the section, thus, the section of the prism is the 
triangle B { NM. 

Since BC = CD and CN \\BB it CN is the midline of the triangle BB\D, 
i.e. N is the midpoint of the edge CC\. Consequently, MN is parallel to AC 
contained in the plane of the base. Therefore the lineZ)£, along which the plane 
P intersects the plane of the base, is parallel to AC and, hence, perpendicular 

to the face BCC\B X . Therefore /_ BDB X is the 
Ci 27, plane angle of the dihedral angle cp at the 

edge DE. 

(b) Solution. We have (see solution of the 
preceding problem) 



e _ Sba8e 

°sec -- — 


ab 


coscp 2 cos<p 

(where a = BC, b = AC), and since b—a tan p, 
we get 

a 2 tan p 


Ssec — 


Fig. 186 


2 cos cp 


Find a-. By hypothesis, p is the smallest one 
of the acute angles of the triangle ABC, thus, 
b < a and the area bH of the face ACC^Ai is smaller than the area aH of the 
face BCC\B\. Therefore, the difference S of these areas (we assume that it is 
positive) is equal to (a—b) H. From the triangle DBB U wherein BD = 2 BC = 2a, 
we find // = 2a tan cp. Consequently, 


whence we find a 2 . 
.-1 nswer: 


c — 
°spc— ^ 


S = 2a 2 (1 — tan P) tan cp 


tanP _ S _ sin p , 

(1 — tan P) sin <p 4 |/o * sin (45° — 0) sin cp 


710. The angle between the non-intersecting diagonals BA X and ADt 
(Fig. 186) is equal to the angle cp = Z/liflC, between BAi and the line BC t 
parallel to AD j. We have Z CBCi = /_DAD\ = a and LABA \ = P . To determine 
the angle <p find /ljCf first from the triangle (by the law of cosines) and 

then from the right-angled triangle A\B\C\, and equate the obtained expressions. 
We get 

BA\ 4- BC\- 2• BA t . BC { .cos cp = B X A \-f B X C\ 

Hence 

2 • BA r BC A • c os cp = (&4 2 - B X A\) + [BC \- B { C\) = 2 -BB\ 
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Substituting 



Z? B 

(from the triangle BAAy) and BCy =~ [n ~ into the last equality, we get 

cos cp = sin a sin p 

Alternate method. Through the edge B,C , draw the plane ByC,C 2 B 2 perpendi¬ 
cular to BA X (it is possible, since B x Cy 1 BA X ). Let E be the point of intersection 
of BAy and B X B 2 . From the right-angled triangle BCyE we find BE = BCy cos <p 
and from the right-angled triangle BB t E, whe¬ 
rein /_ByBE = 90° — p, we have 

BE = BBy cos (90° - p) = BBy sin p 

Now we express the line-segment BBy through 
BCy from the triangle BByCy, wherein ByBCy = 

= 90° — a. We get BBy = BCy sin a and, hence, 

BE = BCysin a sin p. 

Equating the two expressions for BE. we obtain 
BCy cos cp = Z?C,-sin a sin p 

Answer: cos cp = sin a sin p. 

711. Let us denote the dihedral angles at Fig. 187 

the edges SA t SB, SC (Fig. 187) by cp^, q /} , 

tpc* Through a point (F) on the edge SC draw a plane (DEE) perpendicular 
to SF. Then i .DFE = q c . Detennine ED- first from the triangle EFD and 
then from the triangle ESD, and then equate the obtained expressions. W'e wind 

FE- FD 2 - 2FE-I'D -cos <p c = SF.- -f SD 2 - 2 -SE-SD cos y 

Hence 



2-FE-FD-cos cp c = 2 -SE-SD -cos y — ( SE 2 — FE 2 ) — (SD 2 — FD)*, 


l. e. 


2‘FE•FD -cos cp c = 2 -SE• SD *cos y — 2 SF 2 
Substituting into this equality 

FE = SF tan a 
FD = SF tan P 
SF 


and 


wo obtain 


SE = 


SD = 


cos a 
SF 


cos p 


tan a tan P cos q> c = 


cos y 


co3 a cos P 


— 1 


21 * 
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whence 


cos cpc = 


_ cos y— cos a cos P 


sin a sin p 


Similarly, we find costpA and cos(p B . 

. cos a—cos p cos v 

sin p sin v 
cos P—cos y cos a 

COS Cp B =--r~- 

sin y sm a 

cos y— cos a cos p 


cos = 


sin a sin p 

712. Solved in the same way as the preceding problem. 

A nswer: cos y = cos a cos P -f- sin a sin P cos A . 

713. See Problem 711. 

Answer: the required angle contains 90°. 

714. Let the point M lie on the face 0 (Fig. 188). By hypothesis, AM forms 
an angle a with AB , and MB is perpendicular to AB. Through BM draw the 



plane MBN perpendicular to the edge, and drop the perpendicular MN from M 
to BN. The line MN is also perpendicular to AM, and i'.MAN = p (prove it!). 
We also have q> = ^NBM. The angle <p is found from the triangle NBM , 
wherein MN = A M -sin a (found from the triangle ANM) and BM = AM sin a 
(found from the triangle A MB). We get 

MN AM sin P sin P 
sin = -=-- =_£1 

BM AM sin a sin a 

• sin p 
Answer: sin at - — . 

T sina 

715. Fig. 189 shows the common perpendicular PQ to skew lines LL' and 
MM'. To obtain the angle at which the line-segment PQ is seen from the point A 
we have to draw the ray AP\ then jLPAQ = a. Similarly, /.PBQ — p. Through 
the point P draw the straight line PE parallel to MM'. Then the angle between 
MM' and LL' is (by definition) the angle q> = /_EPB. Drop the perpendicular 
AE from A to PE and draw AB (the rest of the lines depicting a parallele- 
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piped with the edges PQ , QA and PB are constructed to make the drawing more 
vivid). From the right-angled triangle BPQ we find 

PB = PQ cot P = h cot p 

Similarly, 

PE — QA = h cot a 

Then, 

BE 2 = PB 2 -1- PE 2 — 2-PB-PE cos q> = 

= h 2 (cot 2 a -f- cot 2 p — 2 cot a cot p cos 

AE is perpendicular to the plane EPB, since it is parallel to PQ which is the 
common perpendicular to PB and PE. From the right-angled triangle AEB 
we find 

AB 2 = A E 2 + BE 2 = h 2 + BE 2 


Answer: AB 2 = h 2 (1 -f- cot 2 a -f cot 2 P — 2 cot a cot P cos cp). 

716. See the drawing to the preceding problem (in the present problem 
<p = 90°). 

We have 


BE = V/>£? -i- PB* = h Y cotz a -f cot2 p 

The angle between AB and PQ is equal to the 
angle between AB and AE parallel to PQ. 
Denoting it by y , we have 

j % __BE h~\/ cot 2 a-}-cot 2 P 

811 y ~AE h 

Answer: tan y = V c ot 2 a-(-cot 2 p. 

717. Let (Fig. 190) 



n i 


DN 

NB 


m 2 
n 2 


DP 

PC 


"13 
"3 



Fig. 190 


Let us first find the ratio of the volume V, 
of the pyramid DMNP to the volume V of the 

pyramid DABC. Let the face BDC be the base of the pyramid DABC and the 
face NPD, the base of the pyramid DMNP. Let the edge DA be projected on 
the plane DBC as a line-segment lying on DE. Then the points A and M are 
projected into some points K and L lying on DE. Consequently, the altitudes 
AK = h and ML = h t ore contained in the plane ADE and the triangles 
DML and DAK are similar. Hence. 


/ij DM DM _ m | 

h DA DM-\-MA wij-f-w, 

The area 5’, of the base NDP is to the area S of the base BDC as DN -DP 
to DB-DC (since the triangles NDP and BDC have the common angle D) 
Hence, '' 

Sj DN DP _ m 2 m 3 

S DD DC m 3 -f- /13 
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Hence, 


myn^mz 


V h S (mi-t-WiX^ + na) (m 3 + n 3 ) 


y 

Now we find the ratio T .—^ , in which the volume of the pyramid DABC 

V — vi 

is divided. 


Answer. - Ur = 


myn^rn^ 


V-~V l (mj-f-ni) (m 2 + /i2) —m 1 m 2 m 3 * 

718. The plan of solution: from the similarity of the triangles OEL and 

IT 

MEK (Fig. 191) let us express OL in terms of MK = b and ME = ; from the 

similarity of the triangles OCE and MEN let us express OC in terms of MN = h 
and ME = — . Substituting the expressions found into the relationship OC 2 = 

tmt 

= 2 ‘OL 2 , we get the equation for finding H. 

E Solution. We have 



OL: H = MK: EK, 


i.e. 


OL: H = b : -b’- 


whence 


0L n - = 


4 b*W 


H 2-462 


4 /> 2//2 

similarly, 0 C 2 = _— 7 -^. Hence, 


# 2 - 4^2 

4/j“//2 _ 

- U 


462/^J 


H2-4/J2 

Dividing by // 2 and transforming, we obtain 

2 bh 


H 2-4*2 


// = 


1/26 2 _ 


Now we find 


OL* = 


AtrH 2 


2bW 


and 


ff 2 — 4fa 2 ;,2 — 


1 


F= t ( 20 L) 2 .// 

O 


Answer: V = 


166363 


3 (h 2 - 62 ) y 262 __ ^2 ' 
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719. Answer : Y = 


CHAPTER X 

SOLIDS OF REVOLUTION 

JX/3 


8 1/3 


720. Answer : l' = 


721. Answer: V = 


722. Answer : l' = 


y^n 2 l 2 —c 2 


24 ji 2 


4ji 

d 3 cos 2 a sin a 


4n 


723. The radius of the base R = l sin a (Fig. 192)*’, the altitude of the cone 



i/7 


Fig. 192 

H = l cos a. The volume 

V 



B 


nR 2 II n/ 3 sin 2 a cos a 


‘ 3 3 

The surface 

S = nR = nl 2 sin a (1 + sin a) 

By_hypothesis, = hence, 

i = 


m 


rn 


1 + cosa 2cos 2 


Answer: V — 


S = 


nm' 3 sin 2 a cos n 
24 cos® y 

nm 2 sin a cos 2 ^ 45° — y j 


2 cos 4 y 


724. (F ig. 193). The planes /li#i and /1 2^2 cut off the cone A CD the cones 
• For drawing an ellipse (depicting the circle in the base of a cone) see page 254. 
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A { CBi and A 2 CB 2 which are similar to the given cone. And the volumes ( V , V\ 
and V 2 ) are in the same ratios as the cubes of the altitudes: 


V 

V 


, (t 11 ) 


m 


and T 2 


r, {?*) 


m 


The volume F m frf of the mid-portion A i A 2 B 2 B i is equal to \\ — V 2 . Sub¬ 
tracting the second proportion from the first one, we find V m jd. 

7 

Answer: V mid = — V. 






723. From the triangle AOE ( Fig. 194) we find 

.1 /»’ a 


OA = R = 


2 sin— 2 sin — 


From the triangle Ofi/J we have 11 = Be ot p. 

Jta 3 cot p 


Answer: V = 


24 sin 3 ~ 


and 


726. By hypothesis, OC — OC l = h (Fig. 195). We have 

OC = R cot p 

OC\ = R cot a 



h 

cot p — cot a 


Hence, 
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The required volume V is equal to the difference between the volumes of 
the cones ACB and AC X B. Hence, 

V = 4 nR2 (OC-OC i ) = -^-nR2h. 

u o 


Answer: V — 


nh 3 


nh 3 sin 2 a sin 2 p 


3 (cot (J — cot a) 2 3 sin 2 (a — P) 

727. By hypothesis, 

nRl = S 

The area of the base 

State —^ 

is equal to P — S. Dividing (by terms) the equality 

nR^ = P-S 

by the equality 

nRl = S, 

ft p _ £ 

we get — =—— . Let us denote the required angle by p; from the triangle 

l u 


ODD (see Fig. 194) we have 

• a R 
sin P = — 

p _ 5 

Answer: P = arcsin —^—. 

728. From the isosceles triangle ADA X 


2J 


(1’ig. 196) we find AD = 


a 


o • a 

“ sm 2 


. If a is 


the radian measure of the angle ADA X , 
then 


ABCA X — AD a 


aa 


2sin f 



a. 


Prior to developing the curved surface the line-segment AD was an element 
of the cone, thus 

l = AD = - 

2 sin y 

the arc ABC A j was the base circumference, hence 

aa 


2 nR = 


2sin |- 


H»e altitude of the cone is 


j/=yi*-R2= 


a 


/ • a 
4 ji sin — 


y 4n 2 — a 
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~ l / 4jx2_ 

Answer: V =-, where a is the radian measure of the given angle. 

192xc 2 sin 3 -^- 

729. The angle DOM ( Fig. 197) is equal to the angle y=/_DE0. From 
A ODM and A OEM we find 

OD = H — —-— 


and 


From A OCE we find 


cos (f 


OE = -^ 


OC = R = 


sin cp 
OE 


Answer: V = 


7i a 3 


a 
C0S 2 


a 


3sin 2 (pcos cpcos 2 — 


730. The radius of the base circle of the cone is 7? = —^. (Fig. 198). From 



ms 



A AEF we find AE — l = 


„ . a 
2 sin — 


; from A -1 OE we find 


H = VAE'--AG ±=—- I 1—— V't'os ct 

a f 2 „ . a 


2 * ^ 
sin — 


o ■ a 

2 sin — 


The surface S is equal to 

na 


7lX (l+Ii) = 


a 


a 


V 2 2 sin ^ V2 


na- / I . a \ 

2si n ^W Sm *> 
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The expression in parentheses may be transformed as follows: 

—^=-}-sin-^- = sin 45°-fsin-j^ = 2 sin " ' a cos " ■ a 
y 2 1 2 2 4 4 


Answer: V = 


jia3 Vcos a 

12 sin y 


S = 


na 2 ^1 + 1/2 sin yj :ra 2 sin 


. 90 3 -|-a 90= — cc 


cos 


2 ”l/2 sin " 


. a 

s,n T 


731. From the triangle AA { C (Fig. 199) we have AC = 1 cos a. From the 

a 



Fig. 199 

triangle AA t D we find AR = 2R = - 


l 


cos a 



Now we find 


A.Oi = r = AO — AC —l ( 77 —--cos a) 

1 \ 2 cos a ) 

S curved = nl (2?H- r) = jx/2 (- J. — —cos a) 


Answer : Scurved — ^ S * r> a = rr / 2 tan a sin a, 


cos a 


732. From the expressions V=-^-n/? 2 // and 2? = // cot ct wo get 


//= and fl = p ^ ta 

Let it be required to halve the curved surface area. Since the cones ARC 
and A^B X C (Fig. 200) are similar, their curved surface areas 6 ' and S, are in 
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the same ratio as H 2 — OC 2 to //f=0 1 C 2 . Consequently, 

H l :a=Vs^S = y r l, i.e. H l = JL=J- f/ 3Ftan2g 

' 2 V2 ]/2 ^ n 

Let it now be required to halve the total surface area. Then 

h = j*(R 2 + Rl) 

H H 

Subst ituting R l = H l cot a; h=-^~ and l = -~, we get 

sin a sin a 


*//? = " ( H 2 cot 2gxg" 1 *) 

sin a 2 \ sin a / 


whence //j = //cos^. 


3F tan 2 a. 


1 3 

ylnsim-: if the curved surface area is halved, then //,=—l/ 

3 -__ V2 ' 

if the total one, then ff t =coB 1/ ^ tan " a # 

2 r ji 

733. Let us denote (Fig. 201) the radius of the sphere by R, the altitude of 
the segment ACB, by h and the line-segment DA, by r. The volume V of the 

C sector is equal to V = y nR 2 h. From the 

triangle A CD, wherein £CAD = ~ [as an 

inscribed angle subtended by the arc 00 = 
= -Tjrj. we find h = r tan ^ . From the 



triauglc .100 we have r = 0sin-^. Con- 
sequent ly, 

1 = y nfl 2 -flsin y tan-2. 

The surface of the spherical sector is made up of the curved surface of the 
spherical segment ACB equal to 2nRh and the curved surface of the cone 400 
equal to nr/?. Consequently, S = 2n/?/j -f nr/? = n/? (2A + r). 

V = ^J?>sin!-y; S = xJ)-sin ( 2 tan j+ 1) . 

734. (See fig. 201.) With the notation of the preceding problem we have 
= 2 n/?/i 4- nr 2 . From the triangle ADO we have AO 2 = AD 2 + OD ; since 

°D ~ R — h. then 0 2 = n + (0 - / t ) 2 and r 2 = 206 - A 2 . Hence, 5 = 
= 4n/?/< — n/i 2 . Hence 

V 4n 2 /?2—jt.5 1 


/i = 20 ± 


n 


Since /j</?, the plus sign is not suitable. 
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Answer: h = 2R — j/"4/? 2 — . 


735. Figure 202 shows an axial section of the solid obtained by rotating the 
triangle ABC about the side AB. This solid is made up of two cones. Its volume 

V = ^n.DC*AD + \n.DC*-DB = ^DC'-(AD J rDB) = ?-nC'-AB 

O o o o 

Remember that DC -AB = 25 and DC = 6 sin a. 

. 2jtS6sina 

Answer: V — ---. 




Fig. 203 


V = 4- n • DA 2 (DD -f DC)=~ na • 7T.1 2 

u a 


To determine D/1 proceed in the following way: from the triangle BAD we find 
"" = DA • cot /i, and from the triangle ZMC we find 


Consequently, 
Hence we find DA, 


DC = DA -cot C 

a = BD + DC = DA (cot B -f- cot C) 


Answer: V = 


1 


na 


na 3 sin 2 7?sin 2 C 


3 (cot B -f- cot G’) 2 3sin 2 (D-f-C) 

R' *^ e vo ^ umo the solid of revolution (whose section is shown in 
*04) > 8 equal to the sum of the volumes of two equal frustums of cones, ol>- 
wmed by rotating the trapezoids A MBC, and A TV ’DC less the sum of the volumes 
1 lwo equal cones obtained by rotating the triangles A MB and AND. The 

radius of one base of the frustum is AC = d, that of the other is MB — — 
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We have 

^>[ S T 2 ('+T+4)- 2 T 2 -f)--«' 

From A A °B we find 

d V 

BO = y tan -j 

nd 3 tan -|- 

/l/isu'er: V =-~-. 


738. The volume V (Fig. 205) of the solid of revolution is equal to the volu¬ 
me of the frustum of a cone obtained by rotating the trapezoid OO^BC less the 
volume of two cones generated by rotating the triangles AO\B and AOC. 



Fig. 204 Fig. 205 


0 & 

Since, by hypothesis ABAO x — /.CAO, we have /_BAO^ — ( 7/10 = 90°— ^ ; 
thus, 

AO { BA = LOCA = ^ 

We have (see Fig. 205): II = b sin 4 > B — b cos4 (found from the triang- 

le AOC) and h = c s\n — ; r = c cos — (found from the triangle AO { B). Hence, 

z z 

V — (//-{■ h) ( 7?2 + Hr + r'-)-^HB* - 4^2 = 

o o o 

= 4 sin 4 cos 2 4((b-t-c) (6 2 4-fcc-f c 2 ) — 6 3 — c 3 J 

. a 

nfcr (6-fc)sin acos — 

Answer: V = - —r } - • 
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739. The surface S of the solid of revolution (Fig. 206) consists of the sum 
of the curved surfaces of two equal cones with the axial sections DAD X and CBC% 
and the curved surface of the cylinder with the axial section CDD X C\. With the 
notation adopted in Fig. 206 we have 

r = 6sina, h = MN= AD — 2AM = — - 26cosa 

cos a 

Hence, 

S = 2nr (& + /») = ?" b2 -—- a . (cos a +1 - 2 cos 2 a) 

cos a 

Answer: S = 2ji tan a (cos a -f 1 — 2 cos 2 a) = 4jx£ 2 tan a sin sin . 

Ml M 

740. By rotating the given planes about the altitude of the cone without 
changing the angles a and p, we can bring them to a position (shown in 



Fig. 206 Fig. 207 


Fig. 207) in which they intersect along the common element DD of the cone, 
rrom the triangles ODM and OIL V we find 

2 12 

0/?2 = /?2 = _i_-j. OM 2 =Jl_ + 0A'2 

here OM = II cot a and ON = II cot p. Consequently, 

R l = —£■ -f 7/ 2 cot 2 a and H 2 cot 2 a = ~ + // 2 cot 2 p 

'1 he equations yield II and It. 



Answer: V = 

74Shown 
radius r it y 


Ji (fc 2 cot 2 a —a 2 cot 2 P) 1 / 62- fl 2 
24 (cot 2 a — cot 2 p) 3/2 

in Fig. 208 is an axial section of the cone. Intersecting the sphere 
adds a circle of radius OD = r, inscribed in the triangle ARC. 
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We have 

r=i? tan y = I cos a tan-y 

4Jil 3 cos 3 a tan 3 y 
A nswer: V = -r-*• 

O 

742. Through the point M (Fig. 209) on the curved surface of the cone the 
tangent line MB is drawn, forming the angle 0 = /BMA with the element 
CM A. Another angle a = /.OAM is also known; it is required to find the angle 
cp formed by MB with the plane P of the base of the cone. 



Fig. 208 Fig. 209 


The line MB, tangent to the cone, intersects the plane at a point B lying 
on the tangent AB to the base circle *. Dropping from the point M the per¬ 
pendicular Mi V to the radius OA, we get the projection BN of BM on the 
plane P. Hence, cp = /NBM. From the triangle A MN we have 

AM=Ull 
sin a 

from A MAB we have 


MB = 


AM 


MN 


cos0 sin a cos 0 


from A MNB we have 


AIN . 

sin cp = — -- = sin a cos 0 

MU 


Answer : cp = arcsin (sin a cos 0). 

743. The surface S of the solid of revolution is equal to the sum of the curved 
surfaces of two cones with the axial sections BABy and BCBy. With the notation 


* This can be proved only on the basis of the definition of the tangent to the 
curved surface of a cone. But such a definition is not included in the textbooks 
on elementary geometry. 
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adopted in Fig. 210 we have S = nRc -f- nRa. From the triangle CBE we have 

h 


a = 


by the law of sines we have 


sin p 


a 


hence, 


sin [ 18U-—(cc-j-P)J sin a 


r — 


a sin (a-|- fi) 


sin a. 


I rorn A BCD, wherein ^BCD-ol fp, wc have B = a sin (ct-j- p). Hence, 

s - nh- sin (ct -f ft) (sin (q-f-p)-j sin a) 

sin 2 P sin a 

Ilie expression in brackets may lie transformed according to the formula for 
l,,t ‘ sum of sines. 


Answer: S = 


2n// 2 sin(cc - p)sin ^a4- — j cos 


sin a sin 2 P 

I *'ignre 211 shows an axial section of the conic vessel; ADB is the water 

01 ■ Jbe triangle ABC is an equilateral one; the circle DEL (the great circle 




C 

Fig. 211 


"f the sphere) is inscribed in it. With the notation adopted in Fig. 211 /{ — 

v..,?,? :tan m ' J = r l /;i a,, d // CD :\r*. The volume 1' of water in the 

' 18 e< fual to the volume of the cone ABC less the volume of the sphere, i.e. 

V-=jn (/f 2 //-4r3)=-|-nr3 

thirH *1*° ra dius of a circle inscribed in an equilateral triangle is equal to one 
•nter.i- of ^'is triangle; it follows from the fact that the point of 

action of medians in any triangle divides each median in theraliol'2 

22-01338 
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When the sphere is removed, the water drops to a level MN and fills the 
cone MNC. Let CE = h, then ME = CE -tan 30° = -^=, thus 



™1/£2.C£ = 

o 


n/i 3 

"9" 


We get the equation 


Jt/i 3 5 „ 

X-T”'* 


3 “ 

Answer: h = r y 15. 

745. If the radius CMi (Fig. 212) is denoted by r, then the altitude A X M 
of the prism is also equal to r, and from the triangle A x BxCu "herein A X B { = 
= 2r, we have 



Now we find the lateral area of the prism: 

2 /?-* 

Si at = (2r - 2 r cos a-f 2r sin a) -r = --— (1 -f cos a + sin a) 

( 1 -t cot y )” 


2 /? 2 1 14 -cosa+sin a) 

Answer: S lat = --- 772 

(l + cot-l) 


1 2 /? 2 sin sin a 
c° s ( 45» -1) 
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746. The radius R = 01' (Kig/213) of the cylinder is equal to 4-/?/•'*. But 

3 


BF = BE — FE = BE — FE r cot a=^—-J- cot a = (cot 3U°—cot a) = 

_ a sin (a — 30 c ) a sin (a — 30 ) 

2sinasin30 J— since 

Therefore the volume of the cylinder is 

Y x = n.OF*.FE x = n f flsin(a ~ 3u i f 1 

1 L 3sin a J 2 
The volume of the pyramid DA { B X C X is 


,2= T^r 


Here 


B X E. = FB = 


a sin (cc — 30*') 


sin ce 


and 


B l D = B i E i tana; B x t\ = 3 


hence 


2 


B\E 


1/3 ’ ’ S 3 \/3 ' 

The problem is possible if BE > FE, i.e. if —— > cot a or cot 30° > 

>cotce; hence, a >30'. 

na 3 sin 2 (a — 30°) 


V,= 


B |/if tan ct 



Answer: V x = 
V 2 = 


18 sin 2 a 

a 3 sin 3 (a — 30 ) tan a 


3 1/3 sin 3 a 

Preliminary Notes to Problems 747-780 

'I he methods of correct graphical representation of a sphere and its sections 
as also of various solids inscribed in and circumscribed about a sphere are rather 
involved. Therefore, the problems below are supplied with schematic piano 
drawings which are much simpler to construct and still present a clear picture 
quite sufficient for understanding and solving the given problems. \\ hen a plane 

drawing fa '* S l ° strvu t * ,esc I ,ur I ,0iies il is accompanied by a three-dimensional 

.747. Intersecting the sphere, the planes containing the bases of the nri<m 
(triangles BAC and D % A x C t in big. 214) yield two circles in which the right- 
ungled triangles ABC and A X B X C\ are inscribed. Therefore, the hvpolenusos 
AB and A X B X are the diameters of the obtained circles. The plane ABB 1 


* See footnote on page 336. 
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passes through the centre of the sphere. Since, by hypothesis, ABBiAi is a squa¬ 
re, we have // = .4/li = R ~/2 and AB = R ~/l. 

i? 3 sin 2a 

Answer: V =-—-. 

V2 

748. Intersecting the sphere, the plane containing the base of the pyramid 
yields the circle A BCD (Fig. 215) circumscribed about this base. The altitude 
of the pyramid passes through the centre 0, of this circle (since all the edges are 
inclined'to the base at equal angles) and also through the centre U of the sphere. 
A cutting plane drawn through the diagonal AC of the base and vertex E yields 



a ureal circle circumscribed about the diagonal section of the pyramid A EC. 
From* the triangle A EC. wherein the angle A EC is equal to 180 c — 2q, we find 
1 C •_= *>// sin (180 — 2q) — 2 H sin 2<p (by the law of sines); hence. A0 t — 
ft . From the triangle AEO\ we find the altitude of the pyramid 

— 11 = /lOflan c ? = R sin 2q tan q 
Answer: V = « 3 sin 3 2q> sin a tan q>. 

“V.l. Since the radius OE (Fig. 210) of the circle inscribed in the base is 
equal to /?, AB = 2R 'V'3. From A DOE we find DO = Il = R cot — . 


a 


Ansuwr: V = V 3/?3cot *> * 

7 'll pig. 217 shows an axial section. We have 

scurved = nl ( r i + r 2) = n-AD.(AM 4- DN) 

15 ut 1'/ -DN —AF-\-DF = AD. Therefore S curvr d = n-AD2. From the triangle 

AED. wherein DE = M.X = 2r y we find AD 

4ji r°- 

Answer: $ curved — sm z a * 


sin a 
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75J. See the preceding problem. We have S = S curved -\-n (r; -f rH). From 
the triangle AOM (see Fig. 217) we find 


AM = ri = OM ■ cot 


a x a 

— =TCOt-y- 


From the triangle DON , wherein Z. ODN — —— , wc have 


DN = r 2 = r cot | 90 2 —— j _= r tan ~ 

Calculations become simpler if the expression rjf + rs is transformed as follows 
r ?4 * r \ = ( r i + r 2 ) 2 — 2rjr 2 . Since rj-t-r 2 = /, S currc(i — nl- (see the preceding 


Z? 




problem) and, from the right-angled triangle ADD, AC I'D ()C~ or r.r-. -r 
we have 

. S ji/ 2 -j- jxl 2 — 2xtr 2 = 2n (/ 2 — r 1 ) 

Substitute l -- -~ r into this expression. 

sin a 

✓Wer: 5 = 2nr 2 ( -^1-1 ) • 

V sin 2 a / 

752. See the preceding problem. We have 


y = Jl -Y ( r i i r i r 2 • -jp [ (r, ‘* r ^ 2 ~ 


'V: 


T (i2 “ r! 


Substitute l 


Jr 


sin a 


/lAiwer: = -l) . 

o \ sin- a / 

Let us denote tlie* length of the equa 1 chords DA, DR, DC (Fig. 218) 
b y ^ brom the isosceles triangle DBC we find BC — 21 sin— . Similarly, AR = 

<-*i 
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— AC — 21 sin —. Consequently, the triangle ABC is an equilateral one. 

Dropping the perpendicular DO x to the plane ABC and revealing congruence 
of the triangles DO\A, DO\B , DO x C, let us prove that AO { = BO x = CO x , i.e. 
that O y is the centre of the base (thus, the pyramid DABC is a regular one). 
Since the points .4, B, C lie on the surface of the sphere, OA = OB = OC 
(0 is the centre of the sphere). Dropping a perpendicular from 0 to the plane 
ABC, let us prove that the foot of the perpendicular is the centre of the triangle 
ABC, i.e. coincides with the point O x . Consequently, OO x (and, hence, DO\) 
lies on a diameter of the sphere (DF in Fig. 218). From the right-angled triangle 
DAI', wherein DF — 2H. we find / 2 = DA- = lIt'DO x . The line-segment DO x 
may he related to l by another formula. Namely, 

yADZ-AOj 

where 


Hence, 


Al) = l and 



oi ■ rj - 

21 sin — 




Substitute this expression into the equality l- -2B»DO i . We find 


/ — 2 /? 



/ ') 
•i sin- 


a 


1- 


3 


Reduce this expression to a form convenient for taking logarithms. We have 

i = 2/f J ^1 - 2 ■■ VH 2 ms a = 


3 


V3 


-pT 1 - (cos 0U- -r cos a) = -pi- ) cos ( 30° -- ^) cos ( 30 s - -) 


Answer: l --2H \ 1- 


/ • •> ^ 
4 sin- — 


cos ( 30 O +f)co s ( 30 = -T)- 

7.Vi. The isosceles trapezoid ABCD (Fig. 210) represents an. axial section 
of the frustum of a cone. By hypothesis. /_ /10Z? = aaud /_ DOC- ^>. Therefore 

/?j — AE= t\Q si n-^-=Ii sin and Jt 2 = DF= It sin -j)- 



Chapter X. Svlids uf Revolution 


343 


The angle AOD = ? C0 — J .. ? ... '-B = 180° — -g-Jj- . Therefore l = AD = 

= 2R cos- a t P • We have 


S C urved = xl (Ri~r Rz) — 2n/? 2 cos —i~~ (sin-y-sin 4) 



Fig. 210 


Fig. 220 


755. From the triangle 0.1//: (Fig. 220) we have 

0A/ = r = m cos a; A’0 = // = m sin a 
By the formula 6’ = nr (r-f /), where /- m, we find 

.S’ = jt/n 2 cos a (1 cos a) 

or 


r£ 

S — 2 Jim 2 cos a cos 2 — 

The angle 9 = / EDO, at which the lateral edge RE is inclined to the base, 
is determined from the triangle ERO, wherein OR OM ~\/2 = m ~[/2 cos a. 

\\r n i , /:0 m sin a tana 

'* e have tan u = —— =---— —7=- 

' OR , n y 2 COS a l 7 2 

Answer: 5 = 2nm 2 cos a cos 2 ; <j — a retail - 1 " . 

V - 

756. From A AS’/? (Fig. 221) we find AB = 2l sin ; hence, R — OA — AB = 
— 2/sin ~ . From A ASO we find 
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We pet 


V 


= = sin^-i j/ l-4sin2-|- 


The radicand may be reduced to a form convenient for taking logarithms in 
the same way as in Problem 753: we get 

l_4sin2^- = 4sin(30° + -|-)sin (30=-- 
Answer: V = ~ JT/3 s j n 2_^_ j/"sin ( 30'-f \ J sin (30 1 --2-) • 



r OM = AM -tan 30°= / sin ~. —L 

2 1/3 


and 


/? - AO = 


AM 


01 • a 
J/ sin — 


cos 30 


1'3 


From A AO I) we find 


l 


OD = 11 = y/2 -/?2 = _L_ 1 / 3 — 4 sin 2 — 

1/3 ' 2 

The volume of the cone is 
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The radicand may be transformed in the same way as in Problem 753. 


nl 3 sin 2 -T- 


Answer 


Oili >- 

: V = -—£-1/3-4sin* 

9 "\/3 ' 2 


2 nl 3 sin 2 j/"cos ( 30° -f J cos ( 30° — j 
“ 9 V3 

758. The volume of the sphere (see Fig. 223) is equal to — .i/? 3 , and the 

volume of the cone ACIi, to ~ nr-’CO t =— nr 2 II. By hypothesis. 

•) 

-ijtr 2 // = i-.ljx/?3 

i.e. r 2 // = Another relationship between r jr / \ 

and 77 we obtain from the right-angled triangle X / \ 

namely, AO\ = COyDOy, i.e. r- = / f ~ \ \ 

= 7/ (2/7 — //). Substituting this expression f / \ \ 

into the preceding equality, we get 77 3 — 2//-/f-f I lh n \ | 

+ //•' = 0. Though this equation in the un- I / u \ I 
known 7? is of the third degree, its one solution \ I \ I 

77 = 7/ is quite obvious (it could lie guessed \ / \ / 

immediately by the given conditions, since the \/ y \/ 

volume of a cone, in which both tlie railius of yj r o 

the base and the altitude are equal to the radius Xvj'/ 

°f the sphere, is equal to a quarter of the volume « 

of fne sphere). Consequently (according to the 
remainder theorem), the left member may be |.'j« 223 

factorized, one of the factors being R — II. 

I'or this nurnose it is sufficient to divide IP — 2 H-R -\- IP by R — II or 
accomplish the following transformation: 

IP _ 27 PR -f /p = (jp - /PR) - (1PR - IP) = 

= R (R - //) (/7 -f II) - IP (77 - //) = (77 - 7/) (77--| 77 77 — 77-) (► 

J.I | l/j _ J \ 

The equation 77- -f- 777/ — 77- = • » has one positive root R -2- 

(the negative root 77 = — ^ ^ is not suitable j . Geometrically, this means 

that the radius of the sphere is equal to the larger portion of the altitude of the 
cone divided in extreme and mean ratios. 

Answer : the problem has two solutions: 


bv 77 — II or 


V = -^-n// 3 and V'—— 2) 7/ 3 

•J O 


759. The altitude of the prism is equal to the diameter 2/7 of the inscribed 
sphere. If a plane is drawn through the centre of the sphere and parallel to the 
oases of the prism, then the section of the prism by this plane yields an equilate¬ 
ral triangle (KLM in Figs 224, 224a) equal to the base of the prism, while the 
section of the sphere is a great circle (RMQ) inscribed in the triangle (KLM). 
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From the triangle LON, wherein ON = R and /[NLO = 30", we find LN = 
— R V3. Consequently, LM = a = 2R \ / 3. The lateral area of the prism is 

Si a: = 3a// = 12 R 2 Vd- The area of the base S base = a - ^ =3R 2 ~\/2>. Hence, 

S tota i = \2R2 V3 + 6/?2 V3 = 18/? 2 ]/3 

The surface of the sphere is equal to 4a/? 2 . 

2rt 

Answer: the required ratio is "* ■— . 

9 y 3 


Fig. 224 Fig. 224a 

76(J. (a) Drawing. The centre 0 { of the sphere inscribed in the pyramid (if 
it is possible to inscribe a sphere in this pyramid) must be equidistant from the 

lateral face BEC and the base A BCD 
(Fig. 225). Therefore, it must lie in the 
bisector plane of the dihedral angle q at the 
edge BC. Similarly. O x lies in the bisector 
planes of the dihedral angles q at the edges 
AB, AD. DC. Hence, all the lateral faces of 
the pyramid O x ABCD (it is not shown in 
the drawing) are inclined to the base at one 

and the same angle . Consequently, the 

altitude 0\0 of the pyramid O x ABCD passes 
through the centre Oof the circle inscribed 
in the rhombus .4 BCD (see the Preliminary 
Notes to Problem 617). The altitude EO 
of the given pyramid passes through the 
•' Fig. 225 same centre. Hence, the centre 0 { of the 

sphere lies on the altitude EO. 

The point of tangency of the sphere and the face BEC is the foot L of the per¬ 
pendicular dropped from the centre O x of the sphere to the plane BEC. Hence, 
the plane O x EL is perpendicular to the face BEC (prove it!). At the same time 
the plane 0\EL is perpendicular to the base A BCD (since it passes through the 
altitude EO). Consequently, the plane O x EL is perpendicular to the edge BC. 
Hence, the straight line MN. along which the planes O x EL and A BCD intersect, 
is the altitude of the rhombus (drawn through its centre 0). The same thing is 
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with the remaining three points (A', Q and P), at which the lateral faces touch 
the sphere. 

Hence, the following constructions: draw the altitude XOM of the rhombus 
ABCD (it is desirable to make it horizontal), construct the section .V EM (an 
isosceles triangle) and depict the circle inscribed in the triangle XEM. The 
points L and Q at which this circle touches the sides ME and XE are the points 
of tangency of the sphere and the laces BEC and A ED. To find the point A draw 
MS\\AC. Then OS (not shown in the drawing) represents the other altitude of 
the rhombus (prove it!). Draw ES and through the point L draw /.A \\MS (not 





Fig. 220 


Mg. 21b a 


shown Jin the drawing). The fourth point P is found in a similar way. As follows 
from this construction, the >phere with O x as the centre and radius It O x L 
is actually inscribed in the pyramid. 

(b) Solution. From the triangle M0() x we find 

OM = 00 x cot \ = R cot 4" 


so that 


U OE = 0.1/-tan q — R cot 4" tan ») 
Then from the triangle RE A (where W||A/iV) we find 


AB-a 


BE 20M 


2R cot 4 


Hence, 


siji a sin a 


III 04 


^ bn sf 


a - sin a — 


\B- cot“ 4" 


sin a 


4// 3 tan col 3 -jy 


Answer; V = 


sin ct 

.. 761. (a) Drawing. The centre () of the equator of the hemisphere (Fig. 220) 
hes on the altitude SO x of the pyramid. Since 

OM = 00 1 - r, 
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the point M lies on the bisector 0\M of the angle 00 jA/. Marking M as the point 
of intersection of 0\M and SF, draw the section KLMN parallel to the base. 
The midpoints A, L , M, N of the sides of the section are the points of tangency 
of the equator and the lateral faces. The simicircle KO\M is the section of the 
hemisphere by the plane ESF. 

(b) Solution. The side of the base is 

a = EF = F = 2 (tf.jYf, + A/i F) 

But OjA/i = OM = r, and M\F = A/A/j -cot a = r cot a. Hence. 

a — 2r (1 -f- cot a) 

We have 



(see the Note to Problem 019). Here S base -a- = \ r - (1 -t-cot a) 2 . 

8r 2 (1 -f cot a) 2 cos 2 ~ „ . 

Answer. S (o , a , =--- -a) 


cos a 


. , a 
cos a sin- — 


762. Intersecting the hemisphere, the plane ESF (Fig. 227) yields the semi¬ 
circle A PM touching the slant heights ol the pyramid at the points Q and G. 



If we denote the side of the base of the pyramid l>v a and the radius of the he¬ 
misphere. by r, then the surface of the hemisphere is 

5, = 2.ir- 4- nr- = 3.ir- 

and the total surface area of the pyramid 

n o f) Ct 

2a- COS 2 — 

S» = 


cos a 
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(see the Note to Problem CIO); their ratio is 

3jir 2 cos a 


a = 


2«2 C0S 2 4 


Fr°m A OGF we have OG = (//•’•sin ct, i.e. r — sin ct. Substitute this exp res 
sion into the preceding equality. 

To determine the volume 1' of the hemisphere find r proceeding from thi 
condition a — 2r = m and from the above equality r = sin ct. We get 


r = 


m sin ct 
2 (1 —sin ct) 


m sin ct 


4sii.2(/.5 -4) 


Answer: q = - sin 2a tan 4 


V = 


nm 3 sin 3 ct 


90 sin' 1 f 45- — 4 ) 

\ 2 J yf IV 

763. Figure 228 shows an axial section of the cone * J \ 

a l* , the .sphere inscribed in it. The required volume l i- \ 

°btained by subtracting the volume of the spherical seg- S' a n - 7 t 

n,e,, t MEN from the volume of the cone MC.\. Ilence t " • 

V = SL..\/ K ’.i < c-x KE- (r-4>T) Fi «- 

"here r is the radius of the sphere. From the triangle AOI) we find 

r = OJJ - Al) iau ~ ^;' - 1 1 - /Man ^ 45 - -y- j 

OM ’ ^ r ° ni l * lt ‘ ^iangle OM /i, wherein _ OM A ct (tin* sides of the angles 
UMh and MCA are mutually perpendicular), we have 

MK — OM • cos ct — r cos ct and OK — r sin ct 

Hence, KE = OE - OK r (1 - sin ct). Finally. KC - MK -cot ct = 
r cos ct co t a . Consequently, 

V-* , , ... r (1 — sin ct) I 

X rJ cos 3 a cot a —nr- (I — sin ct)- r -- 


jt ,f cos 4 a .. . .... | 

= — r J —:-(1— sinct)2(2 • sin a) 

3 l sin ct J 


riiis expression may be simplified. Factor out (1 — sin ct) 2 on having transform- 
C ’ U COs4 ^ beforehand; namely, 

cos 4 a = (1 — sin* ct)'* — (1 — sin ct)'* (I -| s'n ct)- 
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Now we have 


l ^U-sinaP |(1 + sina)2 _ (2 ^ sina)sina) 


3 sin cl 

The expression in brackets is equal to unity. We get 


V= 


nr 3 (1—sin cl ) 2 
3 sin a 


Substitute into it the found expression 

r ==7? tan (45° — — J 
We may also use the formula 

1—sin a = 2sin 2 (45 5 — 

4n7? 3 tan 3 (45 sin* (45=--1-) 


Answer : I' 


3 sin cl 


764. Lsing the notation adopted in Fig. 229, the given condition is expressed 
by the equality nft (/-r /?) -^«.4nr 2 . From the triangle OBO l we find r = 



= /?tan-^-, and from the triangle BOC we have 

BC - l — —. When reduced by rt/? 2 , the above 
equality takes the form 

1 -7- -— •= 4 n tan 2 

cosa 2 


Apply the formula 


cos a = 


1 —tan 2 


1-ftan 2 -^- 


Fig. 229 


1 — tan 2 


/ . o CC 

= 'in tan— r 
a > 


a 


Putting tan—= r, we get* 


,4 -2 ' ^ _n 

• r iT-° 


* Getting rid of the denominator, we could introduce an extraneous solution 
(tan- — = 1), but we do not get such a solution, since it does not satisfy the 
original equation. 
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whence 


•2 _ _L 1 /" J_L 

' ' 2 “ V 4 In 


Hence it is clear that for n < 2 the problem has no solution (since the r rat)i- 
cand is neg ative). F or n^>2 both values of the quantity are positive 

(since ~ , i.e. j/'-L-J- <i- ). Since the [quantity 

tanmust he positive, only two solutions arc possible: 


2 = tan 


and 


2 = 


V 

V- 


2 n 


Since the angle — is less than -'ij 3 , tan — must he less than unity: hence, 
there must be z 2 <l. But tli is inequality is always satisfied, because 


and 


T _ ^T < T + V T _l 


±_ 1 /±__L<± 

2 V 4 2/i 2 


Answer: the problem is solvable only if n > 2. For a "> 2 there are two 

solutions: 


a / 1 , / 1 1 

an T ” V T ± V T~2m 


at both solutions coincide (tan-^-= j . 

765. Using the notation adopted in Fig. 229, we have 


Substituting 


We get the equation 


Applying the formula 


4* n/? 2 // — n • -jr nr 3 


r = /Man-r and // = /?lana 


tan <■/ = m tan J — 


2 tan 


tan cc 


1 — tan 2 — 
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and denoting tan by z, we get the equation 

*(t^- 2 "= 2 )=° 

It decomposes into two equations, but one of them (z — 0) disagrees with two 
given conditions (the angle a must be non-zero). The other equation is reduced 

to the form z 4 — z- -f — = 0, i.e. it coincides with the equation in the pre- 

tmfl 

ceding problem. We obtain the following two solutions: 


tan T= V^±Y 7“3T 


At n = 4 one solution is 


ta 


■t vVl-vw7Iy ! 


— cos 45 


= cos 22°30' ^ 0.9239; 


the other is 


tan 4- = sin 22=30' ^ 0.3827 


(hence r i\ ^ 85 28' and a 2 5: 41 53'). 

Answer: the same as in the preceding problem. 

At it - 4 we have n, 2 arctan (cos 22 30') (^ 85 28') 

ct 2 — 2 arctan (sin 22 30') (^ 41'53') 

760. The area «»f the axial section is /{/I. The surface is nill + n/? 2 . By 
hypothesis, : —^— = //. If P is the angle between the axis and generator, then 
II l sin P and H — / cos p. Substituting these expressions, we get 

I -f sin p n 

COS p .1 

This equation may be solved in several ways: the shortest one is to apply 

1 —('(>< rx <% 

tlie formula —:— : — =cot — ; we get 


sin a 

l--sinP 1 -J-cos (IX)- — P) 


-i) 


cos P 


sin (90= — p) 


Consequently. 




P 


wherefrom we determine the angle 45°-—, and then the angle p. 

w 

But the problem is solvable not at any n. Indeed, the angle P is within 

O 

the range between 0 and 9Q-; hence, the angle 45= — ~ is between 0 and 45=, 
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i.e. the quantity — =cot ^45°—jj-j must exceed unity by all means, i.e. n 

must be greater than n. At n = l, 2, 3 the problem has no solution. 

Note. The equation 

1 -f sin P_ n 
cos P j’X 

may be solved in a different way. Let us rewrite it in the form cos p — 1 = 
= sinp, square both members and replace sin 2 P by 1—cos 2 p. We obtain two 



Fig. 230 

solutions: one of them, cosp = 0, turns out to be an extraneous one | it is the 

solution of the equation — cos p —1 = —sinp) ; the other, cos p = — r ~ nTl -■ 

... ^ / JI 2 _j_ n 2 

coincides with the preceding one. 

But now one may easily arrive at an erroneous conclusion that the problem 
ls solvable at /i = l, 2, 3 as well. Indeed, at any positive value of n the 

qUanlity ran 8° s fromOlu 1 (we have 1 - > 0) . 

Therefore within the range between 0 and OO 3 one can always find an angle, 

whose cosine is equal to - ?" ri — . 

Ihe error of this reasoning consists in the following. From the relationship 
cos p = — _—_ and from the given equation it follows that sin P — — rL ~. 

n* 1 n z _j_ jx2 » 

w !' on oo it is obvious that n must be greater than n (otherwise the angle p 
will be negative, which is impossible). 

Answer: if n < n, the problem has no solution. If n > jt, then 


n 


or 


P = 90' — 2 arccot — 

n 

a 2 nn . n 2 — n 2 

p = arcros —--— a res i n — -— 

1 n 2 n 2 n 2 -\ n 2 

707. Using the notation adopted in Fig. 230, we have 

R(l + R) 18 
2r‘ 2 — 5 

23-01338 
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We find (from the triangle AOD) 


r = R cos l AOD = R cos /_ AGO = R cos 


a 


and (from the triangle AOC ) 


l = 


R 


sin 


a 

2 


The preceding equality takes the form 

a 

T 18 . 


14-sin 


. . . a 
l+sm y 


n • Ct o CC 

2 sin -y cos- — 


5 * 


i.e. 


2sin^1—sin 2 -|-J 


18 

5 


a 


Reduce the fraction by 1 -{- sin — (this quantity is non-zero). The equation is 
reduced to the form 

. „ a . a 5 

s,n2 T- Sln T + 36 = 0 

Answer : a| = 2arcsin -jj- (« 112°53') and a 2 = 2arcsin ~ (» 19*11'). 

768. Using the notation adopted in the preceding problem, we have R' : II= 

O 

/ 2 /v 

= "3”T nr3 ‘ ^ enote ref I u * re( l angle by P ( in Fig. 230 P =-^ j . Thenr= 

= R cos P and II = R cot p. From the preceding relationship we get 3 cot P — 
— 8 cos 3 p = 0. Multiplying both members of this equation by tan p (which, 
by the sense of the problem, cannot be zero), we get the equation 


whence 


3 — 8 sin p cos 2 p = 0 
8 sin 3 P — 8 sin p -r 3 = 0 


To solve this cubic equation we have to apply an artificial method. Thus, the 
left member may be factorized in the following way: 

8 sin 3 p — 8 sin p + 3 = (8 sin 3 p — 1) — (8 sin p — 4) = 

= 1(2 sin P) 3 — 11 — 4 (2 sin p - 1) = 

= (2 sin p - 1) [(2 sin p) 2 + 2 sin p -f 1 - 4] 

Consequently, the found equation decomposes into two equations. From the 


. (The other 


first one we find sin p = 4 , and from the second, sin p = —- 

4 4 

solution of the quadratic equation is not suitable.) A check shows that both of 

the found solutions are suitable. 

Answer: pj = 30°; _ 

• V13-1 

p 2 = arcsin-- 
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CEMKNF. Let us introduce the following notation: MK = r and KC = h. 

1 H 

Since the radius of the sphere is OC = CD = — , we have 

La A 




nrVi 


Substitute the expressions h = MC-cos a = H cos 2 a and r= MC -sin a = 
= II cos a sin a [the computation is simplified if r 2 = MK 2 is replaced by 

CK'KD = h (ff — /i)J; then 


V = 


nhfiH 


l 


/ ' 


Answer: V = 


ji// 3 cos* a 
6 


—_V 


Fig. 234 


772. With the notation adopted in 
Fig. 234 we have: S curoed = n (r -f r t ) l. 
Draw radii OM = R and 0,A/, = to 
the points of tangency and the straight 
line 0 { K perpendicular to OM. We 
get the triangles O u 17,£„ 0A/£ and 
OiKO, which are similar to one ano¬ 
ther (as the right-angled triangles with 
an equal angle a). In the triangle 
OiKO we have 

OyO = R + 7?,; OK = R - /?,; 
0,A’ = A/A/ t = 7 

Hence, 

/ = V(7?-t-7?,)2-(/?_y?i)2 = 2 yMJ 


From the similar triangles 0A/£ and 0,A0 we have — =_^L_ 

/ /?+/?, 

IR 2RVrR { 

From the triangles O^M^E x and 0,A'0 we have 
2/?i YRRy 

R-tRi * 

Answer: S curV0( i = 4 nRR\. 

773. Four balls of the radius r lie on the plane P (Fig. 233), touching it at 
the points M , A, A' and L. Their centres 0,. 0 2 , 0 3 , 0 ; are equidistant from 
the plane: 0\M = = 0 3 A — 0;Z. — r. The distance between the centres 

of two contacting balls is equal to 2r, i.e. 0,0 2 = 0-.0 3 = 0 3 0 4 = 0 ; 0, = 2r. 
The fifth ball is in contact with each of the four balls; consequently, its centre 
05 is situated also at a distance of 2r from the centres 0,, 0 2 , 0 3 , 0,,' i. e . 0,0 5 = 
— O^O*, = 0 3 05 = 0 4 05 = -r. Therefore, the figure 050j0 2 0 3 0 4 is a regular 
quadrangular pyramid with equal edges. The distance between the centre of 
the fifth ball and the plane P is equal to 00 5 -f OA , = 00 5 -f- r. The topmost 


whence 


£± 

l 


R 


R-rR. 


* 

hence rj = 


point yl of the fifth ball is found on the extension of the perpendicular AtO*. 
at a distance of O b A = r from the centre 0 5 . Thus, the distance AA, between the 
topmost point of the fifth hall and the plane P is equal to 2r -{- OO b . The line- 



Fig. 235 


Fig. 235a 


segment 00 5 is found from the right-angled triangle 0,00 5 , wherein 

0 | 0 2 

0\O b = 2r and 00i=^j/f = 

nnl W€ ^ AAi = r ( 2 + V2). 

The centres 0 t , 0 2 , 03. 0* of the four balls must be at a distance of 
j * rom one another (see the preceding problem). Hence, the figure O|0 2 0 3 0 4 
s a regular tetrahedron with the edge equal to 2r. The cone ACB (Fig. 236), 



circumscribed about the four balls, contacts one of them (0 4 ) along the circle 
o, an( l each one of the remaining three balls (for instance O ,) at two points: 
of which, K, lies on the base, the other, M, on the curved surface. The axis 
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of the cone coincides with the altitude O k O of the tetrahedron. The centre O x 
lies in the plane of the axial section ACD passing through the point of tangency 
M (since O x M is perpendicular to the common tangent plane to the cone and the 
ball, and the plane of the axial section ACD is perpendicular to this tangent 
plane). Hence, the plane ACD intersects the balls 0, and 0 4 along their great 
circles, the element AC being the common tangent to these circles. Consequently, 


a 


AC || OiOi and l_O x Ofi = LACD = y (a is the required angle at the vertex 


C of the axial section). Hence, sin = / P^. 1 

o (/1C/4 


But OiOi = 2 r, and the line- 


segment 00 1 (the radius of the circle circumscribed about the triangle 0i0 2 0 3 ) 

is equal to-^f=-^r. We get sin ^ . Hence, cos a = cos 2 — 

1/3 ]/3 * V 3 - 

. o a 1 


SlD “ ITT* 

Answer: a = 2 arcs in 


1 1 

—— =arccos — 

1/3 3 


775. The plane bisecting the dihedral angle at the edge A\A 2 (Fig. 237) of 
the frustum of a pyramid passes through the altitude 0 X 0 2 and is perpendicular 



to the face B X C X C 2 B 2 (prove it!). The same thing is with the other two lateral 
edges. Therefore, the centre of the sphere touching the faces of the pyramid is 
situated on the altitude (namely, at its midpoint, since the sphere is also in 
contact with the bases) and the point K of tangency of the sphere and the face 
B X C\C 2 B 2 lies on the slant height D X D 2 of this face. The same is true for other 
lateral" faces. We have 



K 2 + *i)-f3 


( fl i ~i~ a i) l 
2 


( fll = B\C\ and a 2 = B 2 C 2 are the sides of the bases and l = D X D 2 is the slant 
height of the lateral face). If r, = 0 X D X and_r 2 = 0 2 D 2 are the radii of the cir¬ 
cles inscribed in the bases, then a, = 2r, V3 and a 2 = 2r 2 Y'S. Therefore 

S rvr = 3 V 3 (r? + r|) + 3 V3 (r, + r 2 ) l 
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In the same way as in Problem 751 we find that 
Then we get 


Answer: S 8ph 


S p yr = GV3 (/2 —^ 2 ) = 6 1/3 ( 

S — 2 ji sin 2 a 
pVr 3 ~i/3 (4—sin 2 a) 


r i"r r 2 =^ and rj-f r\=l 2 — 2 r 2 . 

—-r 2 ) 

sin 2 a ) 


776. Denote the radius OL of the cylinder (Fig. 238) by x , and the radius OB 
of the base of the cone by R. Since, by hypothesis, ML = R, the surface of the 

cylinder S = 2nx- -j- 2 nxR. By hypothesis, 2nx- -f- 2 nxR = nR- or x 2 + 



Fig. 238 


Fig. 239 


3 R 

+ Rx — — R* = 0 , whence x = — (tl*e negative solution x = 

suitable). From the triangle LMB we find 

LB R — x 1 
tan 9 — -j-jrr ~ “2 


— — R is not 


Answer : 9 = arctan — . 

777. The centre O of the inscribed sphere (Fig. 239) lies on the altitude of the 
Pyramid and the points K, L , M, X, at which the sphere touches the lateral 
faces, are found on the slant heights EKi, EL ,, EM ,, EN t (cf. Problem 775). 
The quadrilateral KLMN is a square which is the base of the pyramid, whose 
volume is to be determined. 

Through the radii OM and ON draw a plane NOM which turns out to be 
perpendicular to the face BEC (since it passes through the line OM perpendicular 
to the plane BEC) and also to the face DEC (since it passes through ON). Conse¬ 
quently, the plane NOM is perpendicular to the edge EC. 

Let P bo tne point of intersection of the plane NOM and the edge EC. Then 
the angle NPM is a plane angle of the dihedral angle a. In the quadrilateral 
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OMPN two angles (namely, at the vertices M and N) are right ones. Conse¬ 
quently, / NOM = ISO 0 — a. Hence 

a = NM = 2-OM -sin - 8 °° 0 ~~ g = 2r cos ~ 

From the triangle 00 X M, where O x M = ~, we find 

h = 00 , = Voa/2 - 0 4 A/2 =ry r 1 —2 cos 2 -2- 


j4/kuot 


r=A r3c0S 2^.j/ 1 _2cos^=4 r3c '> s2 -|-V- 


cos a. 


2 “ 3 ’ — 2 

. can draw two planes perpendicular to the given element of the cone 

{CA in Fig. 240) and tangent to the inscribed sphere, the points of tangency IN 
A’,) lymg °n the diameter NN t parallel to CA. Let us first take the plane 
ND touching the sphere at the point N. The quadrilateral ONDK (K is the point 

of tangency of the element CA and the sphere) is 
a square, hence DK = ON = r. By hypothesis 
CD = d. Consequently, CK = d 4- r. From the 
triangle KOC we find 



CO = \ (d— r) 2 -j-r 2 


Hence, 


lf = CF = OF+OC = r+ YJd + r) 2 _ r 2 

From similarity of the triangles AFC and KOC 
we find 


AF : II = OK : KC 


whence 


If = AF — _ r ( r ~r ~V{d -+- r) 2 — r-\ 

KC d-\-r 


If we take the plane N { D X , then d = CD x> and we get in the same way 

H = r-{- V(d — r) 2 -j-r 2 


and B = 


r[r-i-V(d-r )2 + r 2 ] 


Answer: 


V = 


nr~ [r-f Y(d-f r) 2 +r 2 J 3 


ti¬ 


er y- -tr 2 [r-f V(ti-r) 24 - r 2]3 

3 (d —r) 2 


3 (£i-(-r)2 

779. The centre 0 of the sphere (Fig. 241) lies on the diagonal AB. Indeed, 
the point 0 is equidistant from the faces AA X N X N and AA X Q X Q. Hence, it lies 
on the plane bisecting the dihedral angle at the edge AA X . Similarly, the point 0 
must lie on the plane bisecting the dihedral angle at the edge AN' And the two 
planes intersect along the diagonal AB. 

Let C and D be the points of tangency of the sphere and the faces ANUQ 
and AA X N X N, and r the radius of the sphere. Then OC = OD — r, and the plane 
ODGC is perpendicular to the edge AN, and also to the edge BQ X . 
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Since, by hypothesis, the edge BQ i is tangent to the sphere, the plane ODGC 
intersects the edge at the point E of its tangency with the sphere; consequently, 
OE = r. On the other hand, the point E is a vertex of the square JOKE obtained 



Fig. 241 Fig. 241a 


in the section of the cube by the plane ODGC’, hence the quadrilateral MOLE 
(PL and OM are the extensions of OC and OD) is a square. Consequently. OM = 



B 

Fig. 242 Fig. 242a 


The portion of the surface area of the sphere found outside the cube is made 
VP of three equal segments, EZTL being one of them. The area of tin's segment 

equal to 

2 nr-LZ = 2 nr (CZ - CL) = 2nr (2r - a) 

Answer, r = (2 — V2) a; S = Gna- (10 - 7 \/2). 

,p. 7 °0. The centre of the sphere contacting the edges of the tetrahedron A BCD 
242) coincides with tnc centre of the tetrahedron (i.e. with the point O 
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which is equidistant from the vertices A, B, C, D ), and the points of tangency 
of the sphere and edges are the midpoints of the edges. For instance, the point 
of tangency N is the midpoint of the edge AD. Indeed, all six isosceles triangles 
AOB, BOC , COA , BOD , COD and AOD (only the triangle AOD is shown in 
the accompanying drawing) are congruent (having three equal sides). Conse¬ 
quently, their altitudes OM , ON , etc. are equal. Therefore, if a sphere of radius 
ON = r is described, it passes through the midpoints L, M , N, Q, K, R 
of the edges and is tangent to them at these points (since ON ± AD, and so on). 

Through the altitude of the tetrahedron DG and edge AD draw a plane ADG 
which is perpendicular to the edge BC (the proof is given in Problem 652) and 
intersects this edge at its midpoint M. The section yields an isosceles triangle 
AMD {AM = MD). Draw the altitude MN of this triangle {N is the midpoint 
of AD). The centre 0 lies on MN (since it is equidistant from A and D). Conse- 

MN 

quently, MO = NO. Hence, r = . The altitude MN is determined from the 

triangle A NM, where AN = — and AM = - (as the apothem of an equilate¬ 
ral triangle ABC). We have 


Hence, 



r — 


MN 


a 1/2 


2 V2 


The portion of the sphere situated outside tetrahedron is made up of four 
equal segments cut off the sphere by the faces of the tetrahedron. Consider one 
of the faces BDC. The circle LMK serving as the base of the spherical segment 
is inscribed in the equilateral triangle BDC (since the sides of the triangle are 
tangent to the sphere; hence, they are also tangent to the small circle LMK 

contained in the plane BDC). The radius of this circle FM = a ^ . 

6 

Consequently, 


Hence, the altitude of the segment 


Vi 


21/6 


h — FE = OE — 0F = 

The volume of one segment 

h 


a 


a 1/2 


2 V 2 2 1/6 


12 


(3-1/3) 


t'segm = •' T/l2 ( r - j ) = 

— ,[111(3- l/3)_f.[ 

The required volume 


a V2 a 1/2 


-^(3-V3)] = 


na3 1/2 (9-41/3) 
432 


V= 41 


scgm 
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Note. The circle LKM inscribed in the triangle BCD is depicted as an ellipse, 
which is readily constructed without any French curve, if in addition to the 
points K, L , M , another three points are marked respectively symmetrical 
to them about F which is the point of intersection of the medians in the triangle 
BDC. 


Answer : r = 


V 2 


V = 


jxa 3 1/2(9 — 4 V3) 

1 US 


CHAPTER XI 

TRIGONOMETRIC TRANSFORMATIONS 

781. Express secants in terms of cosines to get in the left member 

1 


COS 


(t + a ) cos (t — “) 


Since 


cos 


(t * “) = sin [t - (t“*““)]~ sin (t a ) ' 


the left member is equal to 

2 


cos la 


= 2 sec 2a 


2sin (x _a ) cos (t _a ) sin (t -2 ®) 

782. Reduce the left member to a common denominator and bring 
2 sin a cos (a-fP) to the form 

sin (a + (a + P)1 + sin (a - (a + P)J = sin (2a + P) + sin (- p) 

783. The loft member is equal to 

2 (1 -f cos 2a) 2-2cos2a 


_- = 2 cot a 

sin 2a 2 sin a cos a 


To pass over to the angle -y , use the formula cot 2q — 2 cot ( l *‘ e ang *° 

a . \ 

* 2 ~ denoted by q ). We obtain 


2 cot a = 2 


“*f-‘ a , a 

- -- cot —-tail -y 


2 cot T 


784. Dividing ,both the numerator and denominator of the fraction in the 
left member of the equality by cos a, wo get 

cos a-'-sin a 1 - tan a 


cos a 


— sin a 1 —tana 
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Since 1 = tan 45°, let us represent the obtained expression in the form 


1 -f- tan a tan 45° -f- tan a 


1-tan a - 1-tan a-tan 45°“ tan (45 °+ a) 
which completes the proof. 

785. Multiply both the numerator and denominator of the left member by 

cos a-f sin a. After simplifications we Vet L~ sin 2 ? or 

1 cos 2 a 

1 , sin 2 a 

"cos" 2 a ^ "cos 2 a~ = SeC 2a tan 2a 

786. Since sin 2 qp =-, let us represent the left member as 

1-cos (x + 2a ) _1 + cos {t~ 2cl ) cos (x — 2a ) —cos (t + 2cc ) 

2 ‘ 2 

Using the formula for a difference of cosines (or representing the expressions 

C0S (t — 2<x ) and cos (t ' 1 ‘ 2a ) by the formu las for the cosine of the sura 
and the difference, we get 

2 sinsin 2 a . n 

_4_ sin 2a 

2 ~ V'2 

787. The numerator is equal to cos 2a; the denominator is transformed to 
the form 

2, an (i_a)sm=[i-(i_a)] = 2 tao(i_a)cos 2 (i-a) 

With the aid of the formula 


tan 


(t-)- 


cos (t-“) 


we get 


2sin cos (-^-a) = sin 


this expression is equal to cos 2a, hence the left member is equal to 1 

788. We have 
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Considering the angle -J — a as half the angle -J — 2a and using the half¬ 


angle formulas, we obtain 


tan 2 


(t-)- 


l-cos(|- 2 a ) , 


sin 2 a 


1 4 - cos 


(f-H 


1 --sin 2 a 


789. Expressing tangent and cotangent in terms of sines and cosines, we get 

cos 2 a 


cot- a —tan 2 a = 


sin 2 a cos 2 a 


Substitute the obtained expression into the denominator of the left member, 
then the left member yields 

. , 0 4 sin 2 a cos 2 a 1 . , 

sin 2 a cos 2 a—- ; -= — sin 2 2 a 

4 4 

790. Replace sin a by cos — a ) an< * cos a by sin — a j, and use 

the formulas for a sum of cosines and a difference of sines. 

791. Replace (in the numerator) unity by sin 2 a -f cos'-a, and sin 2a by 
^ sin a cos a. We get in the numerator (sin a 4- cos a)'-; the denominator being 
equal to 

cos 2 a — sin 2 a = (cos a 4 - sin a) (cos a — sin a) 

fl • 

Reducing the fraction by cosa + sina, we obtain l ° * ,n a 


cos a — sin a 
1 4 - tan a 


. Dividing 


both the numerator and denominator by cos a, we find I ~ . As is 

1 —tana 

shown in Problem 784, this expression is transformed to tan ^-^- 4 -aj . 

792. In the same way as in Problem 790, transform the left member to 

the form cot —yj . Now apply the formula cot = ^putting 

4 a \ 

4 l J — 2 ~ 1 . We obtain 


1 |-cos(|— 2y) , , „ in2 , 


cos 2 y 


793. Expressing the left member of the given identity in terms of sine and 
cosine, performing subtraction of the obtained fractions and using the formula 
or a difference of squares, we get the left member in the form 

(sin a cos ft — sin ft cos a) (sin a cos ft 4 - sin ft cos a) 

cos 2 a cos 2 ft 

a °d this expression yields immediately the right-hand member. 
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794. Use the formula 


<p simp 
tan -^- = —— 1 — 
2 1 -f- cos <p 


(putting We get 


tan 


sin ( — a) 

/ n a \ \ 2 / 

\ 4 2 } , , / n \ 

1 + cos^y— aj 


cos a 
1 -f-sin a 


and then the left member is transformed into the right one. 

795. Solved in the same way as the preceding problem. 

796. Replace 2 cos 2 a by l-fcos2a; then the numerator takes the form: 
2 (sin 2a-j-cos 2a). Group the terms of the denominator in the following way: 
(cos a — cos 3a) -J- (sin 3a — sin a) and use the formula for a differen¬ 
ce of cosines and sines. Taking 2 sin a outside the brackets, we obtain 
2 sin a (sin 2a -f cos 2a). On reducing by 2 (sin 2a -f- cos 2a) we get the right 
member. 

797. Transform the numerator of the fraction in the left member of the iden¬ 
tity: 

sin a -}- sin 5a — sin 3a = 2 sin 3a cos 2a — sin 3a = sin 3a (2 cos 2a—1) 

Carrying out similar transformations in the denominator we get 
cos 3a (2 cos 2a — 1). 

798. Transform the sum of the first two terms in the left member of the 
identity using the formula for a sum of sines, and consider the third addend 
sin (b — c) as a double-angle sine. We get 


„ . 2a — b — c b—c . b—c b — c 

2 sin-*-cos —r-b 2 sm —cos — 



2 a —b—c . b — c '] 

-2-+ SI[1- T _ J 


Now apply the formula for a sum of sines to the bracketed expression. 

799. Considering the expression sin 6 x -f cos 6 x as a sum of cubes, factorize 
it and take into account that sin 2 x -f cos 2 x = 1. Then the left member of the 
equality is brought to the form 

—sin 4 x — 2 sin 2 x cos 2 x — cos 4 x -J- 1 = 1 — (sin 2 x -f cos 2 x ) 2 = 0 


800. Transform the sum of the last two terms as a sum of sines. We get 

n n 1 . 

cos — = - 2 -— sin a= —sm a 

Hence, the left member is equal to zero. 

801. Taking into account that 

•_oo 1-cos 2a 1 — cos 2p 
sin- a —sin- p —-^-^-= 


sin 


( a + T) " 1 " sin ( a + T") = 2sin ( Jl + a ) 


cos 2 p—cos 2 a 


= sin (a-fp)sin (a —P) 
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the left member of the equation can be represented in the form 
sin (45° + a -f 30° — a) sin (45° + a - 30° -f a) — sin 15° cos (15° -f 2a) 

and since sin 75° = cos 15°, the expression takes the form 
cos 15° sin (15° + 2a) — sin 15° cos (15° + 2a) = 

= sin (15° -f 2a - 15°) = sin 2a 

which completes the proof. 

802. Transform the numerator of the left member as follows 

(sin 2 cp -f- cos 2 cp) — 2 cos 2 cp = sin 2 cp — cos 2 cp 


803. Replace sin 2a by 2 sin a cos a in the right member. Reducing the 
fraction by 2 sin a, we get in the right member the expression - - — - equal 

to tan 2 ~. 

804. Grouping the second ami third terms, take outside the brackets 
cos (a -f- (p) = cos a cos cp — sin a siu cp. The left member takes the form 

cos 2 (p — (cos a cos <p — sin a sin cp) (cos a cos tp -{- sin a sin <p) 

Transforming the product of sum by difference, we find: 
cos 2 <p _ cos 2 a cos 2 <p -f sin 2 a sin 2 cp = 

= cos 2 <p (1 — cos 2 a) + sin 2 a sin 2 cp = 

= cos 2 cp sin 2 a -j- sin 2 a sin 2 cp, 


®nd this expression yields sin 2 a. 

805. Expanding the expression cos (a -j- P). we get: 

sin 2 a + sin 2 fi -f 2 sin a sin P cos a cos p — 2 sin 2 a sin- p 

Leave the third term unchanged, group all the rest of the terms and carry out 
the following transformations: 

(sin 2 a — sin 2 a sin 2 p) + (sin 2 p — sin 2 a sin 2 P) = 

• ft ll • d\ 


Now the given expression takes the form 
(sin a cos p ) 2 -f (cos a sin P ) 2 -f 2 sin a sin P cos a cos (5 = 

= (sin a cos p + cos a sin p ) 2 = sin 2 (a -}- P) 

Answer: sin 2 (a -j - 6 ). , ... 

806. Transform the sum of the first three terms in the following way: 

1 —cos 1 —cos 2 fi . 0 

sin 2 a-f sin 2 P + sin 2 v =-^-*-2 : s,n " Y 

Since by hypothesis y = n- (a + P). we have 

8 i n 2 a -f sin 2 p -f sin 2 y = l —(cos 2 a -f cos 2 p) sin 2 (a -}- p) = 

= 1 — cos (a-j P)cos(a-P) \ |f—cos 2 (a-f p)J 
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or 

sin 2 a 4 - sin 2 p + sin 2 y = 2 — cos (a + P) [cos (a — p) -f cos (a + P)] 

But the expression in square brackets is equal to 2cos a cos p, and since a -f 6 = 
= n — y» we obtain 

sin 2 a -r sin 2 p -f sin 2 y = 2 -f 2 cos y cos a cos P 

whence the required relation follows immediately. 

807. Represent the left member in the form' 

cot A cot B + (cot A + cot B) cot C 

The expression in parentheses is equal to ~ , and the factor cot C, 

sin A sin B 

on replacing C by an equal expression i-(A 4 -£), takes the form-cot (A+B). 
Hence, the given expression is equal to 


cot ,1 cot + 

sin A sin B 

Using the formula for cosine of a sum, transform it as follows: 

cos A cos B sin .1 sin B 


. ... / cos A cos B si 

cot A cot B—[ ———- 

\sin .4 sin B si 


sin A sin 


in B\ 

^~]j) = cot .4 cot 7? — (cot Acotfl-l) = i 

4i 


2 n 


n sin ~ 

808. Replace the factors cos-p- and cos-4r- by _ - 

3 5 


sin 


2 sin 

5 


and 


0 . 2 n ' 

2sm T 


respectively. Then the left member takes the form sin 4?.; 4 sin - . And since 

0 r ' 


sin 


— sin |ji ) — sin — , the left member becomes — . 


5 \ o / o ” — w, “ v ‘ / ^ 

809. Transform the left member using the formula for a sum of cosines. 
We get 2 cos cos ~ . Then proceed as in the preceding problem. 

810. Since 1 -j- cos a = 1 cos- y , the given expression takes the form 
2 co S 2 y 4 -cosor 2 cosy (cosy 4-1 j. Write cos60 3 instead of yj 
we get 2 cos ^ cos 4r 4- cos 60 3 j . 

Answer: 4cos4r cos (y4-30°) cos |—30° j 

811. Transforming the given expression as in the preceding problem, wo get 


/ T/2 \ 

2 cos a f cos a-rp- J . I nste 


Instead of 


VI 


write cos 45°. 


Answer: 4 cos a sin 


45° 4 - a 


sin 


45° - a 


2 
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812. Rewrite the given expression in the form cos 2 (a 4 0) — sin 2 (a — 6), 
the latter expression is reduced to a form convenient for taking logarithms 
in the same way as in Problem 65G. 

Answer: cos 2a cos 20. 

813. Group the terms as follows: 

(1 cos a) 4 (tan a 4 sin a) 

and take tan a outside the brackets in the second group. We get (1 4 cos a) x 
X (1 4 tan a). Instead of 1 4 tan a write 


tan 45° 4 


tan a — 


sin (45° 4 a) 
cos 45° cos a 


Answer: 


2 1/2 cos 2 y sin (45° 4 a) 
cos a 


814. I sing the formula 1 —cos a = 2 sin 2 and sin a = 2 sin cos , 

we get in the numerator 2 sin 2 ~4 2 sin -2- cos ^ 2 sin ~ (sin 4 cos ) . 
The expression in parentheses is equal to sin -^-4sin . Making 

use of the formula for a sum of sines, reduce it to the form ~\/ 7 l cos ( 45 -— JL J. 

Answer: 2 ~^2 cos ( 45° —7") ' 

815. The given expression is equal to ~ sl " a — . The numerator is 

transformed to 2V2cos-^-sin (45° — ~) (see the preceding problem). The 
fraction can be still simplified by representing the denominator in the form 

sin (90° — a) =2sin ( 45 0 —-£-) cos (45° —J 


V 2 cos -S- 


C4 


Answer : 


cos ( 45 °— 2 -) 

810. Since cos a —cos3a 2 sin 2a sin a, we have 
2 sin 2a sin a 4 sin 2a - 2 sin 2a ( sin a 4 4*) = 2 sin 2a (sin a 4 sin 30') 

Answer: 4 sin 2a sin ( -tt 4 15° j cos ( -^ — 15° j . 

817. The given expression is equal to 


1 — tan a 
Answer: 2 tan 2a. 


tana4l , tana—1 


4 tan a 


1 r tan a 1—tan 2 a 


, i.e. 2 


2 tan a 
1 — tan 2 a 


24—u 1338 
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818. Replacing sin2p by 2 sin p cos p and reducing by 2sinP, we get 


1 — cos p 


1 -\- cos p 


; applying the formula 


P _ ,/■ 1 —cosp 

tan 2 =J/ i^-cosp 


O 

we obtain tan 2 -^. 

p 

Answer: tan 2 . 

819. Transforming the sum cosa-fsina in the numerator V2 — 
— (cosa + sina) and the difference sin a —cos a in the denominator in the 
same way as in Problem 814, we get 

0 . a —45° 

V2[l-cos(cc-45 0 )] " Sin 2 _ 

V2 sin (a-45°) 2 sin «~ft!. C0S 


Answer: tan 


a-45° 


820. Transform the sum of the last two terms: 


cot 2a-f esc 2a = 


cos 2a 4-1 


2 cos 2 a 


sin 2a 2 sin a cos a 


= cot a 


Answer: 2 cot a. 

821. Replace cos 2a by cos 2 a —sin 2 a, and sin 2a by 2 sin a cos a. 

Answer: 1. 

822. Replace 2sin 2 a —1 by —cos2a and represent the given expression 


in the form 


2 | sin 2a —4* cos 2a j . Write cos30 3 instead of and 


1 

sin 30° instead of . 

Answer : 2 sin (2a — 30°). 

823. The numerator is equal to 


cos 2a cos a 4- sin 2a sin a cos (2a —a) 1 


cos 2a cos a 


cos 2a cos a cos 2a 


The denominator is equal to 


sin 2 a - 4 - cos 2 a 


sin a cos a 


4-sin 2a 


Answer: 4" t an 2a. 

824. The given expression is equal to 

*> 2 


2 + -r 


sin 4a sin 4a 


(1 -f sin 4a) 
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(see the preceding problem). The expression in parentheses is equal to 

1-j- cos (90° — 4a) = 2 cos 2 

. 4 cos 2 (45° — 2a) 

Answer: --- . 

sin 4a 

825. The last addend is equal to cos 2 x, thus the given expression can be writ¬ 
ten in the form (tan x — 1) (1 — sin x) -f cos 2 x. Replacing cos 2 x by 1 — sin 2 x 
and taking 1 — sin x outside the brackets, we obtain 

(1 — sin x) [(tan x — 1) -{- 1 -f sin x) = 

= (1 — sin x) (tan x -f sin x) = 

= (1 — sin x) tan x (1 -f- cos x) 

The first factor is transformed in the same way as in the preceding problem. 
Answer: 4 tan x cos 2 sin 2 ^45' — j . 

826. The numerator and denominator of the fraction are equal to 

(1 -f- cos 2a) -j- (cos a -f- cos 3a) = 2 cos 2 a -f 2 cos 2a cos a 

and 

cos a -f cos 2a, respectively. 

Answer: 2 cos a. 

827. The given expression is equal to 

(1 — sin 2 P) — sin 2 a cos 2 a — cos 4 a = cos 2 p — cos 2 a (sin 2 a + cos 2 a) 

We get the expression cos 2 p — cos 2 a, which is transformed as in the solution 
of Problem 656. 

Answer: sin (a -f- P) sin (a — P). 

828. Reduce the given expression to a common denominator cos x cos y cos r. 
The numerator will be 

sin x cos y cos z -f sin y cos z cos x -T 

4- sin 2 cos x cos y — sin [(x -f- y) -}- 2 ) 


The last term is equal to —sin (x -1- ;/) cos 2 — cos (x -f y) sin 2 . The sum 
of the first two terms and the term —sin (x -f y) cos 2 are mutually annihilated, 
and the numerator takes the form: 


sin 2 cos x cos y — cos (x -f !/) sin 2 = 2 I cos x cos y — cos (x -f- ;/)] 

Expanding the expression cos (x -j- y). we get in the numerator sin 2 sin x sin y. 
Answer: tan x tan y tan 2 . 

829. The given expression is equal to 2 sin a , f P cos — - +|sin y. But by 
hypothesis y = 180° — (a-\ P); hence, wc get 


. a + P a — P , o • ct-fP 

2 sin —cos —-f 2 sin —— 


cos 


24 * 
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Take 2sin a outside the brackets ^or, which is the same, 2 sin —^— = 

v \ , . a— ft a-t-ft 

= 2cos-^-J . The bracketed expression becomes cos —^-f-cos —— 


, which 


is transformed according to the formula lor a sum of cosines. 


4 , a ft Y 

Answer: 4 cos — cos — cos — 
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830. After simplifications we get sin ox — sin 3x = 0. Using the formula 
for a difference of sines, we have 2sin x cos 4x = 0, and the equation is reduced 
to the two equations: sin x = 0 and cos 4x = 0. From the first one we have 

x = Ji/i (n is any integer), from the second 4x = 2 nn ± — (4 n ± 1), i.e. 

x = -^-(4n ± 1) 

The expression 4n ± 1 comprises all odd numbers (the numbers —3, 1, 3, 9, 13, 
etc. are yielded by the expression 4 n -j- I; the numbers —1, 3, 7, 11, 15,etc., 
by t lie expression 4 /j — 1). Therefore, instead of 4n ± 1 we may write 2 n -f 
-f 1 (or 2 n — 1), where n is any integer. 

Answer: x = ji/i; x =-jj-1 2 " *: l )« ^here it is any integer. 

831. Transform the left member of the equation in the following way: 
sin x-i sin 2x-f-sin 3x-fsin 4.r = (sin x — sin 3x)-f(sin 2x-f sin4x) = 

= 2 sin 2x cos x -}• 2 sin 3x cos x — 2 cos x (sin 2x-{- sin 3x) = 

. . 5x x 

= 4 sin cos — cos x 

M W 

The equation takes the form 

• 5x x 

sin — cos — cos x — 0 

•j •» 

and reduces to three equations: 

• 5x x 

sin—— 0; cos—= 0: cosx = 0 
•- 

Answer: x-72°n; x = 180 c (2/i-f 1); x = 90 : (2/i-f 1). 

832. Perform the following transformations: 

cos (x + 00 ; ) = cos 190° - (30° - x)] = sin (30° - x) 
and 

1 -f cos 2x = 2 cos 2 x 
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The equation takes the form 

sin (x -f- 30 c ) + sin (30° - x) = 2 cos* x 
Apply the formula for the sum of sines; this is the result: 

sin 30° cos x — cos 2 x = 0 or cos x -cos x j = 0 

Answer: x = 90° (2 n -f- 1); x — 60° (On ± 1)- 

833. Transpose all the terms of the equation to the left side and group them 
in the following way: 

(sin x + sin 3x) — (cos x -{- cos 3x) -f- (sin 2x — cos 2x) = 0 
Transforming the first two groups, we get 

2 sin 2 x cos x — 2 cos 2 x cos x + (sin 2 x — cos 2 x) = 0 

or 

(2 cos x-f I) (sin 2 x — cos 2 x) = 0 
This equation is reduced to the following two: 

2 cos x-f- 1=0 and sin 2 x — cos 2 x = 0 

1 2 

The first one yields: cosx=——; x = 2jih ± — n. Dividing the second equa- 

6 • > 

tion by cos2x, we get Ian2x=l, whence 2x j*«-j . 

2ji n 

Answer: x — -44- (3n ± 1); x = — (4 n 4 - 1 ). 

o o 

834. Perform the following grouping: 

(cos 2 x 4 " cos 6 x) — (1 4 “ cos 8 x) = 0 

Using the formula 2 cos 2 ~ == 1 -f- cos a. and transforming the sum of cosines, 
we obtain 

2 cos 4x cos 2x — 2 cos 2 4x = 0 

Take 2 cos 4x outside the brackets and transform the difference of cosines 
cos 2x — cos 4x. We obtain the equation 

cos 4x sin 3x sin x = 0 

It is reduced to the following three: 

(1) cos 4x = 0; (2) sin 3x = U; (3) sin x = 0 

No consideration may be given to the third equation, since all its solutions are 
covered by the solutions of the equation sin 3x = 0 . Indeed, if sin x = 0, 
then also sin 3x = 3 sin x — 4 sin 3 x = 0. 

Answer: x (2 n 1); x — • 

O o 

3x 3x 

833. Heprescnt the right member in the form 2 sin -4^- cos — (instead of 


sin 3x). The equation takes the form 

,, . 3x x 3x 3x 

2 sin — sin — 2 sin — cos — 

Z Z w Z 
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or 


sin 


3x 


(sin cos —J = 0 


Write the bracketed expression in the form 

3x 


cos (t _ T) _ cos T = 2 sin (t^t) sin ( 



Hence, the given equation is reduced to the following three: 


M\ sin—- 

O 1 (2) sin l — _f- — 1 

1 — 0* sin 


u, om l ^ » o J 

- V, 1 U J Ok U. 

. 2 ji n 

Answer: x = —— ; 

0 

x = -|(4n-l); x — 

-^-(4n + l). 


836. The right member is equal to 


sin 190° - (x + 30°)J = sin (60° - x) = -sin (x — 




The equation takes the form 

sin (x — 60°) = —sin (x — 60 s ) or sin (x — 60°) = 0 


whence x — 60° = 180°n. 

Answer : x = 60° (3/i +1). 

837. Replacing 2 sin 2 x by 1 — cos 2x, reduce the equation to the form 
2 sin 3x cos 2x — cos 2x = 0. This equation is reduced to the following two: 

1 1 

(1) cos 2x = 0; (2) sin 3x = -y. Since — is sin 30°, the second equation yields 

Ca w 

3x = 180°n + (-l)n 30° 


Answer : x = 45 s (2 n -}- 1); x = 60°n + (—l) 11 10'. 

838. Rewrite the right member: 3 (sin x cos x — sin 2 x + 1) = 
= 3 (sin x cos x -f cos 2 x) = 3 cos 2 x (tan x + *)• The given equation is reduced 
to two ones: (1) tan x + J =0; (2) sin 2 x — 3 cos 2 x = 0. From the second 

one we get tan x = ± y 3. 

Answer: [x = ~- (4/? — 1); x = -^-(3r±1). 

839 We have the equation 

cos 4x -{- 2 cos 2 x = 0 


Since 2 cos 2 x = 1 -f cos 2x, the left member is equal to 

(1 + cos 4x) -f cos 2x = 2 cos 2 2x -f [cos 2x 
We get the equation 

cos 2x (2 cos 2x -f 1) = 0 


which is reduced to: 

(1) cos 2x = 0 and (2) 2 cos 2x + 1 = 0 


The second one yields 2x — 360°/i + 120°. 
Answer : x = 1 SO 0 m + 45 s ; x = lSO'/t + 60°. 


Chapter XII. Trigonometric Equations 


375 


840. Multiplying both members of the equation by sin x and replacing 
unity in the right member by sin 2 x -f cos 2 x, we get the equation sin x cos x = 
= cos 2 x. 

Note. Multiplying both members of the equation by sin x, we introduce no 
extraneous solutions, since sin x never vanishes at either of the found values 

of x. 

Answer: x { = (2n -{-1); x 2 = -j- (An -f 1). 

841. Rewrite the equation in the following way: 

sin 3x — sin —2xj=0 
It is reduced to the following two equations: 

(1) cos + =0 and (2) sin — t) = ° 

The first one yields y+-J- = -J- (2/i-f 1), whence x = (4/i+ 1). The second 

gives * = -^-(4n + 1). 

Answer: x = (4n -f1); x = (4/j + 1). 

842. Add 2 sin 2 cos 2 to both members of the equation; then in the 

o o 

left member we have 

sin 4 -^ + 2 sin 2 ycos2^--|- cos 4 -^-= (sin 2 y + cos 2 y) =1 


and the equation takes the form 





3 

8 


Multiply both members of the equations by 2 and apply the double-angle 

2 2 j* V" 3 

formula for sine. We obtain sin 2 -^- = -^-, whence sin-^- = ± —^—. 

Answer : x = -~ (3n ± 1). 

843. Represent the equation in the form 3 tan 2 x — (1 -) tan 2 x) = 1, whence 
tan x = zt 1. 

Answer: x = 45° (2 n -f-1). 

844. Replace l-}-cos4z by 2 cos 2 2x. 

a nn n Tin . n 

Answer: * = — + — ! * = — + ( — *)''* “94 • 

845. Add 2 sin 2 x cos 2 x to both members of the equation. We get (sin 2 x-J- 
-f- cos 2 x) 2 = cos 4x4" 2 sin 2 x cos 2 x or 1—cos 4x = — sin 2 2x. 

Answer: x = -^-n. 
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846. Replace sin 2x by 2 sin x cos x and divide all the terms by cos 2 x- 
It is obvious that no roots are lost. Indeed, if cos x = 0, then sin x = ±1» 
but these values do not satisfy the given equation. We get 


whence 


3 — tan 2 x — 2 tan x = 0 
tan x = 1 and tan x = —3 


Answer: x = Jin -f — ; x = nn — arctan 3. 

847. Write sin 2 x-{- cos 2 x instead of unity and, dividing both members 
by cos 2 x (seo the solution of the preceding problem), we get 

tan 2 x-j-l/3 tan x = 0 

whence 


tan x = 0 and tan x = — ~\/'i 


xc 


Answer: x = Jin; x = ~(3n —f). 

o 

848. Replace 2 by 2 sin 2 x + 2 cos 2 x , and then the equation is solved as 
the preceding one. 

Answer: x = nn 4- —-; x = nn — arctan -y . 

4 4 

849. Answer: x = ~ (4/i-J- 1); x = nn -J- arctan-^- . 

850. Replace by cot 30° (we introduce an "auxiliary angle” 30 c ). Then 
the given equation becomes 

, cos 30° 

sin X-r 


sin 30° 


COS X = 1 


sin x sin 30° -f cos x cos 30° = sin 30° 
or 

cos (x —30°) = 

Hence, x — 30° = 360 °n ± 60'. 

Answer: x = 360 c /i + 90° = 90° (4n-f- 1); x = 360 c /i - 30'' = 30 c (12n-l). 
851. The left member can be represented in the form of a product: 

cos (x — 45 ). Then we get the equation cos (x — 45°) = ; it yields 

V 2 

x — 45° = 360°/i — 45' and x — 45° = 3G0 c w-f 45', i.e. x = 360°n and 
x = 360 c n -f 90°, or x= 90 J *4n and .r = 90° (4n -f- 1). 

Alternate method. Squaring both members of the equation, we get 

sin 2 x ~r 2 sin x cos x -f cos 2 .r = 1 

or sin 2x = 0. This equation has the solutions x = 90'w, but among them there 
are extraneous ones (compare with the preceding result). 

Extraneous solutions have resulted from squaring both members, whereby 
we introduced one more equation (in addition to the given one): sin x -f cos x = 
— _i (which also yields sin 2x = 0). To reject extraneous roots we have to 
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accomplish a check. At n = 0 we have x = 0 C and the given equation is satis¬ 
fied. It is also satisfied at n = 4, 8, 12 and, in general, at n = 4 k (i.e. at x — 
= 90°-4A = 360%). At n = 1 we have x = 90 c ; the given equation is satisfied 
once again. It is also satisfied at n = 5, 9, 13 and, in general, at 4 k — 1 (i.e. at 
x = 90° (4 k + 1) = 90° -f 300%). But at n = 2, 6, 10 (in general, at n = 
= 4 k 2), the same as at n = 3, 7, 11 (in general at n = 4 k -f 3) the given 
equation is not satisfied (instead, the equation sin x-f cos x = —1 is 
satisfied). 

Answer: x = 90°-4n; x = 90 (4« 4- 1). 

852. Transform the right member: 

1 4- sin 2x = sin 2 x 4- cos 2 x 4" - sin x cos x = (sin x 4- cos x) 2 . 
now the equation takes the form 

sin x 4- cos x = (sin x 4- cos x) 2 

or 

(sin x 4* cos x) (sin x -f cos x — 1) = 0 
The latter is reduced to two equations: 

(1) sin x 4- cos x = 0 

(2) sin x 4- cos x — 1 = 0 

Solving the first one, we find x = y (4 n — 1). The second one is solved in 
the preceding problem. 

Answer: x = -^-(4n—1); x=--rr{4n ~f 1); x = — -4n. 

4 z - 

853. Solved in the same way as Problem 851. 

Answer: x = 15' (8 n 4* !)• 

854. Using the formula 


sin a sinp=-i [cos (a — P) — cos (a-rP)l 


we get 

y [cos (x — 7x) — cos (x 4- 7x)l = — [cos (3x — 5x) — cos (3x -|- 5x)| 

or, after simplifications, cos (ix — cos 2x - 0. This equation is reduced to the 
following two: sin 4x = 0; sin 2x = 0, all the roots of the second equation 
being among the roots of the lirst one. 

nn 

Answer: x = — . 

4 

855. Apply to both members of the equation the formula 

sin a cos p = 4-[sin (a -| p)4-sin'(cc —p)J 

, nn n , . 

Answer: x — —^- ; x- (2n - ; 1 ). 

I o 


850. We have 


4 sin x sin 2x sin 3x — sin 2 (2x) 


sin 2x (2 sin x sin 3x — cos 2x) — 0 
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Replace 2 sin x sin 3x by cos 2x — cos Ax (see Problem 854) to get the following 
equation 

sin2x(cos2x — cos4x—cos2x)=0 or sin 2x cos Ax = 0, 

Answer: x = ; x = -^- (2n-f 1). 

857. Replace sin 1 2 x by 1—cos 2 x; we get 

5 cos 2 x -f 4 cos x — 3 = 0 

1/l9_ 2 T/l9 4- 9 

whence cosx = —— -. The other root co3x=--—is not suitable, 

O 5 

since its absolute value is more than unity. 

, . , V19-2 

Answer : x = Ann ± arccos---. 

0 

858. Using the formula cos 2a and expressing cosine through sine, we get 
10 sin 2 x-r 4 sin x — 5 = 0. 

, . . . —2±1/54 

Answer: x = nn-f( —i) n arcsm--. 

859. Applying the formula for tangent of a sum, we get 

14- tan x 


tan 


(t+«)~£ 


tan x 


and reduce the given equation* to tan 2 x —4 tan x-f 1 =0. 

Answer: x = nn -f- arctan (2 ± ~V/3). 

860. Since tan 2 4-= 4—and secx = —-—, we have the equation 


0 1 + cos x 

8 (1 —cos x) 


1 cos x 

which is reduced to the form 


= 1 


COS X 

1 


COS X 


9 eos 2 x — 6 cos x-j-l =0 or (3cosx —1) 2 = 0 


Answer: x = 2nn ± arccos . 

861. The left member is equal to 


cos 


(f-) 


1-f-cosx 


sin x 


1 —cosx 


2 sin —■ cos ~ 
2 cos 2 i- 


— tan ~ 


* When getting rid of the denominator one should be careful not to introduce 
extraneous solutions, but we do not conduct analysis in the next three problems 
(since they have no extraneous solutions). Beginning with Problem 865 much 
attention is paid to such an analysis. See also Problem 867. 
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The right member is equal to sec 2 — 1 = tan 2 — . We obtain 

x „ x 
tan —= tan- — 

JT 


Answer: x = 2nn\ i = — (4n-pl). 
862. Since 


zi x 


cos (ji — x) = — cos x and sin—^—=cos — 


we have 


1 + cosx-f-cos-^j- = 0 or 2 cos 2 -^--fcos — = 0 

4 ji 

Answer: x = n {2n -f 1); x = —— (3n±l). 

863. Applying the reduction formulas 

sin ( 4 ^-— = — cosx and tan ("T— -y) = cot y 

we get the equation 

2 (1 -f- cos x) — V3 cot y = 0 
Let us make use of the formula 

x 1 + cos x 

cot — =-:-; 

2 sin x 

then the obtained equation is reduced to the following two equations: 

1/3 

( 1 ) 1 + cosx = 0 and ( 2 )sinx = — 

Answer: x = n (2n-f 1); 1 = nn + (~ l) n - 3 " • 

864. Replacing cos 2 j by 1— sin 2 x, after simplifications we get 3sinx - 7 
-fcosx = 0 or tan x ——^ . 


1 

Answer: x = Jin — arctan-^-. 

865. The left member is equal to 

cos x sin x cos x 4 -cos 2 x 4 -sin 2 x 


1 -t- cos x 


sin x (1 4 -cos x) 


sin x 1 4 -cosx sin x(H-cosx) 

Reduce the fraction by 1 4 -cosx, assuming that l+cosx=£0. We get the 

equation —-— = 2 , i.e. sinx —(at this value of sin x the quantity cos x is 
sin x ~ 

not equal to — 1 ). 

n 

Answer: x = nn-\~( — *) n -g“ • 
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866 . According to the reduction formulas 

cot (x — n) = — cot (Jt — x) = cot x 
The given equation may be rewritten as 

2 cot x — (cos x -j- sin x) (—4 -J— \ = 4 

\ sin x cos x / 

On reducing the left member to a common denominator this equation takes 
the form 

_!_ = 4 

sin x cos x 


whence sinxcosx = -^- or sin 2 x = -^-. 


Answer: x = y n -f (— 1 )« -y. 

867. The right member is equal to 

1 

-cosx 

cos x _ 1 — cos- x sin-x 

2 sin x 2 sin x cos x ~ 2 sin x cos x 

Reduce the fraction by sin x. It is assumed that sin x sfc 0, should we obtain 
such a solution, for which sin x — 0, it would not be suitable. The given equa¬ 
tion (after applying some reduction formulas to its left member) takes the form 

1 , . 1 

sin x— tan x=— tan x or sin x-f — tan x = 0 


This equation may be represented in the form 


sin x 



and it is reduced to two equations 

sinx = 0 and 



_ 1 _ 

2 cos x 



But the first equation yields extraneous solutions, since we reduced the fraction 
by sin x before. To get a better understanding substitute sin x = 0 into the 
right member; then instead of cos r we have to substitute 1 or — 1 . In both 

cases we get the indeterminate form — . 


Answer: x — 



(3/i ± 


868. The left member 


il¬ 
l's equal 


to 
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Reducing by 1 — tan — (wo assume that i — tan ~ == 0, see the solution of 
the preceding problem), we get —tan-^-, and the equation takes the form 

— tan 4 = 2 sin ~ or sin y ^ sec 4 -|- 2 j = 0 
It is reduced to two equations: 

( 1 ) sin 4 = 0 and < 2 ) cos 4=-1 


From the second equation we find — = 360’/i ± 1 20 : and get the solution 

x = 720 /i ± 240°. The first equation yields only extraneous solutions 
(x = 360°//), though for another reason than in the preceding problem. Namely, 

the quantity cot 4 * entering the given equation, loses sense (“becomes equal 

to infinity”) at x = 360 °n\ hence, the whole left member of the equation has 
no (direct) meaning. 

Answer, x — 240° (3/i ± 1). 

869. Using reduction formulas, we obtain the equation sin x — tan x — 

= sec x — cos x or sin x — SI, -~ =—--cos x. Multiply both members 

cosx cosx 

of the equation by cosx (or. which is the same, reduce it to a common denomi¬ 
nator and then reject it). It is assumed that cosx 0 , since if cosx = 0 , 

then the expressions ‘—and — lose their meaning (“become infinitely great"). 


cos x 


cos x 


We get the equation 


cos x sin x — sin x = sin- x 


which is equivalent to the following two: 

( 1 ) sin x = 0 ; ( 2 ) cos x — sin x = 1 

The second one may be rewritten as 1/2-cos (45 + x) = I (cf. Problem 851), 
whence x - 360°/i and x = 360 n — 90'. The solution x 360 n is found among 
the solutions of the first equation (x 180 /i), and the solution x — 360 n — 90° 
is an extraneous one, since we have cos (300"/< — 90 ) = 0. 

Answer: x = 180 n. 

870. Use the formulas: sec 2 x — tan 2 x — 1 and cos 2x = cos 2 x — sin 2 x. 
NVe get the equation 


1 — tan x 


cos 2 x — sin 2 x 
cos 2 x 


which is reduced to the form tan 2 x — tan x = 0 . 

Answer: z — nn; x — ^r- (4/i-|- !)• 

4 

871. Rewrite the equation in the form 

sin 3 x (sin x cos x) cos 3 x (sin x + cos xj . _ 

-—^--- -A -= cos 2 x — sin 2 x 

it in « 1 /<Ak< w 


SII1 X 


COS X 
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Assuming that sin z ^ 0 and cos i^O, reduce the fractions, transpose all 
the terms to the left side and take sin z cos x outside the brackets. We obtain 

(sin x + cos x) (sin 2 x + cos 2 x — cos x -j- sin x) = 0 

Replace sin 2 x -f- cos 2 x by \. The equation is reduced to 

( 1 ) sin x -f- cos x = 0 and ( 2 ) cos x — sin x = 1 

The first equation yields x = -^-(4 n — 1); the second (see Problem 869) has 

two solutions x = 2 an and x = (4 n — 1). Both of them are extraneous, since 

at x = 2nn we have sin x = 0, and at x = —• (4n — 1 ) we have cos x = 0 . 

Answer : x = -^- (An— 1). 

872. Use the triple-angle formulas: 

sin 3z = 3 sin x—4 sin 3 x, cos3x = 4 cos 3 x— 3 cos x * 

The left member is transformed to the form 

3 3 

3 sin x cos x (cos 2 x — sin 2 x) = sin 2x cos 2x = — sin 4x 

and the given equation takes the form sin4x = -^-. 

Answer: x = -^--j- (— l) 7 * . 

873. Rewrite the given equation: 

tan 2x = tan 3x — tan x 

and divide both members of the equality by 1 -f tan x tan 3x to apply to the 
right member the formula for tangent of a difference of two angles. We get 


tan 2 x 


= tan (3x —x), 


whence 


or 


1 - tan x tan 3x 
tan 2.r = tan 2x (1 -f- tan x tan 3x) 


tan x tan 2x tan 3x = 0 
Consider the following three equations separately: 

(1) tan 3x = 0; (2) tan 2x = 0; (3) tan x = 0 

The solution of the first is x = ~ . The third equation yields nothing new 
since all its solutions (x = nm) are found among the solutions of the first equa- 


* If they are not familiar to the reader, it is easy to reduce them using the 
formulas for sine and cosine of a sum of two angles: 2 a and a and then the formu¬ 
las for sine and cosine of 2 a. 
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tion (at n = 3m we have y = nm). The second equation yields x = ~. At 

even n these solutions again yield nothing new (at n = 2k we have ~ = nk); 

with odd n (n = 2 n' -f- 1) they are not the solutions of the given equation. 
Indeed, the quantities tan x and tan 3x, entering the equation, lose their meaning 

("become infinitely great”) at x = y (2n -f 1). Therefore, the second equation 

should be rejected. 

nn 


Answer : x — 


3 


874. Applying the formula for cosine of a difference, reduce the right 
member to the form ~\'2 ^cos y 4-sin y j . Tlierefore, express the left member 

through the argument y. We have 

( 1 -f-cos x)-f sin x = 2 cos 2 y-f 2 sin y cos y = 2 cos y ^ cos ~-f sin y j 

Transposing all the terms to the left side we get the equation 

(cosy-f-sin y ) ^ 2 cos y— 1/2 j =0 

equivalent to the following two equations: one yields x = 3G0 : /< — 90 , the 
other x = 720°n ± 90°. In the latter expression the double sign may be replaced 
by the plus sign, since all the quantities 720 n — 90° are among the quantities 
360°rt — 90° (if in the expression 3G0 n — 90" we take only even n i.e. if we 

put n= 2n\ we get 720V - 90 e ). 

A nswer : x = 3G0°n — 90°; x = 720°n -f 90°. 

875. Rewrite the given equation: sin 2 2x — sin 3x -f- *in x; hence, sin- 2x = 

= 2 sin 2x cos x. Transposing all the terms to the left side we get 

sin 2 x (sin 2 x — 2 cos x) = 0 or 2 sin 2 x cos x (sin x — 1 ) = 0 

The equation is reduced to: 

(1) sin 2x = 0; (2) cos x = 0; (3) sin x = 1 

Equations ( 2 ) and (3) are of no interest, since all their solutions are among the 

solutions of the first one. (We have sin 2x — 2 sin x cos x = 2 sin xV 1 — sin'-x, 
so that if cos x = 0 , or if sin x — 1 , then sin 2x = 0 .) 

Answer: x = 90V 

87G. The left member is equal to 2 cos 2 x — 3 cos x. The right one loses 

its meaning atx = y«, since cot 2x ‘‘becomes infinitely great". Therefore, 

we consider that x -/= y«. The denominator of the right member is equal to 

cos 2 x cos x (2 cos 2 x —- 1 ) — 2 cos 2 x — 1 

sin 2 x sin x 2 sinx-cosx 2 sin x-cos x 
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thus, the right member is equal to 

— esc (n — x) • 2 sin x • cos x = — 2 esc x • sin x • cos x 

The product esex-sin x |i.e., can be replaced by unity, since the 

S* Q JC 0 

values of x, at which the fraction — ; -would turn into the indeterminate form K , 

sin x 0 

are rejected. We get the equation 

2 cos 2 x —3cosx= — 2 cosx or cosx ^cosx —yj =0 

whence cosx = 0 or cosx = -J-. In the first case we obtain the values 
x = 4 p( 2 fc-j-l), which were rejected above. 

Answer: x = -y (6/i ± 1). 

877. The left member is equal to 

(cos x -j- sin x ) 2 -}-1 — 2 — 2 cos x sin x, 

2 sin 2 x 

the right member is equal to — ■ = 2 cos 2 x, assuming that sinx =£ 0 . 
The equation takes the form 

2 ( 1 — cos 2 x) t 2 cos j sin x = 0 or sin 2 x -f- sin x cos x = 0 

It is equivalent to the two equations: sin x -f cos x — (I and sinx = 0, but 

at sin x — 0 the right member has no (direct) meaning. 

. * n , 

Answer: x = — 

878. The right member is equal to 

2 sin |y-{-x j cos + = sin ( 4 t--t 2 xJ = cos 2 x = cos 2 x —sin 2 x 

Then proceed as in the preceding problem. 

Answer: x — ^r (4n — 1); x = .i«. 

871). The left member is equal to 2 — sin3x, the right one to 

1 — 2cos (x“"r) sin = I—Sin (y~ 3 j: )=1-cos3x 

The equation lakes the form 

cos 3x —sin 3x • 1 — 0 

Solve it using the (first) method of Problem 851, transforming cos3x — sin 3x 
to V 2 sin (-^- 3;r ) • We obtain 

siu (t _ 3i ) = —pi- ie - sin ( 3 x -r) = Yf 
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Consequently, 

3x —y = ( —l) n y-j-n n y i.e. 3x = y [1 + ( — l) n ] + JCn 

At even n the expression in square brackets is equal to 2. and at odd n 
it is equal to zero. Therefore, if we put n = 2n' («' is an integer), we get 

3x = -y+2jin', and if we put u = 2n'-fl, we get 3x = n (2n'- r 1). 

Alternate solution. Besides the alternate method indicated in Problem 851 
(which introduces extraneous roots), we can use here (as also in Problem 851) 
the following method. Getting, as above, the equation cos 3x — sin 3x -f 1 = 0, 
use the formulas 

3 3 r 

1 -j-cos 3x = 2 cos 2 ~ and sin 3x = 2 sin -y cos — 

We get an equation which is reduced to the following two: one (cos-_- = oj 


yields ^ = A (2„+l), i.e. 3x = n (2/i +1 )• The other (cos-y- — sin = 
yields -y = y-f ji/j, i.e. 3x = y+2nn. 

Answer: x = y (2n-f 1); x = y (4n-{-1). 

880. Represent 1 -f sin 2x in the form 

(cos 2 x + sin 2 x) + 2 sin x cos x = (cos x -f sin x ) 2 

and replace tan x by . Reduce all the terms to a common denominator 

cos x 

(cos x) and then get rid of it, assuming that cos x U. We get the equation 

(cos x — sin x) (cos x + sin x ) 2 — (cos x -f- sin x) = 0 
which yields two equations: the first one 

cos x -f- sin x = U 

has the solution 


3x 


> 


n 


= ~r (4n — *), 


4 


the second 
has the solution 


COS“ x 


— sin 2 x — 1 = 0 , or cos 2 x — 1 = 0 


x = Tin 


Tl 


Answer: x = y(4/i —1); x = nn. 

881. Represent 1 — sin 2x in the form (cos x — sin x) 2 , and cos 2x in the 
form (cos x -f- sin x) (cos x — sin x). Reduce the fraction by cos x — sin x, 
assuming that this quantity is non-zero. We get the equation 


cos x - sin x = 


cosx-rsin x 
cos x — sin x 


J /2 25 — 013.JH 
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Getting rid of the denominator (under the same assumption), we obtain 

(cos x -f sin x) (cos x — sin x) — (cos x -f sin x) = 0 
or 

(cos x — sin x — i) (cos x -f- sin x) = 0 

Solving the equation cos x -f- sin x = 0, we find x = nn — The equation 
cos x — sin x — 1=0 can be solved in the following way (see Problem 879)- 
Represent it in the form l/2-sin —xj=l, i.e., sin fx—= - -=■• 

V 2 

Hence, x— -j- = (— l) n |VVith even n = 2ni we have x = nn = 

= 2 tun. With odd n ( = 2m —1) we have x=-^--f nn =-j- (4m — 1). 

Apply the other method from Problem 879. 

Answer: x = — (4n — 1); x = 2nn\ x = -^-(4n —1). 

882. The right member is equal to cos 2x, and the left one to 
(cos x-p sin x ) 2 (cos x — sin x) = 

= (cos x-f-sin x) (cos 2 x —sin 2 x) = (cos x-j-sinx) cos 2 x 

Answer: x = -^-(2n-f- 1); x=2nn; x = -^-(4n + l). 

883. The left member is equal to 

1 4 sin 2 x cos 2 x 1 

-- y - , - = —sin 2 x 

4 4 cos 2 x 4 

(assuming that cos x =£ 0). To the right member apply the formula 
sin a sin p = [cos (a — 0) - cos (a-f p)]. We get ~ (cos 60° - cos 2x) = 


—1 + 4 sin 2 x 




.Now the equation takes the form 


|-sin 2 x=-(i-sin 2 x) 


1 1 1 

whence sin 2 x = —, i.e. sin x = y or sin x= The two solutions x = 

= 180°/i -f- (—l) n 30° and x = 180°/i — (— l) n 30° can be represented by one 
formula: x=180°n±30°. 

Answer: x = 30° (On ±1). 

884. The left member is equal to sin G0° cos x; the right one to 
tan x cos 4 x + cot x sin 4 x = sin x cos 3 x -f cos x sin 3 x 
(assuming that cos x # 0 and sin x =+ 0). This expression is equal to 

sin x cos x (cos 2 x -f sin 2 x) = sin x cos x 
The equation is reduced to the form cos x (sin 60° — sin x) — 0. 


* 


Chapter XII. 


Trigonometric Equations 


387 


It is reduced to two equations, one of which (cos x = 0) yields an extraneous 
root. 

Answer : x = 180 c n -f (—l) n GO". 

X \ — COS X 

885. Using the formula tan -r- =-:— : — , we get the left member sec 2 x — 

2 sinx 

— l = tan 2 x (reducing by sinx we assume that sin x 0). The left member 
is equal to 

sin (x — 30°)-j-sin (x-f 30°) 2 sinx cos 30° n , 

-—-— rjtanx. 

cos x cos x 

The equation is reduced to the form tan x (tan x— "|/3) — 0 and is equivalent 
to two equations, one of which, namely tanx = 0 , yields extraneous solutions 
(since if tanx = 0 , then also sinx = 0 ). 

Answer: x = 60° (3n-j-l); x = 2 nn. 

886 . The expression tan ~-f cot y is transformed to 

1 2 


We get the equation 


x x sinx 
si n y cos — 


V 2 sin x = —J- 

sin x 


Answer 


;er: x=-^-( 2 n + l). 
4 


_ !/•> 

887. The left member is equal to 2 y 2• ■ (sin x-f cos x); the right one 


to -f - C0-s2 J . = All — 511,2 x) = 2 ( 1 -sin x). We get the equati 
1-1-sinx 1 - 4 - sinx 


ion 


or 


2 (sin x-f cos x) = 2 ( 1 — sinx) or (1 — cosx) — 2 sin x = 0 

2 sin 2 -^- — 4 sin cos -r- = 0. 

Answer. x = 2 nn; x = 2 (mi -j- arctan 2). 

888 . The fraction in the left member is equal to 


■y=* (sin 2 x —cos 2 x tan x) cos 2 x = 

2 2 

= (si n 2 x cos x — cos 2 x si n x) cos x = —— sinx cos x 

V 3 V3 

The right member is equal to 

(cos 2 x -f sin 2 x) (cos 2 x — sin 2 x) = cos 2 x — sin 2 x 


25 * 
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(double angles are of no use here). Write the equation in the form: 

2 

(1 —cos 2 2 ) -4- sin 2 x-— sinxcosx = 0 

1/3 


or 

2 

2 sin 2 x-— sin x cos x = 0 

V3 

Answer: x = 180°n; x = 180°n -f- 30°. 

889. The left member is equal to 3 sin x — 4 sin 3 x, and the right one to 
4 sin x (1 — 2 sin 2 x). We get the equation 

sin x (4 sin 2 x — 1) = 0 

Answer: x = 180°n; x = 180°n ± 30°. 

890. The right member is equal to 

x x 

x sin x sin — -fcos x cos — 

sin x 4- cos x cot - 7r =---— 

2 . x 

sin — 

The numerator of this expression is equal to cos |x—4)=cos 4 , thus, we 

get cot y in the right member. The left member is equal to 

, , 2 cos 2 4 

1 -f cos x 2 


cos x 


COS X 


The equation takes the form 


2 cos 2 4 

--—cot 4 = 0 

cos x 2 


Taking cot — outside the brackets, we obtain 

x [ 2 cos ysin j \ 

COt T\ -cosT- 1 ) = 0 ’ i- 0 *’ cot y (tan x-l )=0 

Answer: x = n«-f-y» x — 2nn-f ji* 

891. The denominator of the fraction is equal to 

sin 2 x cos x —cos 2 x sin x sinx tanx 


cos x cos 2 x 


cos x cos 2 x — cos 2 x 
The whole fraction is equal to sin 2x. The equation takes the form 

sin 2x — 2 sin (45° -f x) cos (45° -f x) = 0 
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sin 2 x — cos 2 x = 0 


whence tan 2 x = 1 . 

Answer: x = 90 c n -j- 22°30'. 

892. We have 

tan (x - 45°) tan (x + 45°) = tan (x - 45°) cot (45° - x) = -1 

it is assumed that x 45° (2n -f 1), since otherwise one of the factors vanishes, 
and the other becomes infinitely great. The denominator of the right member 
is transformed to 

____cos iL _ = _l£osx_ = _ 2 cot z 
x x sinx 


sin — cos — 


X x 

it is assumed that x ^ 180 c n, since then either tan — , or cot — loses its meaning 

(becomes infinitely great). We get the equation 

4 cos 2 x 


— tanx = — 


2 cot x 


■which (assuming that x =£ 180°n) is reduced to the form tan x cos 2 x = 0 . 
The last equation has the solution x = 18U°n and x = 45^ (In -f- 1), but they 
disagree with the above assumptions. 

Answer: The equation has no solutions. 

893. The right member is equal to - tan x (see the preceding problem). 
Let us represent the left member in the form: 

Y (tan (x-f-45°) — cot (x + 45 0 )J = 

_ sin 2 ( r • 4.V ) —cos-(x • 45-) _ _ CQl (2x-f 90°) 
2 sin (x-f-45°) cos (x-*-45°) 

We get the equation 

tan 2 x = —tan x 
it can be written in tlie form 

tan 2x = tan (—x) 

wherefrom we conclude that the angles 2x and —x differ by 180 V and from tlie 
equation 2x = —x -f- 180°n we find x = GOV 
Answer: x = GOV 

894. The left member is equal to 


_ sin 2 x _ 

cos (x — a) cos (x —a) 


_ sin 2x _ 

(cos 2a -f cos 2x) 


We get the equation 


2 sin 2x 
Cos 2a -4- cos 2x 


= 2 cot x 
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COS X 

Using the formulas sin 2x= 2 sin x cos x and cot x = a | n x » reduce the equa¬ 
tion to the form 

cos x (2 sin 2 x — cos 2x — cos 2 a) = 0 

The equation 

2 sin 2 x — cos lx — cos 2 a = 0 
with 2 sin 2 x replaced by 1 — cos 2 x yields 

2 cos 2 x = 1 — cos 2 a 

whence 

cos 2 x = sin 2 a 

Ansiver : x = y (2/i-r 1); x = nn ± ~ arccos (sin 2 a). 

895. The left member is equal to 1 — sin x; the denominator of the right 
member, to 


tan- tan. ^ y-f -77 j = tany-f cot— 


This expression is reduced to the form -7 -. We get the equation 

sin x 

1 — sin x = sin x. 

Answer: x = 180°w -f- (—1) n 30°. 

8 %. The left member is equal to tan x. The right one (cf. Problem 894), 
to 1 -f- 2 tan x. 

Answer: x = 45" (4« — 1). 

897. We have 

sin 4 x — (sin 2 x)z= I---J ; 

analogously, 

\ I l + sin 2 j \2 

Sin ( X ' 4 ) L 2 J ( 2 ) 

The equation takes the form I — cos 2x + sin 2x = 0, or 

2 sin 2 x -7 2 sin x cos x = 0 
n 

Answer: x = jih; x = nn - T . 

4 

897a. Represent the equation (see the preceding problem) in the form 
^ 1 — cos 2x j 2 | 1 -f sin 2x j 2 | 1 —sin 2x j 2 9 


After algebraic transformations we get 


9 


3 —2 cos 2x-fcos 2 2x-f 2 sin 2 2x = — 


Replacing sin 2 2x by 1— cos 2 2x, we obtain the equation 


cos 2 2 x-j- 2 cos 2 x —7 = 0 
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It yields cos 2x — — 1 -f- -L— ^ cos 2x = — 1 —1^— is rejected, since its abso- 
lute value exceeds unity j . 

Answer: x = nn ± y arccos ( — 1 -f ) • 

898. Represent the left member of the equation in the form (cos x-f cos y). 
Solving the system, we find cosj = -^-; cosi/ = -^-. 

Answer: x = 2nk ± ■?- ; y — 2nl±-?-. 

o o 


899. Since 




sin x sin y 

the second equation can be written in the following way: 

cos (x — y) — cos (x -f y) = 2m 
But x -f y = a; consequently, 

cos (x — y) = 2m -f- cos a 

whence 

x — y = 2nn ± arccos (2m -f- cos a) 

and the given system is reduced to the following two systems: 

| x-\- y — a 

\ x — y = 2nn j-arccos (2m + cos a) 


and 


( x-\-y = n 
\ x — y = 2nn—i 


Answer: 


arccos ( 2 m f- cos a) 


r l 1 

x \ = nu lyly arccos (2m f cos a) 


Vi = —nn + 


a 1 


2 arccos ( 2 m -j- cos a) 


r x 1 

x 2 = nn -f- —- — arccos ( 2 m -j- cos a) 

;/ 2 = — + arccos ( 2 m -fcosa) 


, . . n sin (a-f fi) 

tan a + tan R =-L_ 

cos a cos R 


tlOO. Using the formula 
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• /IV 

write the second equation in the following way: - = m. Replacing 

1 ° J cos x cos y 

, cos (.T-f y) + cos(x — y) . 

cos x cos y by-^- and x-f y by a, we get 


2 sin a 

cos a-j-cos (x—y) 


= m 


. . 2 sin a 

cos (x—y) =—--cos a 


Hence, we have either 


x — y = 2i\n -f arccos ^ 


2 sin a 
m 

fit n r* 


— cos a j 


. / 2sina \ 

y — x = 2jin -f- arccos ( ——-cos a 1 


Either of these equations should be solved together with the equation x -f y = a. 
By the way, of the two systems obtained one differs from the other only in that 
the unknowns change their roles, therefore it is sufficient to solve one of the 
systems. 

, . a . 1 / 2 sin a \ 

Answer: x { (= y 2 ) = nn -+• -y + — arccos I ——-cos a 1 


!/i 1 


. at/ sin a \ 

= x 2 ) = — nn-- ——— arccos I —--cos a 1 


901. Solved as the preceding problem. 
Answer: 


x 1 = -^(4n + l) 

xo= — jin 


71 . 

y { =—nn 

y 2 = ^-(4n-f 1) 


902. Since 1 = 2° and 4 = 


16, the given system may be rewritten as 
' sinx + cos y = 0 

sin 2 x-f cos 2 j/ = 4- 


whence 


ll 11 

(l)sinx = -=-, cos y=—7r and (2 )sinx=——, cos y = - 


Answer : x 1 = 180°n-| (-t) n 30°, y, = 360°n ± 120’ 
x 2 = 180°n— ( — l) n 30°, y 2 = 3G0°n±60° 

903. The second equation can be written in the form 

sinxsiny 1 
cos x cos y ~ 3* 



Chapter XII. Trigonometric Equations 


393 


where, by virtue of the first equation, sinxsiny = 
system of equations: 

3 1 

cos x cos u = 1 /— ♦ sin x sin y — _ 

COSXCOSy- 4 y 2 y 4 y 2 

Adding and subtracting them, we get 

1 


1 


4 1/2 


. We get the 


cos (x — y) = 


whence 


V 2 


and cos [x y) = 


21/2 


x-\-y = 2 Jim ± arccos - ■ * , x — y = 2nk ± 


2 V2 ' ~ * .^ 4 

where m and A- are arbitrary integers. In each of these equations we can take 
any sign. 

Note. The numbers m + A and m — A are also integers, but not completely 
arbitrary (if one of them is even, the other is also even; and if one of them is 
odd, the other is also odd). 

JI 

T 


Answer: (1) x = nn -f -^-arccos— 

2 21/2 


S = ,< + ± arccos^ 


JI 

T 

n 


(2) * = + i arccos 


1 1 

y — nt -f- y arccos 


21/2 8 


Ji 


(3) * = nnarccos+ i 

JI 

"8 


1 1 

y = nt —— arccos-— 

2 2 V2 


... 1 1 ji 

(■SM^a-jarccos-^-^- 

* = *<-1 arccos ^ + -2- 

where n = m + A; t = m — A (m and A are any integers). 

904. Square both members of each of the given equations and then add them 
by terms. Wo get 

l=4sin 2 y-j--^-cos 2 y or 1 =4 (1 — cos 2 y)-f cos 2 y 

, ^ 1 9 

whence cos 2 y = — and sin 2 y = -=-. In each of the expressions cos y = ±—— 

\ 5 Vs 

and sin y = ± ——• either sign may be taken (thus, in the interval between 0 

v 3 


26-01338 
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and 360° the angle y can have four values). Substituting these values into 
the given equations, we find that the angles x and y satisfy one of the fol¬ 
lowing four relationships: 


(1) cos x = 


1 


yi 


— * 


sill x = -— , 

1/5 


cos y = 


1/5 

2 




(2)C0SI= V?’ sini= -17f' cos y= yi ' 


sin y — 


sin y 


1 


1/5 


1 


V* 


(3) cosx = — 


(4) cosx = — 


1 


sin x = —, 

‘ •» 


1/5 
1 


1/5 


1/5 


— 1 


sin x= — 


1/5 


— y 


COS y= —, sin y = 

V 5 

2 

cosy= ~l75’ s,DJ/= 


1 


V5 


yn 


Consider the first of them. If we take separately the equality cosx = —^ , 

i 1/5 

then it yields * = 2nn ± arccos — . But (by the definition of the principal 

V 5 

value of arccos) the angle 9 = arccos —^ belongs to the first or second 

quadrants, where the function of sine is always positive. Hence, the plus 
sign should be retained. Indeed, from the equality x= 2 jth ± 9 it follows 

that sinx = ±sin 9 ~± • _ . But in the first relationship sinx = ■■ 

V 5 r y 5 

0 

| but not—y 7 ?") * sarae "'ilh the angle y, thus in case of relationship 
( 1 ) we get 

. 1 0 

x = 2 nn + arccos —- , y = 2nn t -f arccos —~— 

1/5 y 5 


where n and n, are any integers. Reasoning in the same way, we find that 
for the second relationship 

1 1 2 

x = 2nit — arccos— — , y = 2nn, — arccos— — 

1/5 y5 

The third and fourth relationships are considered analogously. 

Answer: x = 2nn ± arccos ( ± —— \ 

' 1/5 / 

y = 2jin! ± arccos | ± j 

where the signs in parentheses are the same for x and for y and the signs before 
arccos are also the same. 
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905. We have 


arcsm 


. / V3 \ n . . 3 ji 

-2 ) = 3~ ’ ®rccot ( — !) = _ 


arccos 


1 


Answer: 


5ji 

IT 


V 2 


ji 

T 


arccos ( — l) = n 


906. The angle cp = arccos x is found in the interval between 0 and 180° 
(by the definition of the principal value of arccos). Hence, sin cp is positive 

(or equal to zero). We have cos q> = x, whence sin cp = -f- f \ — x 2 (the radical 
is taken only with the plus sign). Consequently, 

tan <p =-, 


i.e. 


tan (arccos x) = 


Vi-x* 


which completes the proof. 

907. See the solution of the preceding problem. 

908. Let us put arccot ^ —^") = V* ^ 1US cot 9 =— -jr • The angle qp is in 
the interval between 90° and 180° (since the principal value of arccot is contai¬ 
ned between 0 and 180 c ). It is required to find siiiy. Let us use the formula 

cp . / 1 — cos cp 

Sin T = ± V -2 ~ 

where out of the two signs only the plus sign is taken (since the angle belongs 
to the first quadrant). First we have to find cos cp using the formula 


cosa = 


cot a 


we get 


cos cp = 


db V 1 -f-cot 2 a 

__3 

4 


/ 


1 + 


9 

16 


£ 

5 


(the radical is taken with the plus sign only, since cp belongs to the second quad¬ 
rant). Now we find 


sin -r- = 


V'-ZZ 


V 


26 * 
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Answer 


:sin[iarccot(-i)]=-2_. 

_ 21/2 \ _ i 


909. Put arcsin ^ ~Y~ ) — T* hence sinq>=—The angle <p is in 

the interval between -90* and 0* (since the principal value of arcsin is con¬ 
tained between -90* and +90°). It is required to find sin . This value 

2 

is negative. Therefore in the formula 


sin 

only the minus sign is to be retained. We get 


where 


cos 


s inf=-]/-L^ 


we take the radical only with the plus sign!). 

Answ'r. sin [i arcsin (- • 

910. The angle <p = arccos (—y) is contained between 90° and 180° (see 

the solutions of the two previous problems). Hence cot — is positive, and 

2 


cot 


_9 =1 / 1 -f- cos <p 
2 V 1 — cos m 


(the radical is taken only with the plus sign). Substitute cos<p=— y into 
this expression. , 

Answer : cot |^y arccos | — y j J = -yj—- • 

911. Since 



arctan "^ 3 

JX 




and 

. V3 



arcsm-y- 

“If 

we have 

tan ( 5 '6 4 * 3 ) : 

= tan 


Answer : — 1, 
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912. We have 


and 


arctan 1/3 = 4 ^- 


1 n 

arccosy = — 


Then proceed as in the preceding problem. 

V3 


Answer: 


1 


913. Answer: 

914. Let us put 


arctan (3 + 2 1/2) = a 

1/2 


arctan 


= P 


It is required to prove that 


n 


Find tan (a- 6 ): 


“-“-f 


tan (a — P) = 


with the aid of ( 1 ) and ( 2 ) we get 


tan a — tan {3 
1 + tan a tan B 


tan(a —P) = 


(3 + 2 1/2) 


V2 


2 


1 + (3 + 2 1/2) -y- 




( 1 ) 

( 2 ) 


(3) 


(4) 


On the other hand, it is obvious from ( 1 ) and ( 2 ) that either of the angles a 
and p lies between 0 and y , and a > p (since 3 + 21/2 >consequen¬ 
tly, the angle a — p a priori lies between 0 and , hence, from (4) we get ct —p = 


n 


4 • which completes the proof. 


Xole. To prove that the angle a — P is just equal to y , i.e. to 45° (but not 

dir^H or , l ° and so on) we can make use of the corresponding tables to find 

ectiy the angles a and p. Here we may confine ourselves to rough approxima- 

*ons (for instance, taking into account only degrees). Thus, putting l/2 ss 1.4, 
" e find a « arctan 5.8, which corresponds to about 80° (the error a priori does 
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1 ° \ 

not exceed y j. In the same way we find P « arctan 0.7, which corresponds to 

about 35° | the error is a priori less than-yj. Consequently, a— P does not 

differ from 45° by more than 1°, and, hence, is exactly equal to 45°. 

915. Put 

/!=“ 


arccos 

1/6 + 1 


arccos 


2V3 


= P ! 


/ 2 -i/g \ ^ 

— and cosp = ——. Either of the angles a and P 

a 2 V3 


n 


belongs to the first quadrant**. It is required to prove, that a—p = y. 
Find sin (<z — P), but first compute 

sina = Vf — cos 2 a 


and 


sinP = Vl— cos 2 p 


(each radical is taken only with the plus sign, since a and p belong to the 
first quadrant). We find 


1 , • -,/5-2'l/6 

sina = — r=r and sin p = 1/ - 

V 3 V 


12 


hence, 


. , 1 1 / 6+1 ,/T T /5-2V6 

s,n , «-(i ) = 71 -. Ti 7 r -J / J-|/ —12 

Vo+1 V2 


6 - J y-l / 5-2V6 

Let us prove that the found irrational expression is equal to -l -. To this end 


transform the “double irrationality” Vo — 2 Ve= Vo— f/24. It can be per¬ 
formed with the aid of the formula 


Va-Vb=J 


A+VA 2 - 


: *-y 


A- VA2-B 


* This problem may be solved without introducing auxiliary quantities a 
and P using the method mentioned in the note to the preceding problem. 

** The principal value of arccos lies between 0 and n. 
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(at A = 5, B = 24); we obtain 

But it_ is simpler^ to represent the radicand 5 — 2 Vb in the form 3 + 2 — 
— 2 V2-V3 = (V3 —V2) 2 , and then we have 

V 5-2 V6=Kn/3-V2) 2 =y3-y2* 

Since either of the angles a and 0 lies within the interval between 0 and — 

£ 

the angle a — 0 undoubtedly lies within the interval from —to +-^- , 

then from the equality sin (a — P) = *^- it follows that a — P —-+• which 

completes the proof **. 

916. Let (see the two previous problems) 


. 4 . 5 0 .16 

arcsin —= a, arcsin- rT = B, arcsin-rr- = Y 
5 13 bo 


Then 


sin a — 


cos a = 


3 


Hence 


sinP =Ta 


sin v = 


16 

65 


12 

cos P=l3 

03 

COS Y = — 

05 


. , t fl4 4 12 , 3 5j (»3 . n 10 

sm(a + P) = T ._ + T ._ = _ and cos(« + P) = _ 


Both angles a and P belong to the first quadrant; therefore the angle a + 6 
lies between 0° and 180°, and since cos(a + p) is positive, a- r p belongs to 
the first quadrant. Furthermore, cos (a + P) =sin y and sin(a + p) = 

= sin(|_ Y ). 


The number 1/3—1/2 is positive. 

If cos (a — (i) is computed instead of sin (a — P), \vc would find 

1 / •» 

cos (a — p) = ——; between —-2- and + we would have two values of a — p, 

£* A 6 

namely, — __ an( j + ZL; therefore we would have first to establish that a > P, 
i-e. that cos a < cos p. 
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TL 

Therefore, a-f P and y — y may differ only by 2Jin, and since y — y also 
belongs to the first quadrant, we have n = 0. (Consequently, a-|-P = y —y, 

u 

i.e. a-fP-fY = y which completes the proof. 

917. We have arccos y=y; let us denote arccos (—y) by p, so that 

cos p= — — . The angle P is contained between y and it (see the three pre¬ 
vious problems). Therefore 

sin P=+j/ r i-(y) [but not —|/^ 1— (y~) 2 » 


i.e. 


We find 


sin P = y V3 

cos (y+P) =cos ycosp — sin ysin p = 


1 / 1 \ V3 4 _ /- 


13 

14 


fo prove the validity of the given identity we have to make sure that the 
angle y + P belongs to the second quadrant [since the angle arccos | —jy-j 

in the right member lies in the second quadrant J . The angle P--arccos ( ~y ) 


.i 


is contained between y and ji; consequently, the angle —+p lies between 

*y and y ■. But it does not, however, follow from this estimate that the 

angle y-f p belongs to the second quadrant | since the angle -y- is already 

found in the third quadrant) . But taken into account that ——> — 4- and 

/ 7 2 

that, consequently, arccos ( —y) <arccos ( —, i.e. arccos ( —yj < 

, it follows that y-{-arccos I —y) <Jt. And since this angle is more 


< 


2.1 


5ji 


than —g—, it lies in the second quadrant. Hence, the given identity is proved. 


Aote. The fact that the angle y+P belongs to the second (and not to 
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the third) quadrant can also be demonstrated in a different way: we have 


sin ( p j = sin cos p + cos sin p = 



n 


Since this number is positive, the angle -^--fP belongs to the second quadrant. 

o 


918. Put 


and then 


arctan = a and arctan-^- = P 


whence 

tana = -^- and tan P = 

Compute 



. „ /o i tan 2a + tan p 

tan (2a+ P) 1 _ lan2at „ 1 p 

First find 

0 1 


4 o 2 ‘ 5 5 

tan 2a =-:—=- = 


*-(i ) 2 12 


tan (2a +P) = 


— A — 

12 1 4 

1 5 1 

1 12 T 


32 

43 


The angles a = arctan -i- and P = arctan belong to the first quadrant, but 

it does not yet follow from this fact that the angle 2a -f P belongs to the first 
(and not to the third) quadrant. But if we take into consideration that either 

of the angles a and p is less than (since their tangents are less than unity), 

it proves that 2a -j- p is less than and since, furthermore, tan (2a -f- P) = || 

is positive, 2a -f- p lies in the first quadrant, i.e. 2a -f P = arctan , which 
completes the proof. 

f *h r l nstca d of proving that the angle 2a -f P remains within the limits 
oi the first quadrant, we can find this angle approximately with the aid of the 
corresponding tables (see the note to Problem 914). We get: a = arctan 

-jr-«ll°, p = arctan ^ 14*. hence 2a + P as 36°. 
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919. Put 


1 1 1 1 
arctan—= a, arctan-=-=p, arctan-=-= y, arc tan —= 6 


and first find 


8 


tan (a-}-P) = 


hi 

-44 


4 

7 ’ 


then 


tan[(cc-f-P) + Y] = 


i+I 

7 ‘ 7 


and, finally, 


1-1 1 

7 * 7 


7 

9 


1+1 

tan [(a-fP+v) + a) = — 9 - 8 . =1 


1 


7 1 


9 8 


As in the preceding problem, prove that the angle a + p + y + 6 lies in the 

first quadrant. Consequently, a-f-p + Y-M = —. 

4 

920. We have arctan (x 2 - 3x - 3) = 1, whence x 2 - 3x - 3 = tan 1, 

i.e. x 2 — 3x — 3 = 1. Hence, x, = 4; x 2 = —1. 

Answer : xj = 4; x 2 = — 1. 

Note. If instead of the equation arctan (x 2 - 3x - 3) = 1 we would have 
the equation arctan (x 2 — 3x — 3) = ——, then the latter would have no solu¬ 
tion, since the principal value of arctan cannot be equal to - —. If no atten- 

tion is paid to this circumstance, we can obtain the same equation x 2 - 3x - 3 = 
= 1, but the roots of the last equation are not suitable. 

921. We have 

arcsin (x 2 —Gx-f 8.5) = ~ 

6 

whence x 2 — 6x -f- 8.5 = 0.5. 

Answer : xi = 4; x 2 = 2. 

922. Taking tangents of both members of the equation and remembering 
that tan (arctan a) = a, we get 


(x + 2)_(x+l) 


= 1 


l-h(x + 2) (*+i) 
whence x t =— 1; x 2 =—2. Check these roots. If x=—1, then 


arctan (x + 2) = arctan 1=-?- 

4 
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and 


arctan (x -f 1) = arctan 0 = 0 


thus the given equation is not satisfied. We prove in the same way that the 
second root is also not suitable. 

Answer: x t = —1; x 2 = — 2. 

Note. Why such a check is necessary is clear from the following example. 
Consider the equation 

arctan (x-f-2) — arctan (x-f-l) =-y 

which differs from the given one only by the value of the constant term. It is 
impossible to stale beforehand that it has no solutions (cf. Problem 920). If, 

say, arctan (x -f- 2) is equal to — y, and arctan (x -f- 1) to — (these values can 

be principal values of arctangent), then the left member would be equal to —y. 

Taking tangents of both members of the equation under consideration, we again 
get the equation 

(x + 2)-(x+l) 
l-Hx + 2) (x+l> 

but now neither of the roots x t = —1, x 2 = —2 is suitable. See also the Note 
to Problem 925. 

923. Take tangent of both members of the equation. First find (see the preced¬ 
ing problem): 

< , v 4 4 

tan I 2 arctan ~ ) = 


1 


and then we obtain 


-(4 


3 


3 


*+T 


= 1 


The root of this equation is x = y; it should he checked (sec the Note to the 

preceding problem). Substituting x = y into the left member of the equation, 

we get 2 arctan - -arctan 4-. The angle a = arctan -J- lies between 0 and y 

2 7 

|since tan a = y < 1 j. The angle p = arctan y lies within the same range. 

The angle 2a belongs to the first quadrant, and the angle 2a — p lies between 

—y and Y - But tan (2a — P) — 1. hence, 2a — P = nn + y • Hut only 

at n = 0 the angle 2a — P turns out to lie within the found boundaries. Conse¬ 
quently, the given equation is satisfied. 

Answer : x = y. 



924. Let us take sines of both members of the equation. We can put 

2 __ 

arcsin——- = a and arcs in y\ — x = $ 

o y x 

(see the solution of Problem 915), but we can do without them making use of 
the formulas sin (arcsin x) - x (whi ch imm ediately follows from the definition 

of arcsine) and cos (arcsin x) = l/l _ x 2 *. Consequently, sine of the left 
member is equal to 


V 


sVx ' Kyi 

and the given equation takes the form 

2 -i/~ V9x—4 n - 1 

3 V* V y*- rx =j 

Solving it, we find x = -j' This root should be checked (see the Note to 
Problem 922), i.e. we have to prove the identity 


arcsin 


in ]/*arcsin j/" j = 


arcsin 


1 


It is proved in the same way as in Problem 917. 


Answer: x = —. 

O 

925. Taking tangents of both members of the equation, we get 

a a — b 


a-\-b 


1 + 


a a — b 


= x 


b a-\-b 

Suhstiti.Hnff l r - h i S inti U0 ,i Sll0uld b ° chec . ked (see the Note to Problem 922). 
substituting x 1 into the given equation, we get 


Introduce the following notation 


arctan — arctan ——^- = 45° 
0 a-4-o 


( 1 ) 


a 


arctan — = cp 


Here the angle <p (the principal value of arctangent) lies between 

-90° < <p < 90°. 


( 2 ) 

-90° and 90= 

_ ( 3 ) 

* This formula is dedu ced in the following way. Put arcsin x = a. Then 

sin a = x and cos a = V 1 — x 2 . The radical is taken only with the plus sign 
smce Ihe angle a = arcsin .r lies between - 90“ and + 90= (the principal valS 
of arcsine!). Substituting arcsin x for a, we get the required formula. 
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Using this notation, we have 


, a — b . btancp — b 

arctan —-r- = arctan - 7 —- - — r = arctan tan (<p —45°) 

6 tan ip + 6 


a 4-6 


(4) 

K T u 

and so we have to check the equality 

cp — arctan tan (cp — 45 c ) = 45° (5) 

This equality is true if and only if 

arctan tan (cp — 45°) = <p — 45° ( 6 ) 

And the equality ( 6 ) holds true when the angle <p — 45° (the principal value of 
arctangent) lies within the following interval: 

—90° < <p — 45° < 90°, (7) 

i.e. when 

-45° < <p < 135° ( 8 ) 

Taking into consideration (3), we get a more narrow interval for the angle 

-45° < (p < 90° (9) 

From ( 2 ) and (9) we find 

a 


= tan cp > tan (—45 ), 


i.e. 


7T>” 1 


( 10 ) 


Conversely, for-^> — 1 the angle <p satisfies inequality (9). Consequently, 

the given equation has a solution (* = 1) for —■ >— 1. For — < — 1 there is 
no solution. 

For example, at a= —1/3, 6 = 1 we have 

arctan -^- = arctan (—1/3) = — 00 ° 
o 

arctan - a f = arctan-~ arctan 3.732 = 75° 


a + 6 


-V3 + 1 


* -NT 1 

thus, the left member of the given equation is equal to —135°, and the right 
one at x = 1 is equal to 45 °. 

Answer: x = 1 for > — 1 ; the equation has no solution for < — 1. 

926. Let us take cosines of both members of the equation. We get 1/1 — 9x a = 
= (see Problem 924). This equation has only one root x= -jr. Let us check 

it. The angle a = arcsin 3x = arcsin -jr belongs to the first quadrant; the 
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angle p = arccos 4r = arccos — also belongs to the first quadrant. Here 

3 4 4 

sin a = ; hence, cos a = —. On the other hand, cos P=y i hence, a = p. 

Answer: x = -^- . 

0 

927. Let us take the sines of both members of the equation. We get (see 

12 

13 ’ * 3 “ 

Check these roots. 

Answer: x = 0. 


Problem 924) 2x — x 2 =-^-, whence x 1 = 0, x 2 =+^ 


13 


928. From the first equation we find 

tan (x-j-y) = 


2a 


1 — a- 


o * 


i.e. 


tan x+tan y 


2a 


1 — tan x tan i/ 1 —«2 

Taking into consideration the second equation, we get 

tanx+tanw 2 a 


1 — 


l-a2 


or 


tan x -j- tan y = 2a 
From the system of equations 


tan x tan y = 2a 
tan x tan y = ar 

we find tan x = a; tan y = a. Hence, it follows that x = 180°n -f arctan a, 
y = 180 °m + arctan u, where n and m are integers. But only one of them may 
be taken arbitrarily, since according to the first equation the quantity x + y 
must be contained between —90° and +90 c (as the principal value of arctangent). 

To identify suitable values of n and m substitute the found expressions into 
the first equation. We get 

180° (n + m) -f2 arctan a = arctan 'r—rr (A) 

1 —a- 

Since by hypothesis | a \ <1, the angle arctan a lies between —45° aud 

+45°, i.e. 2 arctan a lies between —90° and +90°. The angle arctan t—-* 

1 — a*- 

(the principal value of arctangent) lies within the same range. Consequently, 
these two angles differ by less than 180°. Therefore, the equality (A) holds true 
only at n + m = 0 . 

Answer: x = 180°w -f arctan a, y = — 180°n + arctan a. 
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